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Preface 


The second edition of The Mathematical Theory of Elasticity is an updated, improved, and 
revised version of the original edition of the book published in 2004. The purpose of the 
book has remained the same: to present mathematical theory of elasticity and its applications 
in a form suitable for a wide range of readers, including graduate students, those preparing 
PhD theses, and those conducting research in continuum mechanics. Therefore, the book 
is not only a graduate textbook, but also serves as a complementary text to existing books 
on elasticity in that it provides classical results on elasticity as well as results obtained in 
recent years by various researchers, including the authors and their collaborators. Also, the 
book provides a bridge between the mathematical theory of elasticity and applied elasticity 
through specific applications given in examples and problems. It covers in one volume 
the areas of elastostatics, thermoelastostatics, elastodynamics, and thermoelastodynamics. 
Special emphasis is placed on the problems of elastodynamics and thermoelastodynamics, 
as most books on elasticity deal mainly with elastostatics and thermoelastostatics. 

The book consists of 13 chapters, and is divided into two parts. Part I, Historical Note, 
Theory, Examples, Problems, comprises Chapters 1 through 8. Part II, Applications and 
Problems, comprises Chapters 9 through 13. 

In Part I, Chapter 1 tells about some of the creators of the theory of elasticity; Chapter 2 
provides the mathematical preliminaries; and Chapters 3 through 8, constituting the main 
portion of Part I, cover the fundamentals of linear elasticity and applications. Chapters 2 
through 8 contain worked examples that illustrate the theory involved, and at the end of 
each chapter, except Chapter 1, a number of problems are included. 

While making a selection of the material, it was the authors’ intention to provide the 
reader with both typical and new results of classical type, and to outline new areas of 
research. Therefore, Chapters 3 through 8 cover kinematics, motion and equilibrium, con- 
Stitutive relations, formulation of problems, and variational principles. New topics, such 
as the convolutional variational principles of elastodynamics due to M. E. Gurtin and the 
pure stress formulations of classical elastodynamics that have emerged recently are also 
discussed in detail. A new three-dimensional compatibility-related variational principle 
of elastostatics corresponding to a two-dimensional result due to L. S. Leibenson (Theory 
of Elasticity, 2nd edn., Gostekhizdat, Moscow, 1947) is formulated in Chapter 5, while a 
number of unsolved PhD-level problems on incompatible elastodynamics are suggested at 
the end of Chapter 6. The problems at the end of Chapter 7 on the complete solutions of 
elasticity include a Galerkin-type tensor solution as well as a Lamé-type tensor solution, 
both related to the pure stress treatment of elastodynamics. 

Part II, comprising Chapters 9 through 13, deals with applications only. Chapters 9 and 10 
treat, respectively, the solutions to particular three- and two-dimensional problems of elas- 
tostatics, and include detailed derivations of classical solutions, such as Boussinesq’s and 
Cerruti’s solutions of three-dimensional elastostatics for a semispace subject to a concen- 
trated boundary force, the solutions to two-dimensional counterparts of Boussinesq’s and 
Cerruti’s problems, and the solutions to stationary three- and two-dimensional thermoelastic 
problems for a semispace involving thermal singularities and inclusions (consult the book 
by Witold Nowacki, Thermoelasticity, Addison-Wesley, Reading, MA, 1962). Kirsch’s 
problem of an infinite sheet with a circular hole subject to uniform tension at infinity is 


XV 


xvi Preface 


revisited in Chapter 10; what is new is the analysis of the associated displacements that is 
ignored in most of the books on elasticity. Also, the concept of a displacement concentration 
factor, as opposed to a well-known stress concentration factor, is presented. Chapters 11 
and 12 deal, respectively, with particular solutions of three- and two-dimensional problems 
of elastodynamics and thermoelastodynamics. Apart from the classical results, such as sin- 
gular solutions of three- and two-dimensional elastodynamics and thermoelastodynamics 
for an infinite body, these chapters also include (1) a tensorial classification of elastic waves, 
(ii) solutions describing stress waves due to the initial stress and stress-rate fields in an 
infinite body, (iii) the dynamical thermal stresses produced by an instantaneous spherical 
temperature inclusion in an infinite body, and (iv) Saint-Venant’s principle of elastodynam- 
ics in terms of stresses only. 

The authors obtained results (ii)—(iv) some years ago and these results were published 
for the first time in the first edition of the book, and have been retained in the second 
edition. The same applies to the closed-form solution that describes dynamical thermal 
stresses produced by an instantaneous source of heat in an infinite elastic sheet, which is 
published in Chapter 12. Finally, Chapter 13 covers a number of closed-form solutions 
to the one-dimensional initial—-boundary value problems of isothermal and non-isothermal 
elastodynamics, including Green’s functions for the infinite and semi-infinite solids, as 
well as the solution that describes the response of a semispace to short laser pulses. 

Throughout the book, a direct (i.e., vectorial and tensorial) notation as well as Cartesian 
coordinates have been used. The associated terminology and general scheme of the nota- 
tion follow that of M. E. Gurtin (The Linear Theory of Elasticity, Encyclopedia of Physics, 
chief editor: S. Fliigge, vol. VIa/2, editor: C. Truesdell, Springer, Berlin, Germany, 1972). 
However, the authors have taken care to make the material easily readable to the beginners 
and to those who have already gained an insight into the subject. The theory is developed 
in the style of Gurtin’s treatise, but in addition to the presentation of basic concepts and 
theorems, Chapters 2 through 8 include 155 examples that illustrate the theory and make 
the book more comprehensible. The book contains also 118 end-of-chapter problems for 
which an extensive (over 300 pages long) Solutions Manual is available from the publisher. 

Specific applications taken up in the book are developed by using the integral repre- 
sentations of an external thermomechanical load to solve typical boundary value problems 
of elastostatics and thermoelastostatics, and by taking advantage of the Laplace transform 
with respect to time when solving the initial-boundary value problems of elastodynamics 
and thermoelastodynamics. 

The authors are greatly indebted to Jonathan Plant (senior editor—Mechanical, 
Aerospace, Nuclear & Energy Engineering, Taylor & Francis/CRC Press) for his ini- 
tiative, leading to the publication of the second edition of the book. The authors took this 
opportunity to make numerous improvements, and the text has been complemented by the 
inclusion of some recent research results. Also, a three-part table of Laplace transforms 
has been added, a new section and additional examples have been incorporated, and an 
appendix with the exposition of recent developments in thermoelasticity is now a part of 
the book. Moreover, the authors made an effort to eliminate all mistakes and imperfections 
found in the first edition. 


Richard B. Hetnarski 
J6zef Ignaczak 
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Notations 


Throughout the book, direct notation as well as Cartesian coordinates are used. The ter- 
minology and general scheme of the notation follow that of M. E. Gurtin (The Linear 
Theory of Elasticity, Encyclopedia of Physics, chief editor: S. Fliigge, vol. VIa/2, editor: 
C. Truesdell, Springer, Berlin, Germany, 1972). In particular, scalars appear as italic light 
face letters, vectors are written as lower case letters in boldface, second-order tensors as 
upper case letters in boldface, and fourth-order tensors as upper case sans-serif letters in 
boldface. Also, within a section the same letters may be used for quantities other than those 
listed below. 


LIST OF SYMBOLS 


Symbol Name 
A Second-order tensor, Beltrami solution, thermal expansion tensor 
A(in) Acoustic tensor for a direction m 


B Body 

B Second-order tensor 

C Elasticity tensor 

D Torsional rigidity, flexural rigidity 
D Finite strain tensor 

E Young’s modulus 

E Three-dimensional Euclidean space 
E Two-dimensional Euclidean space 
E Infinitesimal strain tensor 


Et Normal part of E with respect to a plane 

E! Tangential part of E with respect to a plane 

E; (E) Strain energy density of a progressive wave 

E;(E*) Normal strain energy density of a progressive wave 
Es(S) Stress energy density of a progressive wave 

Es(S*) Normal stress energy density of a progressive wave 
E;(S") Tangential stress energy density of a progressive wave 
F Airy stress function, force 

F Deformation gradient 

F{-} Functional 

G Shear modulus, Green’s function 

H(-) Heaviside function 

H Harmonic second-order tensor field, compatibility related fourth-order tensor 
I Moment of inertia of a cross section 

J Polar moment of inertia of a cross section 

K Stress concentration factor 

K, Displacement concentration factor 


K(t) Kinetic energy 

K Compliance tensor 

L Length 

Lif} Laplace transform of f(t) 
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Symbol Name 

J Polar moment of inertia of a cross section 

K Stress concentration factor 

K, Displacement concentration factor 

K(t) Kinetic energy 

K Compliance tensor 

L Length 

Lif} Laplace transform of f(t) 

L“{f(p)} Inverse Laplace transform of f(p) 

M Bending moment 

M Stress—temperature tensor 

Myf) Mean value of a function f over the surface of ball with its center at x and of 
radius ct 

Naf) Two-dimensional counterpart of M,..:(f) 

0 Origin, zero vector, zero tensor 

P Part of B, concentrated force 

P(t) Stress power 

Q Heat supply field, shear force 

Q Orthogonal tensor 

R Region in E?, distance between two points 

S Stress tensor 

SC) Mean stress 

St Normal part of S with respect to a plane 

s! Tangential part of S with respect to a plane 

T Temperature change, time interval 

U-{E} Strain energy 

U(t) Total energy of B at time ¢ 

UCI, t) Stress energy of a semi-infinite cylinder B(/) stored over time interval [0, f] 

Y Vector space associated with E? 

Ww Rotation tensor 

W(E) Stored energy function 

w’(S) Complementary strain energy 

W(S) Stress energy density 

W,{-} Functional involving convolutions 

a Direction of motion of a progressive wave 

b Body force 

c Velocity of propagation, specific heat 

C1 Irrotational velocity 

C2 Isochoric velocity 

c(S°) Velocity of a stress progressive wave 

e Unit vector along the axis of symmetry of a transversely isotropic body 

e; Orthonormal basis 

f Pseudo body force field 

g Galerkin vector field 

g(P) Linear momentum of P 

h(P) Angular momentum of P 

i ./—1, function with the values i(f) = t 

k Bulk modulus, polar radius of gyration of a cross section, spring stiffness, heat 
conductivity coefficient 

k Unit vector along x; axis 

£ Concentrated force 

m Direction of propagation 

m The constant a, mass of P 

n Outward unit normal on 0B 
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Symbol Name 

Dp Pressure, admissible process, elastic process, thermoelastic process 

s Surface traction 

Ss Prescribed surface traction 

Ss Admissible state, elastic state, thermoelastic state, solution 

t Time 

u Displacement 

uU Prescribed displacement on boundary 

Uo Initial displacement 

Up Initial velocity 

u(B) Volume of B 

w Rigid displacement 

x, y Points in space 

Xj Cartesian components of x 

a Coefficient of thermal expansion, angle of twist, scalar field in a tensorial solution 
of elastodynamics 

B Vector field in a tensorial solution of elastodynamics 

y The constant (3A + 2j)a 

5(-) Dirac delta function 

6i Kronecker’s delta 

dv(B) Volume change 

Eijk Three-dimensional alternator 

Eup Two-dimensional alternator 

6 Absolute temperature 

% Reference temperature 

K Thermal diffusivity 

Xr Lamé modulus, wavelength 

LL Shear modulus 

v Poisson’s ratio 

p Density 

o Normal component of a stress vector 

T Dimensionless time, shear stress 

Q Scalar field in Boussinesq—Papkovitch—Neuber solution, scalar field in 
Green—Lamé solution 

od Thermoelastic displacement potential, Prandtl’s stress function, biharmonic function 

x Biharmonic scalar field in Love’s solution 

XxX Second-order tensor field of Galerkin type in elastodynamics 

wv Warping function 

wv Vector field in Boussinesq—Papkovitch—Neuber solution, vector field in 
Green—Lamé solution 

@ Rotation vector, vector field in a tensorial solution of elastodynamics 

1 Unit tensor 

sym Symmetric part of a tensor 

skw Skew part of a tensor 

tr Trace of a tensor 

i) Tensor product of two vectors 

V Gradient 

v Symmetric gradient 

curl Curl 

div Divergence 

A=W Laplacian 

(Gs Wave operators 
* Convolution 
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Symbol Name 
[-] Jump in a function 

da Element of area 

dv Element of volume 

() Time derivative 

()? Transpose of a tensor 

i) Empty set 


Note: In this book, the meaning of the expressions half-space, semi-space, and semi-infinite body is the 
same. These expressions are interchangeable. 


Some Quantities in SI Units 


Name 


Angular momentum of P 
Area moment of inertia 
Body force vector per unit 
of volume, in components 
Bulk modulus 
Coefficient of linear thermal expansion 
Density 
Displacement vector components 
Force 
Heat supply field 
Internal heat generated per unit 
of volume and unit of time 
Lamé constants 
Linear momentum of P 
Polar moment of inertia 
Pressure 
Shear force 
Specific heat 
Stored energy per unit of volume 
Stress tensor components 
Temperature 
Thermal conductivity 
Thermal diffusivity 
Thermoelastic displacement potential 
Time 
Velocity of propagation 
Young’s modulus 
Y 


Notes: 


= (30 + 2u)a 


Dimensions 


(kg: m*)/s 
m‘* 


N/m? 

Pa= N/m? 
1/K 

kg/m? 

m 

N= (kg-m)/s” 
K/s 


J/(m3-s) = W/m? 
Pa= N/m? 
(kg-m)/s 

m* 

Pa= N/m? 
N 
I(kg-K) 
J/m3 

Pa= N/m? 
K 
Wim-K) 


Pa= N/m 
N/(m?-K) 


Values of the specific heat, c, the thermal conductivity, k, the density, o, and the thermal 


diffusivity, «, for common materials may be found in M. N. Ozisik, Heat Conduction, 


John Wiley, New York, 1980, pp. 2-7. 


Values of the coefficient of linear thermal expansion a and Young’s modulus, EF, for common 


materials may be found in N. Noda, R. B. Hetnarski, and Y. Tanigawa, Thermal Stresses, 
2nd edn., Taylor & Francis, New York, 2003, p. 7. 
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Relations between Elasticity 
Constants 


Lamé Constants Young’s Poisson’s Bulk 
M l Rati M I 
Shea Modules odulus atio odulus 
X b E v k 
MBA + 2) Xr 3A + 2 
A, Xr LL —_—_———. ——. ——. 
tu 2A + pL) 3 
E-—3z i E+A E+32r f 
.E x 4 E 4dr 6 
VE? + 922 + 2EA VE? +922 4+ 2EA | JE? +922 + 2EX 
4 4dr 6 
a1 — 2v) A. + v)(1 — 2v) ad +) 
A,v Xr v 
2v v 3v 
k-iz k(k — Xr ny 
Ak xr a ) =D) ( ) k 
2 3k—-2X 3k—2z 
2Qu—E E-2 E 
igh (Qu —E)p i E Hh — BE 
E-3pu 2m 3(3u — E) 
pv 2u(1 + v) 
’ 2ucd fautoy Sa ae 
Hae 1-2» i ey) 3(1 — 20) 
3k — 2 Okw 1[3k—2y 
Lk LU ~ k 
3 3k+ 2| 3k+u 
vE E E 
E,v | ————— ———— E v = 
(+ v)(1 — 2v) 21 + v) 3(1 — 2v) 
k(3k—E Ek 1[/3k-E 
E,k Pek #) G ) 2 E = 2 k 
9kK-—E 9Ok-—E 2 3k 
3kv 3k(1 — 2v) 
vk sais 3k(1 — 2 v k 
l+v 1+) ( v) 
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Laplace Transforms 


The presented collection of Laplace transforms consists of three parts: 


Part A: Properties of Laplace Transforms 
Part B: Laplace Transforms Used in This Book 
Part C: Some Laplace Transforms of Exponential Form 


Those in need of inverse Laplace transforms should consult large collections, such as 


V. A. Ditkin and A. P. Prudnikov, Reference Book on Operational Calculus, Fizmatgis, 
Moscow, 1965 (in Russian). 

A. Erdélyi (Ed.), Bateman Manuscript Project, Tables of Integral Transforms, vol. 1, 
McGraw-Hill, New York, 1954. 


Also, one can find tables of substantial length in some other books, for example, in 


H. S. Carslaw and J. C. Jaeger, Operational Methods in Applied Mathematics, Dover 
Publications, New York, 1963 (contains 53 Laplace transform formulas). The book was 
originally published by Oxford University Press in 1941. 

G. Doetsch, Anleitung zum praktischen Gebrauch der Laplace-Transformation, 2nd edn., 
R. Oldenbourg, Miinchen, 1961 (contains 256 Laplace transform formulas).* 

F. Oberhettinger and L. Badii, Tables of Laplace Transforms, Springer, New York, 1973. 

M. R. Spiegel, Mathematical Handbook of Formulas and Tables, Schaum’s Outline Series, 
McGraw-Hill, New York, 1968 (contains 168 Laplace transform formulas). 


The formulas in Part A of the table are related to the discussion on Laplace transforms 
in Section 2.3.4. These are transforms of a class of functions, and not just transforms of 
specific functions. The list cannot be exhausted. In fact, some entries in Part B of the table 
are of the same class, viz., formulas 7, 8, and 16, and they could be included in Part A. 

The Laplace transforms used in the book are collected in Part B for easy reference. In 
the left column, after each consecutive number of a formula, the section number where the 
formula is used for the first time is given. 

Note that the quantity R, which appears in formulas 13, 14, 15, 16, and 18, although in 
the text as a nondimentional variable, may be treated as a nonnegative parameter as far as 
this table is considered. 

Note that formula 14./11.2.1 is equivalent to formula 29./13.2.1, and formula 19./12.1.4 
is equivalent to formula 23./12.2.2. We retain the additional formulas for clarity. 

Transforms in Part C of the table are useful in thermoelasticity but they are not presented 
in any general tables of Laplace transforms. A possible reason for this is that derivation of 
these inverse transforms is a cumbersome and time-consuming process. But a method for 
easy calculation of these transforms has been found, and it is described in Section 2.3.4. 


* The book Anleitung zum praktischen Gebrauch der Laplace-Transformation by G. Doetsch was translated 
from German into Polish by the first author (RBH) and published under the title Praktyka Przeksztalcenia 
Laplace’a, PWN—Polish Scientific Publishers, Warsaw, 1964, p. 307. While writing this section, the authors 
consulted the Polish edition of this book. 
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PROPERTIES OF LAPLACE TRANSFORMS 


L-'{F(p)} = f (6) 
L{af(p) + ba(—p)} = aL {f(—p)} + DL“! {B—)} = af (t) + b g(t) (a and b are constants) 


L'{ef(p)} =f(t— aH(t—a), a>0 
L'f(pta}=e“f, a>0 
aflspy|_ 
E {-7(2)| =f(at), a>0 
ae l(t 
L" {f(ap)} = t(é). a>0 
a a 
L {pf (p) —fO}=H'O 
L"F ~)} = -# 0 
L'{pf(p) — pf) —f 0} =f" 
L'F (py = CFO 
L7'{p"f (p) — p"'f O) — p"*f' (0) — +» —f" PO} =fOO 


Z(n) 


Lf (p—)} = (-D" FO 


L"F(p) Bp) = { fe 2) g(x) dt = f(O * g(0) (convolution) 
0 
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PART B: LAPLACE TRANSFORMS USED IN THIS BOOK 


No./Section L“'{f(p)} = f(0 

1 
1/2.3.4 LE {-| =1 

P 
2./2.3.4 rT : =e” 

pta 
3./2.3.4 LE! {=| = 

P 

“i 1 sad , 

4/6.2.1 LY y—>— + =H sin—, AH isa positive constant 

p? + 1/H* H 
5./6.2.1 L fe = cos a H is a positive constant 
/6.2. P+ 1 Te p ‘ 

—ap 

6/11.1.2 L {‘ : | = H0—ar-a, a>0 

P 

1 a 
TALAA L {-3 (v5) «| 
1 a 
== s) a(r a #1) awe, x, £6 E 
TC? |x — &| c 
= 1 4 P -1 t Qn a 
8/11.1.4 L')-S(W-S) ew = ag J J 8 + net) sing ao dep 
0 0 


where n = [sin cosg, sin@ sing, cos@], x € E? 


5 2 =l 
O/IL.1.4 L {[(e-) (v- a) roo| 
cy Cy 


2 mT 


32. 52. t 
= se iG on| Zl J J nee + net) sind dé dy 
0 


An 


0 0 


4a 
0 0 


2 Qn 0 
& J hex + neyr) sino do ie} dt 


where n = [sin cosg, sin@ sing, cos@], x € E? 


2 2 <a 
1/14 = LO {[(* = 4) (v = a] reo 
Cj C3 


22 2 Qn 0 
= ate) JE] form sin 6 dé dp 


2 2 
(ont 
t 2 0 0 


2 Qn 1 
C3 . 
oe Jes + net) sin 6 do ie 


where n = [sin@ cos¢, sin@ sing, cos], xé EB 
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No./Section L-'{F(p)} = f(t) 
-1 1 a, Sin Bt 
11./11.1.5 L =e 
(p+ a)? + B? B 
ear r—a 
12./11.1.5 L! =H (+ ) 
P (on 
R 2 
13./11.2.1 Let = pre 
Ant? 


-1 


14./11.2.1 


hb 


Si dlere (de) eel) 


nfo R 
15./11.2.1 L = erfc | —~ 


2/t 


16./11.2.1 L" {F(R p)e’”} = f(R,t — R)H(t— R) 


17,/11.2.1 | {—— }=e 
p— 


18./11.2.1 L' {e*”} = 5(t— R) 


7 Pp p 0? -1/2 
19/1214 Lo {Ko (Fo) =H(+- *) (" 7 a) 
Fn eer are ry pei f (Ei, &) dé, dé 
20./12.1.4 L | Ce (v eC F(x) =t aga Jer (x) £,)? (x By 
where & (x, ct) = {& : |E —x| < ct}, x, €€ FE’ 


Pp P =i ye 
21 /12.2:2 L! {[("- o e) (v - 4] ro} = a3 [eft Nuc:(h) oe Ct Nee (h)| 
1 


2 1 2 


ee eee h(E), &) dé; dé, ar 


2m cit Elecit) Ve? —@ -—& -—@-&y 


and D(x, c;t) = {€ : |E —x| < ct}, x, &€ EF 


1 
DiFI2 L"'{K)(aJp)} = coo a>0 


Da H1999 L-'{Ko(bp)} = H(t — b)(P — b?)-?, b> 0 


24,/12.2.2 a be a ap} = 2 Liem as 
* t H(t—b) 
sos “Times eo. 4 
5/ (Kio = FFF, b> 0 
ivf 
26./12.2.2  L"{Ki(a/p)} = - (5 a =) eee 
ae 
Pr H(t—b) 


27./12.2.2 L" {K(bp)} = 


~ Be [2 — pe 
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No./Section 


28./13.2.1 


29./13.2.1 


L“{F(p)} = F( 


e A(t — |x) 


eo blvB 
L" { i = U(lxl,) 


cl 
ae 
Vio 
|| = 
fat (Sage 
<= 

ll 


1 7 |x| ; |x| 
— _t| ol - Ixl 
where U(|x|,t) = i E erfc (= vi) + elerfc (+, +vi)] 


XXXIV 


Laplace Transforms 


PART C: LAPLACE TRANSFORMS OF EXPONENTIAL FORM 


Explanation of this table is located in Section 2.3.4. Functions S(¢) and T(t) are denoted by 
S and T, respectively, in the table. The form of S(t) and T(f) is as follows: 
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Historical Note, Theory, Examples, 
and Problems 


Creators of the Theory of 
Elasticity 


This chapter constitutes a historical note on the creators of the theory of elasticity, and 
discusses some of their achievements that contributed to the progress of this science. We 
start with Galileo Galilei who, in the sixteenth and seventeenth centuries, was the first to 
work on strength and fracture of beams and, especially, on cantilever beams. Robert Hooke 
in the seventeenth century was the one who discovered the law of elasticity that now carries 
his name. We end with notes on the six scientists of the twentieth century: M. T. Huber, 
S. P. Timoshenko, W. Nowacki, G. Fichera, B. A. Boley, and M. E. Gurtin. 


1.1. HISTORICAL NOTE: CREATORS OF THE THEORY OF ELASTICITY 


A body is called elastic if it returns to its original shape upon the removal of applied forces. 
All bodies exhibit elastic behavior under sufficiently small loads. The mathematical analysis 
of elastic behavior of a solid body is called the theory of elasticity. The interdependence 
between loads applied to the body and the stresses and deformations that these loads 
produce have been of importance in various practical applications for a very long time. It 
is therefore not surprising that development of elasticity theory began many centuries ago. 

The first name to be linked with the history of the theory of elasticity is Galileo Galilei 
(1564-1642), called the father of science. He was a physicist, astronomer, mathematician, 
and philosopher. 

In his second dialogue in the Discoursi e Dimostrazioni matematiche (Leiden, 1638),* 
Galileo’ gives 17 propositions that set the direction of the analysis of strength and fracture 
of beams for future development. In particular, the problem of a cantilever beam loaded 
at its free end has been associated with Galileo’s name.* Besides dealing with beams of 
constant cross section, Galileo analyzed the shape of the cross section in order to create 
beams of constant strength. A shortcoming of Galileo’s analysis was the assumption that 
the longitudinal fibers in a strained beam are inextensible.‘ 

The relation between applied forces and the extension of a body is credited to Robert 
Hooke (1635-1702). In his book De potentia restitutiva (London, 1678), he writes that 
18 years earlier (in 1660), he discovered the theory of springs, but had not revealed it as 


* Readers are advised to acquaint themselves with the English translation of [1]. 

* Galileo Galilei is usually referred to by his first name, rather than his surname. 

* The figure on the front page of this book shows a cantilever beam with a weight at its free end and the figure 
on the last page of the book shows a weight hanging on the rope. The figures are reproduced from Galileo’s 
book of which the title page is shown in Figure 1.1. The book, under the title Dialogues Concerning Two New 
Sciences, was published by Dover Publications, New York, 1954. The title page shown in Figure 1.1 was also 
reproduced from that book. 

‘A delightful book on Galileo was written by Sobel [2]. The book is based on the extensive collection of letters 
that Virginia Galilei, who became Sister Maria Celeste of the convent of St. Matthew at Arcetri near Florence, 
wrote to her father. Galileo’s letters to his daughter did not survive. 
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he had hoped to obtain a patent on its application. The theory was concisely presented 
in a short sentence “Ut tensio sic vis; that is, The Power of any spring is in the same 
proportion with the Tension thereof.” He published this discovery at the end of his earlier 
Book of the Description of Helioscopes as an anagram, stated in this book in Section 3.3.1. 
By a “spring” Hooke did not mean a helical wire but any extensible body that returns to its 
original shape when the forces were removed. 

Although Hooke’s theory was one-dimensional, the present-day six relations between 
components of the stress tensor and the strain tensor are referred to as the generalized 
Hooke’s law. 

Apparently, the first to apply Hooke’s law to Galileo’s problem was Edmé Mariotte 
(1620-1684). Mariotte lived most of his life in Dijon, France. In 1666, he became a member 
of the French Academy of Sciences. He is credited with the introduction of experimental 
methods in France. As a result of his experiments with air, the Boyle—Mariotte law was 
established. Mariotte discovered Hooke’s law independently in 1680. In his work [3], he 
pointed out the fact that in a loaded beam, some fibers extended while other contracted. 
Unfortunately, he went somewhat too far in stating that half of the fibers were in each 
category. His contribution to the theory of elasticity came as a result of his work on 
the design of water pipelines for the Palace de Versailles. His experiments on wood and 
glass rods showed that Galileo’s theory gave values of a breaking force too large, so he 
developed his own theory, which included elastic properties of material. He analyzed not 
only cantilever beams but also beams on two supports and beams built in at both ends.* 

The results of Mariotte’s experiments brought a few others to the field, espe- 
cially Gottfried Wilhelm Leibniz (1646-1716) [5] and, somewhat later, Pierre Varignon 
(1654-1722) [6], a French mathematician born in Caen in Normandy, a friend of Leibniz, 
Newton, and the members of the Bernoulli family. He contributed to the spread of differ- 
ential calculus and devoted himself to its various applications. Both Leibniz and Varignon 
tried to formalize the theories of Galileo and Mariotte. Varignon also occupied himself with 
the determination of the position of a neutral surface, or zero-stress plane. 

Leibniz occupies an equally grand place in both the history of philosophy and the 
history of mathematics. He invented infinitesimal calculus independently of Newton, and 
his notation is the one in general use since then. He also invented the binary system, the 
foundation of virtually all modern computer architectures. In philosophy, he is mostly 
remembered for optimism, that is, his conclusion that our universe is, in a restricted sense, 
the best possible one God could have made. He was, along with René Descartes and Baruch 
Spinoza, one of the three greatest seventeenth-century rationalists, but his philosophy also 
looks back to the scholastic tradition and anticipates modern logic and analysis. Leibniz also 
made major contributions to physics and technology, and anticipated notions that surfaced 
much later in biology, medicine, geology, probability theory, psychology, linguistics, and 
information science. He also wrote on politics, law, ethics, theology, history, philosophy, 
and philology, even occasional verse. His contributions to this vast array of subjects are 
scattered in journals and in tens of thousands of letters and unpublished manuscripts. As of 
2009, there is no complete edition of Leibniz’s writings. 

Extensive contributions to the subject were made by members of the Bernoulli family. 
The family settled in Basel, Switzerland, at the end of the sixteenth century, after religious 
persecution forced its departure from Antwerp. Members of this family became famous 


* See the description of Mariotte’s experiments in [4]. 
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FIGURE 1.1 Title page of Galileo’s book Discorsi e Dimostrazioni Matematiche, intorno a due 
nuove scienze (Leiden, 1638). 


mathematicians. Brothers Jacob and John Bernoulli became foreign members of the French 
Academy of Sciences in 1699. In the course of the next 90 years, that is, until 1790, at least 
one Bernoulli was always among its members. Jacob and John contributed substantially to 
the development of differential calculus, which was started by Leibniz and, independently, 
in England by Isaac Newton (1642-1727). 

It was Jacob Bernoulli (1654-1705) who first considered a mathematical form of a 
bent lamina, or “elastica” [7]. Thus, he extended the works of Galileo and Mariotte, who 
were both interested in the problem of beam strength, but not in beam deflections. Jacob 
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Bernoulli’s results on the shape of bent beams were widely accepted by others, but they 
were fundamentally incorrect. He considered only one equation of equilibrium, namely the 
one of moments, while for the plane problem we need also consider two equations of forces. 

John Bernoulli (1667-1748) is credited with the formulation of the virtual displacement 
principle. It may be mentioned that his lectures prompted Marquis Guillaume Francois 
Antoine de |’ Hospital to write the first book on calculus in 1696. 

Daniel Bernoulli (1700-1782), a son of John, also contributed to the analysis of bent 
beams, in addition to writing his superb book Hydrodynamica. In his letter to Leonhard 
Euler, he suggested the derivation of elastica by applying variational calculus. It was also 
Daniel Bernoulli who derived the differential equation of the lateral vibration of bars and 
conducted experiments to determine various vibration modes. 

Leonhard Euler (1707-1783) was born near Basel and was educated at the University of 
Basel, which, due to the fame of John Bernoulli, became a celebrated mathematics research 
center. Euler earned his master’s degree at the age of 16, and published his first scientific 
paper at 20. In 1727, Euler moved to St. Petersburg, and in 1730, at the age of 23, became a 
member of the Russian Academy. He lived an enormously productive life in St. Petersburg 
until 1741, then at the Prussian Academy in Berlin from 1741 to 1766, and from 1766, 
again in St. Petersburg. 

Euler’s most important results on elastica are included in his book [8], which was the first 
devoted to variational calculus. Pages 245-310 constitute an appendix, Additamentum I. De 
Curvis Elasticis, where problems of elastica were treated extensively. His work considers 
the effects of an angle between the direction of a force applied and the tangent at the point 
where the force is applied. For a very small angle, the problem becomes that of the stability 
of a column due to an axial compressive force. The problem was easily solved and, thus, an 
expression for the critical compressive load for a column was established. This constituted 
the birth of the elastic stability theory. While staying in Berlin, Euler extended his research 
on the buckling of columns. 

Joseph Louis Lagrange (1736-1813) was born in Turin, Italy, where at the age of 19 
he became a professor of mathematics at the Royal Artillery School. He soon published 
a number of papers devoted to variational calculus and, as a consequence, came into 
correspondence with Euler. This, in turn, led to Lagrange’s election in 1759 as a foreign 
member of the Prussian Academy. In 1766, when Euler was returning to St. Petersburg, 
Lagrange replaced him at the Prussian Academy. In Berlin, Lagrange published a large 
number of papers and also wrote his famous book Méchanique analytique, published after 
a long delay in Paris in 1788.* By that time, Lagrange had settled in Paris, since the 
conditions in Berlin deteriorated after the death of Frederick the Great. He was fortunate to 
avoid the guillotine of the French revolution—some famous scientists were not so lucky— 
and soon started to teach at a newly established Ecole Polytechnique, which was founded 
in 1794. 

In his paper on columns [9], Lagrange makes progress on the earlier work of Euler, 
while extending his own past results. While considering the buckling of a column with 
hinges, he not only derived the expression for the critical force, but also showed that there 
exist an infinite number of buckling curves. Among other problems, he considered columns 


* The first volume of the second edition appeared in 1811, and the second volume in 1815, after the death of 
its author. 
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of varying cross section. In a number of papers, Lagrange also analyzed the deflection of 
various springs. 

Ecole Polytechnique was conceived as a new type of school, open to boys of all 
backgrounds, with competitive entrance exams. Unlike older schools, learning theoretical 
subjects was a requirement for all students. The first two years were devoted exclusively 
to basic sciences, while engineering subjects were taught in the third year. Soon, the 
engineering subjects were entirely eliminated, and Ecole Polytechnique became a school 
of basic sciences only, as it remains today. Many great contributors to the theory of elas- 
ticity were educated at this school. Schools modeled on Ecole Polytechnique were later 
established in cities throughout Europe. 

Charles Augustin Coulomb (1736-1806) considered the bending theory of beams. In his 
memoir [10], he places the neutral axis in a bent beam at the middle of the cross section 
of what looks like a rectangular shape. Then, he presented a correct calculation of the 
moments of forces over the cross section. The theory was the most accurate of those based 
on Hooke’s law and on the assumption that stress in a beam is a result of the extension 
and contraction of longitudinal fibers. Coulomb is also credited with the first study of the 
resistance of thin wires to torsion. Because of these achievements, and because of his many 
experiments, he is considered to be the most important contributor to the mechanics of 
elastic solids in the eighteenth century. 

Thomas Young (1773-1829) was a child prodigy. He started his scientific work early in 
his life. By 1802, he was already a member of England’s Royal Society. He was the first to 
introduce the modulus of elasticity in relation to his research on tension and compression. 
Young was the first to introduce shear as a form of elastic strain, and observed that resistance 
of a body to shear is different than to extension or compression. He was a physician by 
training, but his contributions were, among many, to mechanics, physics, and to reading 
the Egyptian hieroglyphs by contributing to deciphering of the Rosetta Stone. One of his 
achievements was the explanation of how the eye accommodates, and he was the one to 
discover astigmatism. It was his, the three-color theory of how the eye’s retina reacts to 
light. His scientific curiosity and the high level of mastering of a multitude of subjects was 
such that the title of his biography was The Last Man Who Knew Everything.* 

The scientist credited with establishing what is now known as the modern theory of 
elasticity is Claus Louis Marie Henrie Navier (1785-1836). Born in Dijon, France, he was 
one of the great alumni of Ecole Polytechnique in Paris, where he studied from 1802 to 
1804. He was also educated as an engineer. In his early research, Navier also erroneously 
placed the position of the neutral axis. However, in the first printed edition of his lectures in 
1826, he stated, with a proof given, that for elastic materials the neutral axis passes through 
the centroid of the cross section. In a memoir’ read to the French Academy on May 14, 1821, 
he presented for the first time the general differential equations of equilibrium and motion 
that must be satisfied at each point in a body, and the conditions at points on its surface (the 
boundary conditions). These equations for the components of displacement were derived 
from the consideration of molecular interaction with forces acting along the lines connecting 
the particles and proportional to their relative distances. Because of a simplified model, 
however, Navier’s original equations contained only one material constant. 


* The book is by Andrew Robinson, published by Plume, a member of Penguin Group, London, U.K., 2006. 
* Published in [11]. 
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Augustin Cauchy (1789-1857), another alumnus of Ecole Polytechnique, where he later 
taught, became a member of the French Academy of Sciences in 1816. Being both a 
mathematician and an engineer, Cauchy’s initial interest in the theory of elasticity arose 
from a study of Navier’s paper, and his subsequent contribution to the subject were very 
substantial. Unlike Navier, who considered intermolecular forces, Cauchy considered the 
notion of pressure on a plane, known to him from hydrodynamics. He observed that this 
pressure in an elastic body does not act normal to the plane. He thus introduced for the first 
time the notion of stress. It was Cauchy who wrote three equations of equilibrium for a 
tetrahedron, and showed that shear stresses were symmetric, and that stress on any plane can 
be described by three normal and three shear stress components. It was Cauchy who derived 
three differential equations of equilibrium for an elemental rectangular parallelepiped. He 
also observed that for small deformations, the unit elongations and the change of the right 
angle between any two initially perpendicular directions may be expressed by six relations, 
now called strain—displacement relations. Cauchy also observed that for small deformations, 
the stresses are linear functions of strains, thus providing an important generalization of 
Hooke’s law, using two material constants. With the elimination of stresses, the equations 
reduce to three differential equations, similar to Navier’s but containing two constants, not 
one. In 1828, Cauchy published two papers in which, on the basis of a law of molecular 
interaction, he generalized his earlier results to anisotropic media, resulting in equations 
with 15 material constants. It was shown later by the English mathematician George 
Green (1793-1841) that there should be 21 constants in such general cases. Green’s great 
contribution was the introduction of the principle of conservation of elastic energy. 

It is worth mentioning that discussions on whether 15 or 21 constants are needed for 
anisotropy continued for many years.* Those influenced by Navier and Cauchy accepted 
one constant for an isotropic body and 15 for an anisotropic body, while others, following 
Green’s reasoning, accepted two and 21 constants, respectively. 

Among researchers who considered the problem of how many constants are needed was 
G. Wertheim (1815-1861). Born in Vienna and educated in Paris, he conducted extensive 
experiments that consisted not only of tensile tests, but also of longitudinal and lateral 
vibrations. Assuming initially the one-constant theory, he found the tensile modulus for 
a number of materials. He found that processes that increase the density, like hammer- 
ing or rolling, result in an increase of the modulus. He received higher values of the 
modulus from the vibration experiments than from static tests, and he concluded that the 
difference of these values may establish the ratio of specific heat at constant stress and 
constant volume. Wertheim experimented also with the effect of changing temperature 
and the influence of electric current in a wire on the values of the tensile modulus. From 
his research on optical properties of elastic materials, which constitutes the birth of pho- 
toelasticity, he established a list of colors that could be associated with stresses in an 
extended rod made of a transparent material. From his experiment on torsion, he found 
that the ratio of the lateral to longitudinal displacements (the present-day Poisson’s ratio) 
was closer to 1/3, and did not agree with the theoretical value of 1/4 deduced by Siméon 
Denise Poisson (1781-1840). Wertheim contributed substantially to the knowledge of elas- 
tic behavior, but he did not manage to answer the question regarding the number of necessary 
constants. 


* For more information, see [12]. 
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Although Poisson was born in a poor family, because of his unusual abilities he managed 
to be educated at the Ecole Polytechnique, and later he taught there. He became a member 
of the French Academy of Sciences in 1812. His research contributed substantially not 
only to elastostatics but also elastodynamics. His most important results are contained in 
two seminal publications [13,14]. First, after he obtained equations of equilibrium, similar 
to those of Navier and Cauchy, Poisson proved that they are not only necessary but also 
sufficient for a body, or any portion thereof, to remain in a state of equilibrium. Second, 
by integrating the equations of motion, he showed that a local disturbance produces two 
kinds of waves: one, faster moving, in which particles move perpendicular to the wave 
front, with volume changes occurring; and another, in which particles move tangent to 
the wave front, with only distortion, not volume change, occurring. As for “Poisson’s 
ratio,’ Poisson utilized the general equations for an isotropic body of Mikhail Vasilevich 
Ostrogradsky (1801-1861), a Russian mathematician who later lived in Paris. Poisson 
found theoretically that for a prismatic bar in tension this ratio has a value of 1/4. As for 
other topics, Poisson worked on finding stresses in a hollow sphere subjected to external or 
internal pressure, as well as on radial vibrations of a sphere. 

Deflection of elastic surfaces was earlier investigated by Euler, but it was Jacques 
Bernoulli (1759-1789), a nephew of Daniel, who obtained a not quite correct equation for 
the deflection of plates in the form D(w.1111 + W222) =q. Later, Poisson was the first to 
derive the equation D(w 111, +2W,1122 + W.2222) = q, wherein the flexural rigidity D included 
the value of Poisson’s ratio of 1/4. In these equations, g stands for the loading intensity, or 
force per area, and w is the deflection. Bernoulli also established a set of three boundary 
conditions for the edge along which forces were distributed. This set was later reduced 
to two by Gustav Robert Kirchhoff (1824-1887), who discovered the correct boundary 
conditions for a free edge of a plate. 

Kirchhoff was born and educated in K6nigsberg in Eastern Prussia (the city is now called 
Kaliningrad and belonging to Russia). After working in Berlin and Breslau, he settled in 
Heidelberg for 20 years, until 1875, and then returned to Berlin. He was known as both an 
excellent theoretical physicist and an able experimenter. Kirchhoff created an elegant plate 
theory on two assumptions, now generally accepted: (1) lines normal to the middle plane 
before deformation remain normal to the surface after deformation, and (2) elements in the 
middle surface do not change length during deformation. Then, after writing an equation 
for the potential energy of a deflected plate, he used the principle of virtual work to obtain 
the differential equation of bending. By combining these two equations, he obtained the 
fourth-order differential equation of bending of plates, earlier derived in a different way 
by Poisson. Besides reducing Poisson’s three boundary conditions to two, as was already 
mentioned, he analyzed vibrations of a circular plate with a free edge and calculated various 
modes of vibration. He extended his analysis to plate deflections that are not very small. He 
managed to perform exact integration of the general equation for lateral vibration of bars 
of variable cross section in some cases (e.g., a thin wedge or a long cone). Among other 
achievements, he contributed to the theory of thin bars by making an observation, now 
called Kirchhoff’s dynamic analogy, that allows the application of already known solutions 
in the dynamics of a rigid body to the deformation of thin bars. Kirchhoff’s excellent book 
on Mechanics appeared as the first volume of his lectures [15]. 

Alfred Clebsch (1833-1872) was, like Kirchhoff, born in K6nigsberg. After his studies 
at K6nigsberg University, he lectured there, later moving to the University of Berlin and, 
still later, to the Karlsruhe Polytechnicum. It was there, in 1861, that he wrote his famous 
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book [16], in which his main contribution to the subject was presented. Only one book on 
the theory of elasticity existed at that time, the one by Lamé. Compared to Lamé’s book, 
which was geared more toward acoustics and optics, Clebsch’s book was more directed 
to the needs of engineers, even though the mathematical methods were more strongly 
addressed than the engineering applications would require. The more important results 
contained in the book are related to (a) torsion, (b) plane stress, and (c) thin bars and thin 
plates. With respect to (a) torsion, Saint-Venant’s problem (see later) was treated not by 
the semi-inverse method, but by considering a mathematical problem of which a solution 
allowed axial tension, torsion, and bending to be jointly treated. With respect to (b) plane 
stress, working on a cylindrical bar, Clebsch considered a case opposite to that of Saint- 
Venant’s, that is, he assumed that stresses and forces appearing in Saint-Venant’s problem 
vanish, while those vanishing in Saint-Venant’s problem are nonzero. Thus, a thin slice 
between two cross sections represents a plate with forces at the cylindrical boundary and 
in the plane of the cross section. In this way, the results are applied to a general solution 
of plane stress for a circular plate. With respect to (c) thin bars and thin plates, Clebsch 
modified Kirchhoff’s theory of thin bars and wrote equations for bending of plates for 
nonsmall deflections. Also, he considered a circular plate with clamped edge subject to a 
concentrated load at any point of its surface. 

Lord Kelvin (William Thomson) (1824-1907) was born in Belfast, studied at Glasgow, 
and later graduated from Cambridge. In 1846, he became a professor at Glasgow and taught 
there for 53 years. Kelvin, jointly with Peter Guthrie Tait, a professor in Edinburgh, wrote 
the Treatise on Natural Philosophy, of which the first volume was published in 1867. It 
is in this book, which treats mechanics of rigid bodies, elastic bodies, and fluids, that 
most of Kelvin’s contributions to the theory of elasticity are recorded. Kelvin’s systematic 
presentation of the theory of elasticity in the Treatise was the first in the English language 
and substantially influenced its development in England. He gave a complete account of 
Kirchhoff’s dynamic analogy, explained the sufficiency of Kirchhoff’s theory of plates for 
small deflections, and gave a physical interpretation of the reduction in the number of 
boundary conditions proposed by Kirchhoff. Earlier, Kelvin conducted a series of tensile 
tests on bars and studied temperature changes during such tests. He observed that the value 
of the modulus of elasticity depends on whether the tests are conducted suddenly (over a 
short time) or slowly (over a long time). In the case of the former, there was an adiabatic 
extension that increased the value of the modulus, since there was no time for the heat 
generated as a consequence of deformation to disperse, as compared to the latter case, 
where there is an isothermal extension due to the distribution of heat. These experiments 
led to a proof of the existence of a strain energy function that depends on strain relative to 
some fixed state, but not on the manner in which strain was produced. 

Barré de Saint-Venant (1797-1886) studied at Ecole Polytechnique and graduated from 
Ecole de Ponts et Chaussées, the top French engineering school of that time, where he 
later léctured. He became a member of the French Academy of Sciences in 1868. In 
1853, Saint-Venant presented his famous memoir on torsion to the academy [17]. In it, 
he presented the state of the art of elasticity theory, including his own contributions. The 
main thrust of the memoir was torsion. Saint-Venant observed that the direct method of 
finding displacements, strains, and stresses by using the differential equilibrium equations, 
the strain—displacement relations, and Hooke’s law, subject to boundary conditions, was 
not a practical method for engineers. The reason was that general methods of integration of 
equations of elasticity were not known. Therefore, Saint-Venant proposed a semi-inverse 
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method in which only some information on displacements and stresses is needed. From 
the equations of elasticity theory, the remaining information is obtained. Engineers could 
get approximate results from the strength of materials methods first, and then obtain exact 
solutions by applying the proposed method. 

Saint-Venant presented solutions for torsion and bending of prismatic bars. In the case 
of torsion, he assumed approximate displacements in the plane of the cross section and 
augmented them by axial displacement, a yet unknown warping function. The strains and 
then the stresses were calculated, and subsequently the equation of the warping function 
was established. 

Since the displacements are the same in each cross section, the stresses are also the 
same and, therefore, the forces producing the torsion moment at the ends of the bar would 
have to be applied in a very specific manner for the results to be exact. But Saint-Venant 
formulated the proposition, now called the Saint-Venant principle, that requires only the 
resultant force and resultant moment to remain unchanged, since at some distance from 
the ends of the rod the distribution of displacements and stresses is sufficiently accurate in 
typical applications. 

Saint-Venant did not write a book, but he translated Clebsch’s book into French and also 
edited Navier’s book. His editorial notes in these books were much more extensive than the 
original texts. 

Gabriel Lamé (1795-1870) and Benoit-Paul-Emile Clapeyron (1799-1864) graduated 
together from Ecole Polytechnique and worked for about 10 years at the Institute of Ways of 
Communication in St. Petersburg, a Russian engineering school established in 1809. They 
both taught mathematics and physics and contributed to Russian engineering projects. They 
returned to Paris in 1831, and Lamé soon became a professor at Ecole Polytechnique. In 
1852 his book appeared, the first treatise on the theory of elasticity, Legons sur la Théorie 
Mathématique de l’Elasticité des Corps Solides. The book contained earlier results of Lamé 
and Clapeyron presented to the French Academy, but equations in the book were changed, 
as Lamé came to the conclusion that two, and not one, material constants were needed 
for the description of an isotropic body. We now refer to these constants as the Lamé 
constants. The book also presented Clapeyron’s theorem, that the sum of products of forces 
acting on a body and the displacements along the lines of action of these forces is equal to 
twice the strain energy stored in the body. We recall that Euler earlier used the expression 
for the strain energy of bending bars for the derivation of the differential equation of the 
elastic curve. 

Luigi Federico Ménabréa, an Italian military engineer, introduced the principle of least 
work. Considering trusses with redundant elements, he observed that the forces acting in 
them must make the strain energy a minimum, that is, the derivatives of the strain energy 
with respect to these forces must be zero. The proof of this principle was later provided by 
an Italian engineer Alberto Castigliano (1847-1884). 

Joseph Vallentin Boussinesq (1842-1929), a student of Saint-Venant, contributed not 
only to the theory of elasticity, but also to optics, hydrodynamics, and thermodynamics. 
His book on Application des potentials al’ étude de |’ équilibre et du mouvement des solides 
élastiques... was considered one of the most important books on the theory of elasticity since 
Saint-Venant’s memoir on torsion and bending. Using potential functions, Boussinesq found 
solutions to a number of problems, one of which, now known as Boussinesq’s problem, 
deals with the finding of stresses and deformations in a semi-infinite body under a force 
acting perpendicular to its boundary. Using this solution and the principle of superposition, 
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Boussinesq solved the problem of a semi-infinite body acted upon by a distributed load on a 
part of the boundary. He dealt with problems in which displacements, and not forces, were 
specified. For instance, he discussed the problem of a rigid cylinder pressed into a semi- 
infinite body on the bounding plane. He showed the validity of Saint-Venant’s principle, 
that displacements and stresses depend only locally on the manner in which the forces 
are applied. 

Albert-Aimé Flamant, a collaborator of Saint-Venant, applied the solution of 
Boussinesq’s problem to finding the stress distribution in a semi-infinite plate of unit 
thickness acted upon by a force perpendicular to its boundary. A number of other important 
two-dimensional problems were solved by J. H. Michell (1863-1940), in part on the basis 
of the work done by Boussinesq and Flamant. Among them, he solved the problem of 
a force applied inside an infinite plate, found a solution for a semi-infinite plate with a 
force inclined to the straight boundary, and for a wedge clamped at the base and loaded at 
the peak. 

Jean-Marie-Constant Duhamel (1797-1872) was born in Saint-Malo, France, and 
educated at Ecole Polytechnique. Among his teachers were Fourier and Poisson. His main 
contribution to the theory of elasticity is his Mémoir sur le calcul des actions molécu- 
laires développées par les changements du température dans les corps solides [18]. There, 
he generalized Navier’s equations of equilibrium by including temperature changes, and 
showed that thermal stresses can be found in a manner similar to stresses caused by body 
forces and forces applied on the surfaces. He was the first to observe that uniform heating 
does not lead to stresses. He was probably the first to apply the superposition principle to 
stress theory. Later, Duhamel made a contribution to the theory of vibrations in elasticity 
and presented a method for the analysis of forced vibrations for elastic bodies. 

Franz Neumann (1798-1895) was educated in Berlin and taught at the University of 
KGnigsberg from 1826. Navier, Cauchy, and Poisson were still alive when Neumann started 
publishing papers on the theory of elasticity, most of which were applications to optics and 
related to the number of necessary material constants for isotropic bodies and crystals of 
various levels of symmetry, which was still disputed. Neumann was the first to derive a 
formula for the modulus in tension for prismatic crystals of any orientation. The results of 
his experiments allowed him to establish the correct number of necessary material constants 
and reject the assumptions made earlier by Navier and Poisson on this subject. Experiments 
carried out by him and his pupils established a foundation for photoelastic stress analysis. 
Neumann contributed to the theory of thermal stresses. Namely, he analyzed thermal stresses 
in a plate with the temperature varying in the plane of the plate. After deriving the governing 
equations, he applied them to a circular plate and a circular ring. It is likely that Neumann 
was the first to study residual stresses. 

One of Neumann’s students was Woldemar Voigt (1850-1919). Born in Leipzig, he 
studied in K6nigsberg, later becoming a professor at the University of Gottingen. It was 
Voigt who, at last, settled the matter that an elastic isotropic body is governed by two 
constants, and not by one, as was assumed by Navier, Poisson, and Saint Venant, and that 
a general anisotropic body is governed by 21 constants, and not by 15, as was assumed by 
Poisson. 

Lord Rayleigh (John William Strutt) (1842-1919) was educated in Cambridge where he 
later (in 1879) received a chair of experimental physics. His famous book, The Theory of 
Sound, was published in 1877, and it is in this book that his principal contributions to the 
theory of elasticity are to be found. The problems discussed are vibration of strings, bars, 
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membranes, plates, and shells. He showed how the application of generalized forces and 
generalized coordinates combined with the Betti-Rayleigh reciprocal principle simplified 
the treatment of redundant structures. Rayleigh was a master in approximate methods, 
and his idea, taken up later by Walter Ritz, led to the well-known Rayleigh—Ritz method. 
Rayleigh’s one contribution that was not contained in his treatise was the theory of elastic 
surface waves, which has since then been associated with his name. As anticipated by 
the author, the theory of surface waves has been used subsequently in the analysis of 
earthquakes. 

We should mention the works of Augustine Edward Hough Love (1863-1940), an 
English geophysicist who was also educated at Cambridge. His contributions are to the the- 
ory of thin shells in which he expanded on the earlier results of Rayleigh. In Some Problems 
in Geodynamics (1911) Love presented the idea of “Love waves,” which are Rayleigh waves 
transmitted through the surface of an elastic body, and he was the first to observe them. 
He also presented a rigorous theory of plates. No doubt, the most important influence that 
he exerted on twentieth century researchers was his Treatise on the Mathematical Theory 
of Elasticity, published initially in two volumes in 1892—1893.* The book is the principal 
source on what was achieved in the theory of elasticity until the end of the nineteenth 
century. 

Piotr Fiodorovich Papkovich (1887-1946) was a Russian researcher in elasticity and 
in shipbuilding mechanics. He lectured at the St. Petersburg Polytechnical Institute, the 
Naval Academy, and the Leningrad Shipbuilding Institute. His works were devoted to the 
general theorems of the stability of elastic systems and of small elastic oscillations. His 
best-known contribution to the theory of elasticity is the representation of the displacement 
solutions in terms of a harmonic vector and a harmonic scalar [19], employed often in 
treating three-dimensional problems of elastostatics. 

Maksymilian Tytus Huber (1872-1950), an eminent Polish educator and researcher, 
received his doctoral degree at Lwéw Polytechnical School in 1904. In the same year, a 
Polish journal Czasopismo Techniczne, published his paper* in which he presented the 
maximum distortion energy criterion. 

Huber became rector (president) of the Lwow Polytechnic in 1914, but the First World 
War disrupted his tenure of office; he became a prisoner of war in Russia until 1918, when 
he returned to his chair at the Lwéw Polytechnic. He moved to the Warsaw Polytechnic 
in 1928 where he was a professor until the outbreak of the Second World War, and lived 
in Warsaw until the destruction of the city by Germans in 1944. In 1945, Huber became a 
professor at Gdansk University of Technology.‘ 

Huber’s contributions to mechanics in general, and to the theory of elasticity in particular, 
were significant. His development of the theory of orthotropic plates allowed application 
of this theory to various engineering projects. He contributed to the vibration theory and its 
application in the industry. Over his 50 years of active work, he taught mechanics courses 


* The book’s fourth edition, published in 1944, is available from Dover Publications, New York. 

* The method was developed independently, and in a different way, by Heinz Neuber in 1934, and is known as 
Papkovich—Neuber method. 

? The original title in Polish: WlaSciwa praca odksztatcenia jako miara wytezenia materiatu. The Maximum 
Distortion Energy Criterion was later independently proposed by Richard von Misses (in 1913) and Heinrich 
Hencky (in 1924). 

8 One of the authors (RBH), as the first-year student at Gdansk University of Technology, took a course in 
Strength of Materials from M. T. Huber in 1946-1947. 
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to generations of students and researchers. He wrote basic books on the mechanics of the 
rigid body, on strength of materials, and a two-volume extensive treatise on the theory of 
elasticity. Because of his achievements in mechanics and his influence on the directions of 
research in Poland, some called him the Polish Timoshenko.* 

Stephen P. Timoshenko (1878-1972) is considered the man who introduced mechanics 
to the United States. Born in Ukraine, he started his career as a teacher and researcher. He 
was an instructor at the Institute of Engineers of Ways of Communications (1902-1903), an 
assistant professor at the Polytechnic Institute in St. Petersburg (1903-1906), professor at 
the University of Kiev (1906-1911), and professor at the Electrotechnic Institute and Insti- 
tute of Engineers of Ways of Communications (1912-1917). During the Russian revolution 
he left Russia and was a professor at the Polytechnic Institute of Zagreb, Croatia (1920- 
1922). He emigrated to the United States in 1922 and, until 1927, worked at Westinghouse 
Electric and Manufacturing Company in East Pittsburgh, Pennsylvania, as a research engi- 
neer. His university life in the United States started in 1927, when he became a professor 
at the University of Michigan. From 1936 until his retirement in 1944, he was a professor 
at Stanford. 

Through his lectures, papers, and books, Timoshenko influenced generations of students 
and engineers in the United States and around the world. He had a practical, yet mathe- 
matically sound, approach to engineering problems. His books on the theory of elasticity, 
strength of materials, theory of elastic stability, theory of vibrations, and theory of structures 
became standard textbooks in many countries. He had a visionary and fresh approach to 
new problems, so that even short publications on new subjects, like what we call now the 
Timoshenko beams, created a lasting following by numerous researchers. Because of his 
enthusiasm and hard work, the Applied Mechanics Division of the ASME was created, and 
the Journal of Applied Mechanics was established. 

Nikolai Ivanovich Muskhelishvili (1891-1976) was a professor at both the university 
and the technical university in Tbilisi since 1922. His research concentrated on the theory 
of elasticity, analytical geometry, and integral equations. His famous book on Some Basic 
Problems of the Mathematical Theory of Elasticity was translated into English.’ The book 
contains an advanced method of solving problems of elasticity using complex variables. 

Witold Nowacki (1911-1986) was a young civil engineer when, as an officer in the 
Polish army fighting the invading German army in 1939, he became a prisoner of war. 
He spent over five years in a prisoner-of-war camp. While in the camp, he organized 
courses for his colleagues, and it was there that he discovered his true vocation: research 
in mechanics. After the war, he joined M. T. Huber at Gdansk University of Technology, 
and soon became a professor in the Department of Civil Engineering. When the Polish 
Academy of Sciences was founded in Warsaw in 1952, Witold Nowacki became the head 
of its Technology Sciences Division. From that time until his retirement in 1981, he held 
positions of increasing importance at the Polish Academy of Sciences, eventually becom- 
ing its president in 1977. At the same time he held the chair of structural mechanics at 
Warsaw University of Technology and, from 1955 until his retirement, he was a profes- 
sor at the University of Warsaw. Despite his huge administrative duties, Witold Nowacki 
managed to publish over 200 original research papers in structural mechanics, theory of 


* See the richly illustrated biography in [20]. 
* The book was published by Noordhoff, Groningen, 1953. 
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plates and shells, theory of vibrations, theory of elasticity, thermoelasticity, viscoelastic- 
ity, magnetothermoelasticity, and thermodiffusion in solid bodies. He is the author of 17 
textbooks and monographs, and an autobiography. Eight of his books had two editions. 
There are 14 translations of his books from Polish into eight languages: Chinese, Czech, 
English, French, German, Romanian, Russian, and Serbo-Croatian. Altogether, counting 
first editions, second editions, and translations, there exist 40 books by Witold Nowacki. 
One of his books is an extensive monograph on the theory of elasticity [21]. Moreover, 
his organizational efforts were enormous. He significantly contributed to the creation of 
the Institute of Fundamental Technological Research in Warsaw* and to the creation of the 
International Centre for Mechanical Sciences in Udine, Italy. He initiated the Polish journal 
on mechanics, Archiwum Mechaniki Stosowanej, now Archive of Mechanics. He created 
the Polish Society of Theoretical and Applied Mechanics [22,23]. 

Gaetano Fichera (1922-1996) was born near Catania in Sicily. He studied mathematics 
at the University of Rome and graduated in 1941. In 1943 he was conscripted into the 
Italian army. After Italy signed a separate armistice with the Allies in September 1943, the 
Germans treated soldiers who did not join Mussolini’s fascist army as traitors. As Gaetano 
Fichera was one of them, he was taken prisoner by the Germans and, subsequently, was 
condemned to death. Of his escape attempts, it was the third that was successful and saved 
his life. After that, he joined the partisans and fought against Germans. In 1945, he returned 
to the University of Rome. In 1949, he became a professor at the University of Trieste, and 
in 1956 he received a chair at the University of Rome, La Sapienza, where he stayed until 
his death. Besides his extensive research and teaching, he was very active as a member of 
the Academia Nazionale dei Lincei. 

Gaetano Fichera is the author of more than 200 papers and 18 books. Although he con- 
tributed to a number of branches of mathematics, his first love seems to be the mathematical 
theory of elasticity. In this area, his work concentrated on wave propagation, the theory of 
boundary value problems, and existence and uniqueness theorems. Extensive publications 
on the latter two topics should be noted [24,25]. 

Professor Fichera was a man of great charm and personal culture. He had many students 
and collaborators around the globe. His hospitality was world-renown.* 

We should mention that Gaetano Fichera’s last paper [26], Rend. Mat. Acc. Lincei, 
Serie IX, 8 (1997), 197-227, published after his death, was on an extension of two papers 
published by the present authors [27,28]. 

Bruno Adrian Boley was born in Trieste, Italy, in 1924. He emigrated to the United States 
and received his engineering education at the College of the City of New York and at the 
Polytechnic Institute of Brooklyn, where he served as an assistant professor from 1943 to 
1948. For the next two years he worked in industry, but in 1950 he returned to the university 
life for good, first as an associate professor at the Ohio State University, then as professor at 
Columbia University and, from 1968, as professor at Cornell University where he was also 


* It may be worth mentioning that it was at this institute that both the authors started their life in research 
in mechanics. While being students in the Department of Mathematics at the University of Warsaw, they 
attended a course on Theory of Elasticity given by Witold Nowacki and, subsequently, were offered by him 
research positions at the Institute of Fundamental Technological Research. They both were Witold Nowacki’s 
doctoral students there, although not at the same time. 

* Tt happened that one of the authors (RBH) was the last foreign professor invited by Gaetano Fichera for a visit 
and to deliver a special lecture at the University of Rome (in May—June 1996). It was during his stay in Rome 
that Professor Fichera suddenly fell ill (on May 30) and died after a surgery two days later, on June 1, 1996. 
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chairman of the Department of Theoretical and Applied Mechanics.* In 1973, Bruno Boley 
became dean at Northwestern University. In 1987, he returned to Columbia University. 

Of Bruno Boley’s books, Theory of Thermal Stresses, coauthored by J. H. Weiner, 
became the principal source of knowledge on the subject for both students and engineers. He 
has written over 100 papers on structural dynamics, elastic stability, applied mathematics, 
heat conduction in solids, and, of course, on thermal stresses. In addition to his teaching, 
writing, editing, and research, Bruno Boley has contributed his efforts to the organization of 
International Union of Theoretical and Applied Mechanics ((UTAM) and the International 
Association of Structural Mechanics in Reactor Technology ASMiRT). 

We cannot close this short list of creators of the theory of elasticity without including 
in it Morton E. Gurtin. He was born in Jersey City in 1934 of parents who emigrated with 
their parents from Ukraine. He received his mechanical engineering education at Rensselaer 
Polytechnic Institute. His most important contributions to the theory of elasticity took place 
at Brown University in Providence, Rhode Island, where he was first a research associate, 
then an assistant professor, and then an associate professor. In 1966 he became a professor 
at Carnegie Mellon University in Pittsburgh. 

Morton Gurtin’s monograph on the theory of elasticity [29], an elegant, modern, and 
thorough treatise, has provided guidance and inspiration in writing this book. We recognize 
his influence on the present generation of researchers, not only in the linear theory of 
elasticity but also in nonlinear theories. 


* Kk Ok 


The theory of elasticity, like the whole science of solid mechanics, has not stagnated. In 
fact, the second half of the twentieth century witnessed great progress on many fronts. The 
new areas that have been developed, for example, the theory of fracture and the mechanics 
of composite materials, to mention only two. The development of the finite element method 
and other numerical methods, combined with the proliferation of computers, has allowed 
many problems to be solved that were not solvable before. But writing on the recent history 
as well as trying to predict the future direction of research do not belong within the scope 
of this book. 

Looking at this chapter after it was written, the authors feel saddened that they wrote so 
little about so few. There were many who, justifiably, should be called creators of the theory 
of elasticity, and their histories are often fascinating. Readers may consult two books that 
the authors also used: 


S. P. Timoshenko, History of Strength of Materials, McGraw-Hill, New York, 1953, 
452 pp. 

I. Todhunter and K. Pearson, A History of the Theory of Elasticity and the Strength 
of Materials, vol. I, 936 pp.; vol. H, Part I, 762; vol. Il, Part II, 546 pages; Dover 
Publications, New York, 1960. 


The authors should also mention the historical sketches in two earlier books on the 
Mathematical Theory of Elasticity: 


* One the authors (RBH) was Professor Boley’s postdoctoral student at Columbia University in 1964-1965. 
Upon his emigration from Poland in 1969, he spent a year (1969-1970) on Professor Boley’s invitation as a 
visiting associate professor in the Department of Theoretical and Applied Mechanics at Cornell University. 
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A. E. H. Love, A Treatise on the Mathematical Theory of Elasticity, 4th edn., Dover 
Publications, New York, 1944. 

I. S. Sokolnikoff, Mathematical Theory of Elasticity, 2nd edn., McGraw-Hill, 
New York, 1956. 


Readers interested in the history of Thermoelasticity and Thermal Stress Analysis, may 


acquaint themselves with Historical Note in R. B. Hetnarski and M. R. Eslami, Thermal 
Stresses — Advanced Theory and Applications, Springer, 2009, pp. XVII-XXXIL. 
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2) Mathematical Preliminaries 


In this chapter, the basic results from the tensor calculus are recalled, using both direct 
and index notations. In particular, a summary of results in vector algebra, the permutation 
symbol €;,, the properties of tensors, invariants of a second-order symmetric tensor, eigen- 
values and eigenvectors of a second-order symmetric tensor, and a summary of results in 
the differential and integral calculus of tensor functions, including the integral theorems 
such as the divergence and Stokes’ theorems, are presented. The Laplace transformation 
is introduced, and the Dirac delta function and the Heaviside function are explained. The 
chapter contains a number of worked examples, and also end-of-chapter problems with 
solutions provided in the Solutions Manual. 


2.1 VECTORS AND TENSORS 


A vector will be understood as an element of a vector space V. In Y, an operation of addition 
of two elements and multiplication of an element by a scalar is defined in a usual way, that 
is, for any two vectors u and v 


u+veV (2.1.1) 
and 
Aue VY (2.1.2) 
where A is a scalar. 

The inner product of u and v will be denoted by u - v. If Cartesian coordinates are 
introduced in such a way that the set of vectors {e;} = {e), €2, e3} with an origin 0 stands for 
an orthonormal basis, and if u is a vector and x is a point of a three-dimensional Euclidean 
space E*, then Cartesian coordinates of u and x are given by 

uj=U:-e;, X,=X:e; (2.1.3) 

Apart from the direct vector notation, we will use indicial notation in which subscripts 


range is from 1 to 3 and a summation convention over repeated subscripts is observed. For 
example, 


3 
u-v= So ui; ay (2.1.4) 
i=1 


From the definition of an orthonormal basis {e;}, it follows that 
e,-e = 6; @y=1,2,3) (2.1.5) 
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where 46; is called the Kronecker symbol defined by 


1 ifi=j 
5, = (2.1.6) 
0 ifi <j 


We introduce the permutation symbol €;,, also called the alternating symbol or the 
alternator, defined by 


1 if @k) is an even permutation of (123), 
€ije = 4 —1 if (yk) is an odd permutation of (123), 


0 otherwise, that is, if two subscripts are repeated. 
From this definition it follows that 
Eijk — — €ikj = €kij => ERi (2.1.7) 


and 


€113 = €221 = €233 = €129 = O (2.1.8) 


The permutation symbol will be used for the definition of the vector product u x v of 
two vectors u and Vv 


(UX V)j = €jRlj rE (2.1.9) 
We may observe that the following identity holds true: 
Emis€jks = SmpOik — Ome dij (2.1.10) 
This identity, which is called € — 6 identity, will be useful to prove a number of vector 
relations involving the inner and vector products. 


An alternative definition of the permutation symbol, given in terms of the orthonormal 
basis vectors e;, is 


Eijk = €j + (@j X €) (2.1.11) 
Using this definition a generalized form of Equation 2.1.10 is obtained: 


Sip On Sir 
EiikEpqr = | Sip Sig Sir (2.1.12) 


kp Skq Skr 


Letting k = r in this identity, we obtain Equation 2.1.10. 
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Example 2.1.1 


Show that a 3 x 3 determinant can be expressed by using the alternating symbol € jx: 


a; an a3 
b, by, b3) = € jk A;DjCK (a) 
Cy Co C3 


Solution 


By using the definitions of a determinant and €;, we obtain 


LHS =a, ve —ay an, +a; Bis 
C2 C3 Cy C3 Cy 
= a1 (boc; — b3C2) — an (bic3 — €1b3) + .a3(biCy — B21). (b) 


RHS = €1jp1DjCK + €2jnA2DjCK + € 303 DjCK 
= €1¢A 1 DaCK + €21KA2D1 CK + €514a3b1 CK 
+ € 1341 D3 CK + €234€2D3CK + €32K3D2Cx 
= a; b9C3 — arbC3 + a3b, Co 


= a,b3C) + ab3cy = a3b.cy = LHS. (c) 


Hence, LHS = RHS. 


A second-order tensor is defined as a linear transformation from Y to Y, that is, a tensor 
T is a linear mapping that associates with each vector v a vector u by 


u= Tv (2.1.13) 
The components of T are denoted by 7; 
T; =e; - Te; (2.1.14) 
so the relation 2.1.13 in index notation takes the form 
u; = Ty; (2.1.15) 


The Kronecker symbol 6, represents an identity tensor that in direct notation is written as 1. 
A product of two tensors A and B is defined by 


(AB)v = A(By) (2.1.16) 
for every vector v. Thus, in Cartesian coordinates 


(AB); = Ain By (2.1.17) 
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This follows from Equation 2.1.16: 

(AB) yj = AipB,yy (2.1.18) 
or 

[(AB); — AipB,]y = 0 (2.1.19) 


Since v; is arbitrary, the expression in brackets is zero and Equation 2.1.17 is received. The 
transpose of T, denoted by T’, is defined as a unique tensor satisfying the property 


Tu-v=u-T’v (2.1.20) 


for every u and v. From this definition it follows that 


TyUpv; = UT Vi (2.1.21) 
(Tix — Ty) unr; = 0 (2.1.22) 

or 
oT. (2.1.23) 


because u, and v; are arbitrary vectors. 
If T = T’, then the tensor T is symmetric. Also, if T = —T’ then the tensor T is skew 
or antisymmetric. Therefore, T is symmetric if 7; = 7;;, and skew if 7, = —Tj. 
Every tensor T can be expressed by a sum of a symmetric tensor sym T and skew tensor 
skw T, that is, 


T=symT+skwT (2.1.24) 
where 
1 
symT = 5 (T+T") (2.1.25) 
and 
1 T 
skwT => (T-T) (2.1.26) 
In index notation 
Tj = Ta + Ta (2.1.27) 
where 
1 
Ti = 5 Ty + Ti) (2.1.28) 
1 
Ti = 5 Ty — Ty) (2.1.29) 


2 


Mathematical Preliminaries 23 
Thus, we may write 
Tay = (sym T)j (2.1.30) 
Ti) = (skw T); (2.1.31) 


If a tensor P is skew, then it contains only three independent components and there exists 
a one-to-one correspondence between P and a vector w such that 


Pu=oxu (2.1.32) 
for every vector u. 
From this relation, it follows that 
1 
oO; = 5 € ij Pik (2.1.33) 
Pig = inex (2.1.34) 


The vector w is called the axial vector corresponding to P. Indeed, writing Equa- 
tion 2.1.32 in index notation, 


Piuj = EjjROjU (2.1.35) 


and changing subscripts on the right side, j ~ k and k — j, we find 


[Pi — €ixj@x uj = 0 (2.1.36) 
or, since u; is an arbitrary vector and €4; = —€ jx, 
Pi = inex (2.1.37) 


1 
which is Equation 2.1.34. By multiplying Equation 2.1.37 by ~ 5 i we find 


1 
5 EpiiP ij => 5 Eijk Epij@Dk = ~5 € ijk €ipj Mk (2.1.38) 
By the € — 6 identity the RHS equals 
1 1 
= (5) dx — bj Spk) Ox = i) (Spx = 35 pk )OK = SpkOK = Wp (2.1.39) 


From this follows Equation 2.1.33. 
For any tensor T the trace of T is denoted by tr(T). In index notation, 


tr(T) = T;; (2.1.40) 
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The determinant of T is denoted by det(T) and it is 


TM Te Ty 
det(T) = Tx Tx Tx (2. 1 41) 
Ts, T32 T33 


It can be proved that for any two tensors A and B 
tr(AB) = tr(BA) (2.1.42) 
and 
det(AB) = det(A) det(B) (2.1.43) 
We will now give alternative definitions of a vector and a tensor using certain rules of coor- 


dinate transformations described by an orthogonal tensor Q. We say that Q is orthogonal 
if and only if 


QQ = QQ’ = 1 (2.1.44) 
For an orthonormal basis e; and orthogonal Q, the vectors 
e; = Qe; (2.1.45) 
form an orthonormal basis. Also, for two orthonormal bases e; and e', there exists a unique 
orthogonal tensor Q such that e' = Qe;. The proof will be given in Example 2.1.7. 


For a vector w, of which components in the basis e; are w; and in the basis e; are wy, the 
following rules of transformation hold: 


w; = Ow; (2.1.46) 
and 
w; = Ow; (2.1.47) 
Similarly, for a tensor T we get 
T; = QiQijTu (2.1.48) 
Ty = OxiQjT; (2.1.49) 


In these transformation rules, the components of the orthogonal tensor Q may be interpreted 
as the directional cosines between the primed and unprimed coordinate axes (Figure 2.1) 


Qj; = e, - €; = cos (e’,e;) (2.1.50) 
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FIGURE 2.1 The primed and unprimed coordinate axes with the origin at x = 0. 


The formulas 2.1.46 and 2.1.47, and 2.1.48 and 2.1.49 provide alternative definitions of 
a vector and a tensor in terms of the rules of the coordinate transformations. The set of 
three quantities w;, or nine quantities 7),, referred to the basis e;, which transform to another 
set w/, or T;,, in the basis e; according to Equations 2.1.46 and 2.1.47, or Equations 2.1.48 
and 2.1.49, is defined as a vector, or a tensor, respectively. 


Example 2.1.2 
In the x; system, a vector w and a tensor T are given by 


w = [-1,1,1]' (a) 


and 
0) 1 0) 
T=] -1 0 1 (b) 
Oo -1 O 


respectively. Show that in the x; system, which is obtained by rotating the x; system 
about the x3 axis through an angle of 45° 


w= [o, /?, a ) 
and 
) 1 1//2 
T= = 0 1//2 (d) 
SI? -= Wd 0 
Solution 


It follows from Equations 2.1.46 and 2.1.48 that 


w = Q'w (e) 
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2 
xy xy 
1/2 
45° 
#1 
-1/f2 0 1/2 
FIGURE 2.2 The rectangular axes rotated 45° about x; axis. 

and 

T =Q'TQ (f) 
where (see Equation 2.1.50) 

Qi =e -e (g) 


The primed axes x; and the unprimed axes x; are shown in Figure 2.2 


The x; and x}, axes coincide, and are orthogonal to the (x;, x.) plane. The unit vectors e; 
and e’ are therefore given by 


Q= qd, 0, 0), Q= (0, 1, 0), Ge = (0, 0, 1) (h) 
and 


el = (1/2, 1/V2,0), ae (-1/v2,1/¥2,0), e, = (0,0,1) (i) 


Substituting the vectors e; and e/ from (h) and (i) into (g), we obtain 


WW AP 0 
e =| “iN 1//2 a 
0 


0 1 


Hence, using Equation (e), we obtain 


Ww, 12 tff2 0 5 0 
fm =| ine 1//2 e113 ]=| 2 | (k) 
Ws ) 0 1 1 1 


Similarly, by substituting Q" from Equation (j) into Equation (f), we obtain 


1//2 1/2 0 OK “<0 1//2 -1/V2 0 
ra| =a 1//2 of a 0 || 1//2 a 
0 


0 0 1 0 -1 ) ) 1 
) 1 1//2 
-| -1 ) 138 | l) 
7/2 =z 0 


This completes the solution. 
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In what follows, a concept of the tensor product of two vectors a and b denoted by a®b 
will be useful. It is defined by 


(a@®b)u= (b-uja (2.1.51) 
for any vector u. In components 
(a @b)j = ajbj (2.1.52) 
Indeed, from Equation 2.1.51 follows 
(a @ b)juj = Deu; (2.1.53) 
which by changing k — j yields 
[(a @ b), — bja;lu; = 0 (2.1.54) 
and Equation 2.1.52 follows. Clearly, a @ b is a tensor, and 
tr(a@b)=a-b (2.1.55) 


Similarly to the inner product of two vectors, we introduce the inner product of two tensors 
A and B by 


A-B= t(A’B) =4,B; (2.1.56) 
The magnitude of A is defined by 
|A| = (A- A)2 (2.1.57) 


With the stated definitions it is easy to prove that the nine tensors e; ® e; are orthonormal, 
therefore, for any tensor T the following relation holds: 


T= Tie; & e; (2.1.58) 
The proof is based on the relation 
a-Ab=A.-(a@b) (2.1.59) 


where 
A is an arbitrary tensor 
a and b are arbitrary vectors 


In components Equation 2.1.59 takes the form 
AA id) = Ajab; (2.1.60) 
Substituting in Equation 2.1.59 


a=e, b=e, A=e,@e (2.1.61) 
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we obtain 


e, - [(e; ® ee;] = (€; @ e&) - (@ ®@ e)) 
We note that for any four vectors a, b, c, d the following identity is satisfied: 


a- [(b @ ¢)d] = axbicjd; = (a-b)(€- d) 


Taking here 
a=e,, b=e,, c=e, d=e, 
we get 
ex, - [(e; ® eer] = (€ - e)(G - &) 
Since 


ee; = Oy and @j - &; = Oj 
we have from Equations 2.1.62 and 2.1.65 
(€; @ ej) - (ej ® e€;) = dxidju 


which means that nine tensors e; ® e; are orthonormal. 
To prove Equation 2.1.58, we use the vector identity 


(a® b)c = a(b- cc) 

or, in components, 
aj;b;c; = a;byc; 
Putting in this identity 
a=T,;e, b=e, c=Vv 
where v is an arbitrary vector, we obtain 
(Tye; ® e))v = Tye;(e; - v) 

Since e; - v = v; then 

RHS = e7;v; = Tv 
This relation follows from the fact that 


(a), =a-e, 


(2.1.62) 


(2.1.63) 


(2.1.64) 


(2.1.65) 


(2.1.66) 


(2.1.67) 


(2.1.68) 


(2.1.69) 


(2.1.70) 


(2.1.71) 


(2.1.72) 


(2.1.73) 
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and 
(e:TyU)p = CTY + ep = Tyy(@i- ep) = Ty dip = Ti; (2.1.74) 
Hence Equation 2.1.71 can be presented as 
(Te; @ e;) — T]v =0 (2.1.75) 


Since vis arbitrary, we obtain Equation 2.1.58, which constitutes the decomposition formula 
for a tensor T in terms of the nine orthonormal tensors e; ® e;. 
The formula 2.1.58 is an extension of the vector decomposition formula 


a= dae; (2.1.76) 
where a is an arbitrary vector. 
Example 2.1.3 
Show the following three identities 
(a®b—b@aju=u-~x (ax b) (a) 
T(a ® b) = (Ta) @b (b) 
(a®b)(u @v) = (b-uj(a® v) () 
Solution 
(a) Writing in components, we have 
(LHS); = [(b- uja — (a- ub]; = bua; — aguxb; (d) 


(RHS); = €jxUj€kpqapbg = EjiKkEpqkUjapbg 
= (ip diq = 5iqSjp) Ujapbg = Ugbgai a Djaju; (e) 


Thus, LHS =RHS. 
(b) By the definition of the product of two tensors, see Equation 2.1.17 where A = T, 


B=a@b 
(LHS); = Tab; (f) 
(RHS); = Tyaxb; (g) 
Thus, LHS = RHS. 
(Cc) 
(LHS), = a:byuyy; (h) 
(RHS);, = byupaiv; i) 


Thus, LHS = RHS. 
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Example 2.1.4 


Show that if 1 is a unit tensor and T is an arbitrary tensor then the following identities 
are satisfied: 


1T=T1=T (a) 
1-T=T-1=trT (b) 
1-(a@b) = (a@b)-1=tr(a@b) =a-b (c) 
e, @ e, = 1 (summation convention holds) (d) 
Solution 
Writing in components, we obtain 
(a) 
@ 1); = dx TK = Tj (e) 
(11) = Tidy = Ti (f) 


(b) From the definition 2.1.56 where A= 1 and B=T 


1 8 T = Oy Ti = Tit = trT (g) 
T s 1 = T8j — Ti => trT (h) 

(c) 
6,a;b; = ajbj5; = ajb; = a- b = tr(a@ b) (i) 

(d) 
(LHS); = (e)i(€x); = (exe) (xe) = SKiOk = bj (j) 


Thus LHS = RHS. 


Example 2.1.5 


Show that if A is a symmetric tensor and B is a skew tensor then 


A-B=0 (a) 


Solution 


By the definition of the inner product of two tensors, 
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Since Aj — Aji and Bj => —B; then 
By symmetry of A 


Hence LHS = 0. 


Example 2.1.6 


Show that for an orthonormal basis e; and an orthogonal tensor Q the vectors e; = Qe; 
form an orthonormal basis. 


Solution 


Using the representation 2.1.58 in which T is replaced by Q we obtain 


Q = Qe @ € = Qy ek @ €, (a) 
Hence 
Qe; = Qi (Cx @ pe; (b) 
and 
ef e) = e€} - Qe; = Qye} - [(e, @ ep ej] (c) 
Using 2.1.63 we get 
©) = Qin (€} = €x) (Cp - &|) = Qip(E} - €x)5pj = Qyj(E; - €x) (d) 


On the other hand, 
e€) ex = (Qe) - ek = [(Qngep @ Cg ei] - Ck = Qygex - [(ep ® €,)ei] 
= Qnq(€x + €p)(€q + e;) see Equation 2.1.65 
= QpqSkpSqi = Qki (e) 
Therefore, 
ee = QyQu = 4; (f) 


since Q is orthogonal. To check the last result we use the definition of orthogonality, 
see Equation 2.1.44, 


(QQ'); = Qi Qi = QQ = 5; (g) 
(Q'Q); = Q,.Q4 = QuQuy = 4; (h) 


This completes the solution. 
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Example 2.1.7 


Show that for two orthonormal bases e; and ej, there exists a unique orthogonal tensor 
Q such that e; = Qe;. 


Solution 


We introduce a tensor Q by the formula 
Qk = @F + ey (a) 

For an arbitrary position vector x, see Figure 2.1, 
X= Xe, (b) 

Also 


/ 
x= Xe, 


Taking the inner product with e/ on both sides of (b) we obtain 


ex =e) - x,€, = XpQyi (d) 
Using (c), 
eX =e; -x,€) = Xb = X; (e) 
Comparing, we get 
Y= 0F (f) 
Similarly, by (c) 
xj = Xe =x ee =x, OQ, (g) 


Substituting this into (f) after changing p — k andi — p, we obtain 


X= X,QpxQpi (h) 
Now, since x; = 6x, we may write 
(8x — QpkQpi)X; = O (i) 
Since x; is an arbitrary vector, 
QpxQpi = Sik (j) 


which is one of the two orthogonality conditions. Similarly, substitution x; given by (f) 
into (g) yields 


x= X¢Qkp Qip (k) 
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or 


(Sik — QipQip)Xk = O (I) 


QkpQip = bx (m) 


which constitutes the other orthogonality condition. 


In the tensor algebra an important notion is that of an eigenvector and an associated 
eigenvalue of a tensor T. We will call A an eigenvalue corresponding to an eigenvector u 
of a tensor T if 


Tu =u (2.1.77) 


In addition to the name eigenvalue the names a characteristic value or a principal value 
are used. Similarly, eigenvector is called a characteristic vector or a principal vector, or a 
principal direction. 

A subspace W of the vector space V consisting of all vectors u that satisfy Tu = Au 
is called a characteristic space for T corresponding to i. For any symmetric tensor T the 
following theorem called the spectral theorem holds true [1]: 

For a symmetric tensor T there exists an orthonormal basis nj, ny, ns and three principal 
values A, A2, A3 of T such that 


Tn, = Aimy, Tn, = AM, Tn; = A3N3 (2.1.78) 
and 
T= Ayn, ®n, + AM ® My + A3zn3 & Ng (2.1.79) 


Conversely, if T is of the form 2.1.79 with {n;} orthonormal, then the relations 2.1.78 are 
satisfied. The formula 2.1.79 is called the spectral decomposition of T. 
Special cases of the spectral theorem: 


(a) Principal values 4,, Az, 43 are all distinct. In this case the characteristic spaces W,, 
W),, and W; for T are the lines spanned by n;, mo, and ns, respectively. 
(b) Two principal values are equal, say 4. = A3. Then Equation 2.1.79 takes the form 


T= Ain, ®n, + A2(1 —n,; & n,) (2.1.80) 


Conversely, if Equation 2.1.80 holds with 4, ~ A, then A, and A, are the only 
principal values of T, and T has two distinct characteristic spaces WV, and WV): the 
line spanned by n, and the plane perpendicular to nj. 

(c) All three principal values are equal: A; =A. =A3 =A. Then Equation 2.1.79 takes 
the form 


T=\1 (2.1.81) 


and the vector space Y is the only characteristic space for T. 
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The proof of the spectral theorem in its entirety will not be given. We present, however, 
the proof of the relation 2.1.79. 
First, we note that T can be represented by the formula, see Equation 2.1.58, 


T = Tye; & ej (2.1.82) 


where e; is an arbitrary orthonormal basis. We identify e; with n;, where n; are the unit 
eigenvectors of T associated with eigenvalues A;. This means, that for any fixed index ko 
from the set (1, 2, 3) 


Tnx, = Ax Mx) (no summation over ko) (2.1.83) 


This relation, together with Equation 2.1.82, takes the form 


AkgMig = TMi ® 1j)Nky (2.1.84) 

Now, 
(n; ® nj)n,, = (Nj - Ny, )N; (2.1.85) 

Since 
Nj Nyy = djkg (2.1.86) 


therefore, from Equation 2.1.84 we get 
AkgWig = Tiky Di (2.1.87) 
Taking tensor product of n,, with Equation 2.1.87 we obtain 
Ak My © Mig = Tigi © iy (2.1.88) 


Now, by taking the sum of Equation 2.1.88 over ky from 1 to 3, and using Equation 2.1.82 
we arrive at 


3 


i=l 


This completes the proof of relation 2.1.79. 

The formula 2.1.79 is consistent with the symmetry of tensor T. Some discussion of 
relations between formulas 2.1.79 through 2.1.81, and spectral decomposition for particular 
tensors is given in the examples. 
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Example 2.1.8 


Show that if A, = A; then Equation 2.1.79 implies Equation 2.1.80. 


Solution 


Taking A, = A; in Equation 2.1.79 we get 
T=Ain, @n, + A2[M @ nm +n; @ ns] 
Setting in Example 2.1.4 part (d) e, = nx, we have 
n, ®nm+n;, On, =1—n, On, 
From here and from (a) the result 2.1.80 follows. 


Example 2.1.9 


Show that if A; = A, = A3 = A then 


Solution 


The solution follows directly from Equation 2.1.79 and (b) in Example 2.1.8. 


Example 2.1.10 
Show that the eigenvalues A of a tensor T satisfy the characteristic equation 
- —V+hA-|b =0 
where the coefficients /,, /,, /; are expressed in terms of T by 
1 = Tis = trT 
1 1 
h= > Til — TT) = 


2 ii" ij 9 
I; = € jk Tj Taj Vx = det T 


[(trT)* — tr (T*)] 
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Here /,, /,, /; are called the first, the second, and the third invariant, respectively, of the 


tensor T. 


Solution 


Let A be an eigenvalue of T corresponding to an eigenvector n. Then 


Tn=,An 
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or in components 
(Tj, — A6;)n; = 0 (f) 
Since |n| = 1, (f) is satisfied if and only if 
det(T — 41) = 0 (g) 
Hence, by virtue of (a) in Example 2.1.1, we get 
Ek Tj) — A81;) (T; — 459;)(T3x — Ad3K) = O (h) 
or 
ype [TrsTaj Tax — A (Tri Taj8se + Tri Tau Soj + TojToed) 
+A? (Ti82j53¢ + Toj8ri83x + 734511893) — 4251/5953] = O (i) 
or equivalently 
Ee Ti Taj Tak — A (Eqs Tri Tj + Ek Ti Tax + je T 3j Tax) 
$M (E23 Th: + €1j3 Tj + €12n Tax) — VP = 0 (j) 
Now, by (a) in Example 2.1.1 
Ej Ti Taj Tax = det(T) (k) 


Also, by direct calculations, we get 


€93 Fi Ty = Ti T22 — Thal (I) 
€ink Til 34 — Ty T33 _ Ti3T31 (m) 
€1j Fo Tx = Ta2T33 — T3132 (n) 
and 
1 
€ 13 Tri Tay + €iakT i Ton + € tj Foi T3k = 7 [ (Ta)? = TuTxi] (0) 
So, Equation (j) takes the form 
1 
det(T) — 5 Alter T)? — (trT?)] + A7(trT) — 3 =0 (p) 


and introducing the first, second, and third invariant of T by 
IF = trT (q) 
1 2 2 
L= 5 [(trT)° — (trT)] (r) 


I, = det(T) (s) 
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we arrive at (a). This completes the solution. 


The next two examples show the prescription for actual calculations. 


Example 2.1.11 


Find the eigenvalues and eigenvectors of the tensor T whose matrix is 
1 1 =#0 
|) b> ee 0 (a) 
0 0 1 


Solution 
It follows from Example 2.1.10 that 


(T—A1)n=0 (b) 


where A is an eigenvalue corresponding to an eigenvector n. Since |n| 4 0, therefore 


det(T — A1) = 0 (c) 
or 
1-2’ 1 0 
1 2-4 O |=0 (d) 
0 0 1T-A 
or 
( —AQ? —34+1) =0 (e) 
Hence 
-—V5 3 5 
pa ye ( 
2 2. 
are the eigenvalues such that 
0 <)y < ho < dz (g) 


Let n® denote a unit eigenvector corresponding to A; (i = 1,2,3). To find n we 
substitute A, into Equation (b) and obtain 


5 —1 ‘ , m 
2 i 0 
1 V5 +1 0 ae” = 0) (h) 
: ey no? 8 
0 0 7 
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Hence 
V5= 126.4 AW Lo 
2 
V5 +1 ; 
ni? + 7? = 0 (i) 
2 
ni? =0 
Since 
[ni] + [ns P = 1 () 


a solution to Equations (i) and (j) takes the form 


Qo y 2 a) Vos 2 a) 
no=t eee ah ae , n, =0 (k) 
5-/5 2 V5-vV5 


Similarly, by substituting 42 = 1 into Equation (b) we obtain 


Q) 


0 1 0 m 0 
1, 1.60 n> |=] 0 (I) 
0 0 O n2 0) 
Hence, and from the condition 
[n®] + [n@] + [n@] =1 (m) 
we obtain 
nm=0, n?P=0, n?=+1 (n) 


Finally, substituting A; into Equation (b) we get 


1 5 
_ + V5 1 0) (3) 
2 nm 0 
; 2 0 n® |= | 0 (0) 
14/5 ns? : 
0) 0) _ 
2 
or 
JMS (Oa. gi 
2 
1-V5 
@) 4 5, _—0 (p) 


Mathematical Preliminaries 


Since 
[nt } + [ny =1 (a) 


therefore a solution of Equations (p) and (q) takes the form 


re o _ ltv5 | 2 
2 \5+V5" 


n? =0 r) 


This completes the solution. 


Example 2.1.12 


Let {e*} be an orthonormal basis formed from the eigenvectors of a tensor T and let T* 
be a tensor referred to the basis {er}. Let {e;} be an orthonormal basis for T. Define the 
tensor A in terms of components by 


a,=e@-e (a) 
Show that 
T* =ATA’ (b) 


is a tensor represented by a diagonal matrix. 


Solution 


From the definition of the tensor A, it follows that the components of A are the directional 
cosines between coordinate systems associated with e* and e;. This means that A is an 
orthogonal tensor, and (b) is obtained from the definition of a transformation formula 
for tensors. 

From the spectral theorem, formula 2.1.79, it follows that 


T* =A; (€] Bet) + Az (€) Bez) + As (€; @ 5) -) 


which means that T* is a tensor represented by a diagonal matrix. 
Note that in components (b) reads 


T; = Aik TipAyy => Ait TpAjp (d) 
so, if we let Ax = Qu, we get 
Ti = Qi Qp; Tip (e) 


which is the transformation formula from {e;} to {e*} given by Equation 2.1.48 if 


{e;} = {ej}. 
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Example 2.1.13 


Let T be the tensor from Example 2.1.11, and let {e*} be an orthonormal basis formed 
from the eigenvectors of T. Define a tensor Q' in components by 


Qj =e -e) (a) 
Show that 

T* = Q’TQ (b) 
is a tensor represented by a diagonal matrix. 


Solution 


Using Equations (k), (n), and (r) from Example 2.1.11, and the upper set of the + signs, 


we find, respectively, 
— 2 VEST 2> 
| are 5 _ v5" 2 5 _ Rid 


e; = (0,0, 1) (c) 


2 14+J75 . 
: bus 2 54/5. 


Since 
Q= qd, 0, 0), Q= (0, 1, 0), Ge = (0, 0, 1) (d) 


therefore, it follows from Equation (a) that 


Q’= 0 (e) 


2 cnt 
5475 ar 


Jaa fsa 
Q= 5 =] see (f) 
5-5 Vea 


and 
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Hence, using Equation (a) from Example 2.1.11 and Equations (e) and (f), we obtain 


10-475 r 
5—/5 
z 10+ 4/5 
545 

It is easy to show that 

Q'Q=1 (h) 
and 

trT=trT =4 (i) 


Therefore, T* is a diagonal tensor obtained from a tensor transformation formula 2.1.48 
in which {e)} = {e*}. 


ts 


This completes the solution. 


To discuss other properties of principal values and principal directions of T, we introduce 
the inverse of T denoted by T~! and defined by the relations 


T'=T"T=1 (2.1.90) 


If T~! exists, we call tensor T an invertible tensor. 

The concept of T~', which is the inverse of T, is closely related to that of an orthogonal 
tensor. A tensor A is said to be an orthogonal tensor if A is invertible and A~' = A’. Thus 
A is an orthogonal tensor if and only if 


AAT =ATA=1 (2.1.91) 


This definition of an orthogonal tensor is the same as given by Equation 2.1.44 where Q is 
to be replaced by A. The definition 2.1.44 was introduced in connection with a particular 
tensor Q defined by the directional cosines of two coordinate systems. 

It is easy to prove that for any invertible tensors A and B 


(AB) '=B'A! (2.1.92) 
(A')'=A (2.1.93) 
(A7)"t = (A7t)? (2.1.94) 
A7!(Au) = A(A7!u) =u (2.1.95) 


for every vector u. Also, it can be proved that a tensor A is invertible if and only if its matrix 
[A] is invertible with [A]~! = [A7!]. 


42 The Mathematical Theory of Elasticity, Second Edition 


With these definitions, returning to the eigenvalue problems, we present the following 
examples. 


Example 2.1.14 


Show that the principal values of T~' are reciprocal of principal values of T. 


Solution 


We multiply the equation 


Tu = Au (a) 
from the left by T~' and obtain 
T'(Tu) = T'Au (b) 
But 
T (Tu) = (T'Thu=1u=u (c) 
Therefore, from (b) 
-=T"u (d) 


which means that the principal value of T' equals A~'. This completes the solution. 
Example 2.1.15 


Show that if tensors T and Q are symmetric and TQ is symmetric then the tensors TQ 
and QT have the same principal values. 


Solution 
Let 
(TQ-—A1)u=0 (a) 
Since TQ is symmetric then 
TQ = (TQ) =QT’ (b) 
But Q and T are symmetric. Thus 
TQ=QT (c) 
and, therefore, 
(QT —A1)u=0 (d) 


which ends the proof. 
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Similarly to the concept of the second-order tensor T, defined as a linear transformation 
from a vector space V into V, we introduce a notion of a fourth-order tensor C as a linear 
transformation that assigns to a second-order tensor U another second-order tensor T 


T=C[U] (2.1.96) 
or, in components, 
Ti = Cia (2.1.97) 
The components of C[-] are defined in terms of the basis {e;} by 
Ci = €&; - Cle, ® e/]e; (2.1.98) 
or, alternatively, 
Cijci = (€; ® €;) - Clex ® e7] (2.1.99) 
Observe that Equation 2.1.99 is a generalization of Equation 2.1.14, that is, 
T; =e; - Te; 


In this equation components of the second-order tensor T are expressed in terms of the 
basis vectors e; (i = 1, 2,3) while in Equation 2.1.99 components of the fourth-order tensor 
C are expressed in terms of basis tensors e; ® e; (i,j = 1,2, 3). 

The equivalence of Equations 2.1.98 and 2.1.99 corresponds to Equation 2.1.62. If C is 
a fourth-order identity tensor, the equivalence of Equations 2.1.98 and 2.1.99 reduces to 
Equation 2.1.62. 

Let {e'} be another orthonormal basis, such that 


e, = Qe; (2.1.100) 


and let Cin be components of C with respect to {e‘}. The set of 81 quantities C,,,,,, that 
transform to C;,, according to the formula 


Corus >= Omi QnjQpxQqtCnnpg (2.1.101) 


may be also defined as a fourth-order tensor. This definition is an alternative to that in 
which a fourth-order tensor is a linear transformation from a tensor space W into W. 

Similarly to a transpose of a second-order tensor the transpose C’ of the fourth-order 
tensor C is defined as a unique fourth-order tensor that satisfies the relation 


A-C[B] = C’[A]-B (2.1.102) 


for all second-order tensors A and B. 
In components 


Cia = Cui (2.1.103) 
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Also 


|C| = sup {|C[A]|} (2.1.104) 


|A|=1 
is defined as the magnitude |C| of C. From this definition it follows that 


|C[A]| < |C||A| for every tensor A (2.1.105) 


2.2 SCALAR, VECTOR, AND TENSOR FIELDS 


In this section, we are going to discuss scalar, vector, and tensor fields defined on an open 
region R of a three-dimensional Euclidean space E?. 

By ascalar field on R we mean a function f that assigns to each point x € R, ascalar f(x). 
A similar definition holds for vector and tensor fields. For a differentiable scalar function 
F(x), we define the gradient of f at x by 


u= Vf (2.2.1) 
or in components 


of 


= OX; 


=fj=e;- Vf = (Vf); (2.2.2) 


Uj 
The symbol V is called the del operator and it can be expressed in terms of the basis {e,} by 


0 
vse (2.2.3) 
OX, 


For a differentiable vector function v(x) we define the gradient of v at point x by a 
second-order tensor V 


V=Vv (2.2.4) 
or in components 
Ou; 
Vii = (Vv)j = Uj = Ay. =e: Vv(x)e; (2.2.5) 


J 
This definition may be extended to include the gradient of a second-order tensor field 


T = T(x). Such a gradient is represented by a tensor of the third-order R, which in 
components is given by 


aT; 
Rig = Tye = cP = (e, @e) - VTe, =e, -[VT(~ele; (2.2.6) 


In this formula R stands for a linear operator that transforms a vector space into a second- 
order tensor space, that is 


Rv =U (2.2.7) 
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or in components 
Rive = Ui (2.2.8) 


The notion of a gradient of a vector field v serves for the definition of the divergence of 
v, div v, and for the definition of the curl v 


div v(x) = tr Vv(x) = u,;(x) (2.2.9) 
[curl v(x)] x a = [Vv(x) — Vv’ (x)]a _ for every vector a (2.2.10) 
An expression for curl v(x) in components reads 
[curl v(x)]; = € jn Ue, j(X) (2.2.11) 
Note that div v is a scalar field and curl v represents a vector field. 


In the following a notion of the symmetric gradient of v, denoted by Vv(x), will be 
useful. The symmetric gradient of v is defined by 


Vv(x) = sym Vv(x) = ; [Vv(x) + Vv" (x)] (2.2.12) 


Remark 2.2.1: From the definition of the del operator, it follows that 
divv=V-v (2.2.13) 
and 


curlv=Vxv (2.2.14) 


The notions of the divergence and curl of a vector field may be extended to the divergence 
and curl of a tensor field. Let T be a differentiable tensor field on R. The divergence of T 
at x, denoted by div T(x), is the unique vector such that 


[div T(x)]-a © div [T’(x) a] for any constant vector a (2.2.15) 


Similarly, the curl of T(x), denoted by curl T(x), is the unique tensor such that 
[curl T(x)]a © curl [T’7(x) a] for any constant vector a (2.2.16) 


In components, 


[div T(x)]; = 7;,(x) (2.2.17) 
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and 


[curl T(x) ]ij = €ipgTigp (X) (2.2.18) 


We also define the Laplacian of a scalar field f , of a vector field v, and of a tensor field 
T, by 


Af (x) = div Vf (2.2.19) 
Av(x) = div Vv (2.2.20) 
[AT(x)]a = A[T(x) a] _ for any constant vector a (2.2.21) 
In components 
Af = fix (2.2.22) 
(AV); = vik (2.2.23) 
(AT) = Tix (2.2.24) 


Equation 2.2.22 in terms of the del operator takes the form 
Af =(V-V)f = Vf (2.2.25) 


This provides motivation for using V? instead of A in some applications. Note that V is a 
vector operator, while V? is a scalar operator. 

Example 2.2.1 

Show that for any two vector fields u and v the following identities hold: 


(1) div (ux v) = v- curlu—u-curlv 
(2) curl (ux v) = (divv)u — (divu)v + (v- V)u— (u- V)v 


where 
u-V= Hig 
that is, 
(u- V)f =uf;=u-Vf_ for ascalar field f 
and 


(u- V)v = (u- V)v,e; = Uxv;xe; for a vector field v. 
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Solution 
(1) Observe that both the RHS and the LHS are scalars. Therefore, 


LHS = (€jxUjVK),; = €je(UjiVk + UjVKi) 


= VE je Uj i + UZEGKV Ki (a) 
Since 
(curl W)k = €kpquap (b) 
and 
Eijk = Ex = —Gik (c) 
RHS = v- (curlu) —u- (curl v) (d) 


Thus, LHS = RHS. 
(2) Observe that the LHS (RHS) is a vector field. Therefore, taking the ith component of 
the LHS we obtain 


(LHS); = €;4(€kqrUgVr),; = €ykEkqr Ug, Vr + Ug) (e) 
Since 
€ikEkqr = EijkEgrk = Sig Sir = bib qj (f 
therefore, 
(LHS); = u;,-V, — uj j¥i + UV); — Ui; (g) 
(RHS); = Vv; jU; — Uj Vi + VieUik — UxVix (h) 


Hence, LHS = RHS. 


Example 2.2.2 


Let a and b be constant vectors. For any vector field u and any symmetric tensor field S 
show that 
div [(u-a)Sb] = a- [(Vu)S + u@ div S]b 


Solution 
We observe that the LHS (RHS) is a scalar field. Computing the LHS we write 


LHS = (upaxSjbj),; = axbj(UKi Si + UKSi,1) 
=> a LUg iS ib; + UrS;;:;] =a: [(Vu)S + u ® div Sb 


Therefore, LHS = RHS. 
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Let v be a vector field, V = sym Vv, W = skw Vv, and m be the axial vector of W. 


Prove that 
(1) ® = —curlv 
(2) [Vv? = |V?? + |WP = |V/? + 4] curl v|? = div [((Vv’)v] —v- V’v 
(3) Vv- (Vv)" = |V/? — |[WP? = div {[(v- V)v] — (divv)v} + (divv)? 
(4) VWW + WV = skw (Vv). 
Solution 


(1) Using the definition of the axial vector, see Equation 2.1.33 with Px, = Wx, we 


obtain 
1 
QO; = ae € KW (a) 
Since 
Wik _ oy (Vik — Vj) (b) 
therefore, 
1 1 1 
Qi = oo Eijk Vik — Vij) = 4 €iikVk, | — 4 Eijk Vik 
1 1 1 
= 4 €jikV kj ri €jkVik = > €jkVk,j = 5 (curl v); (c) 
This proves (1). 
(2) From the definition of the axial vector 
Wi = —€ jx (d) 
Hence 
Wi Wi = Eijk OKEjsWs (e) 
By e — 6 identity we get 
Wi Wy = (ySks — 5js5 jx @Ks = ZOKWK — Op@y = 2, (f) 
or, in direct notation, 
|W|? = 2” (g) 


Now, since by (1) 


1 
e=5 curl v (h) 
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therefore, 
2 1 ; 1 2 
|W|* = 2( -— curlv}) = = (curlv) 
2 2 
Next, since 
Vv=V+WandV-W=0 
therefore, 


1 
[Vv|? = [VPP + |W? = |V/? + 7 (curl v)? 
On the other hand 


2 T 
IVvlo = ViVi, = ViVi) — ViVi = (Vv, Mi),j — ViVi, i 


= div [(Vv)'v] —v- V’v 


This proves (2). 
(3) Since 


Vv =V+W and (Vv)’ =V—W 
hence 
Vv - (Vv)! = |V|? — |W’ 
On the other hand 


2 
Vv- (Vv) = ViVi = (Vi, Vj = VikVi),i + (Ve)? 


= div [(Vv)v — vdivv] + [div v/’ 


This proves (3). 
(4) 


(Vv)? = (Vv)(Vv) = (V+ W)(V + W) 


=V'+W' +VW+WV 
Since for any two tensors A and B 
(AB)’ = B’A‘’ 
and 


(Vv)' =V—W 
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therefore, 
[(Vv)7]' = [(Vv)'][(Vv)"] = (V— W)(V — W) 
= (V)* + (W)? — (VW) — (WV) (s) 
Hence, from (p) and (s) we obtain 


(Vv)? — [(Vv)?]' 


; = skw (Vv)? = VW+ WV t) 


2.3. INTEGRAL THEOREMS 


2.3.1 DIVERGENCE THEOREM 


Let f be a scalar field, u a vector field, and T a tensor field on a region R C E>. Letn bea 
unit outer normal vector to OR where OR stands for the boundary of R. Then 


[sn da = | vf dv (2.3.1) 
fu @nda - [Vudu (2.3.2) 
i -nda= (ie dv (2.3.3) 
ts x uda = ieee dv (2.3.4) 
4 Tn da = fave dv (2.3.5) 
ar 


This theorem is called the Divergence Theorem. The proof will not be provided here. 


Example 2.3.1 (Green’s Theorem) 


By using the divergence theorem prove that for any two scalar fields f and g on R the 
following identities, called Green’s Theorem, are satisfied: 


dg 
fun - (Vg) +f Vg] du= J f(Vg)-nda= Sen da (a) 


R 


and 


fe V*g—gV*f)dv= J (2 = 35) da (b) 
R 


an an 
OR 
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Here d/dn stands for the normal derivative, that is, for any function h on R 


ae =n-(Vh) (c) 
an 


Solution 


(a) The LHS written in index notation takes the form 


LHS = J Gg: + fg) dv= J 0, dv (d) 
R R 
Using Equation 2.3.3 in which u = fVg we get 
LHS = J fein da (e) 
aR 
and by (c), in which h = g, we obtain 
LHS = { f 28 aa (f 
a SO 


Therefore, (a) is proved. 
(b) Replacing in (a) f by g and g by f we obtain 


Jtvg): (Vf) + gV2F|dv = ex da (2) 


R aR 


Subtracting (a) from (g) we obtain (b). Thus, (b) is proved. 


2.3.2 STOKES’ THEOREM 
Let u and T denote a vector and tensor fields, respectively, on R, and let C be a closed curve 
in R. Then 


i= [Gala age (2.3.6) 


OM dt = Jc T)'nda (2:3:9) 


where 
Sis any surface contained in R, bounded by C 
n is the unit vector normal to $ 
Sis a unit vector tangent to C 


The directions of n and s are shown in Figure 2.3. This theorem is called Stokes’ 
Theorem. 
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In these formulas the curve C can be described by a vector 
equation y = y(t), fo < t < t,, where y(fo) = y(t,) and 
s = dy/dt. If t is a length of the arc then |s| = 1. If Cis shrunk 
to a point, S reduces to a closed surface, and 


f (curlu) -nda=0 (2.3.8) 
x S 
FIGURE 2.3 The direc- z 
tions of n, s, and other f (curl T) nda=0 (2.3.9) 
symbols used in Stokes’ s 


Theorem. . 
Proofs are omitted. 


Example 2.3.2 
Show that for a scalar field f defined on C and S$ 


ffs dt= [nx VF da (a) 
Cc Ss 


where S and C have the same meaning as in Stokes’ Theorem. 
Solution 


Let k be one of the three numbers 1, 2, 3. Introduce a vector field u by the formula 
u; = fd. Substituting u; into Equation 2.3.6 we obtain 


LHS = huis; dt = Ppfdus; dt = iti at (b) 
Cc Cc Cc 
RHS = J M€pqUap da = J M€ipq(F8q0),p da 
Ss iS: 
— J meet p da => J expnif da (c) 
Ss: S 


Since by Equation 2.3.6 LHS=RHS, then from (b) and (c) we have (a). 


Example 2.3.3 
Show that for a vector field u defined on C and S$ 


fu xs) dt = Jtcdiv u)n — (Vu)'n] da (a) 
Cc 


5 


Solution 


By Example 2.3.2 


fys, dt = J aarp da (b) 
Cc Ss: 
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where g is an arbitrary scalar field. Letting g = €jp,Up, where i and q are fixed, we find 


from (b) 


PéingllpSq dt = J a20Ma€ipgttp).» da= J aa0€gipMatlps da 
Cc Ss S 


= J Gadop — 8ip5ni)NaUp» da = J upp = NpUp;) da 
iS: 5. 
Thus, we arrive at (a). 


Example 2.3.4 


Show that 
(curl u)-sdt= J E (divu) —n- vu] da 
4 ‘ an 


Solution 


By (b) in Example 2.3.3 in which 
~ = €qju;; With q fixed, 
we find 


PeqitiSg dt = J éaanra (€qiUji),b da = J anv qian da 

Cc S bY 

= J G8, — b3Sib) MaUj,ib da 
S$ 


= J O05 = NUj,bb) da = LHS 
5 


Since for any scalar f 


from (b) we arrive at 
LHS = J E (divu) —n- vw) da 
an 


This completes the solution. 


2.3.3. THEOREMS ON IRROTATIONAL AND SOLENOIDAL FIELDS 


53 


Before formulating the theorems, we give definitions of an irrotational field and a solenoidal 


field. 
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A vector field u on R is said to be irrotational in R if 
curllu=0 inR (2.3.10) 
A vector field u on R is said to be solenoidal in R if 


fu -nda=0 for every closed regular surface S in R. (2.3.11) 
S 


The surface integral on the LHS of Equation 2.3.11 is called the outward flux of u across S. 
With these definitions we have the following 


2.3.3.1. Theorem on Irrotational Fields 


Let R be a simply connected region of E°. 
(a) If u is a vector field on R and 
curlu = 0 (2.3.12) 
then there exists a scalar f such that 
u= Vf (2.3.13) 
(b) If T is a tensor field on R such that 
curl T = 0 (2.3.14) 
then there exists a vector field v such that 
T=Vv (2.3.15) 
(c) If 
curlT = 0 and trT=0 (2.3.16) 
then there exists a skew tensor field W such that 
T =curl W (2.3.17) 


Proofs are omitted. 


2.3.3.2 Theorem on Solenoidal Fields 


(a) If u is a vector field on R, and 


fu -nda=0O for every closed regular surface S C R (2.3.18) 


S 
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then there exists a vector field w such that 
u = curl w (2.3.19) 


(b) If T is a tensor field on R such that 


{Tn da=0 _ for every closed regular surface S C R (2.3.20) 
S 


then there exists a tensor field W with the property that 
T=curlW (2.3.21) 


Proofs are omitted. 


Remark 2.3.1: Note that in both theorems, the relations 2.3.12 and 2.3.13, 2.3.14 and 
2.3.15, ..., 2.3.20 and 2.3.21 are compatible in the following sense. Equation 2.3.13 => 
2.3.12, ..., 2.3.21 = 2.3.20. For example, let us write Equation 2.3.21 in index notation 


Tj = €iab Wiib.a (2.3.22) 
Substituting this into LHS of 2.3.20 we get 


(LHS); = [ Tin; da = { eapWinary da (2.3.23) 
Ss Ss 


On the basis of the divergence theorem 
(LHS); = { eiepWing dv (2.3.24) 
R* 


where R* is the region bounded by the surface S. This expression vanishes because under 
the integral we have the inner product of a symmetric tensor and a skew tensor, see 
Example 2.1.5. Therefore, Equation 2.3.21 = Equation 2.3.20. 


Remark 2.3.2: The irrotational and solenoidal fields are the main ingredients of the 
following decomposition theorem, called Helmholtz’s Theorem. 


Helmholtz’s Theorem. If u is a vector field on R then there exist a scalar field f and a 
vector field v such that 


u = Vf +curlv (2.3.25) 
divv = 0 (2.3.26) 


The proof is omitted. 
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2.3.4 THE LAPLACE TRANSFORMATION, THE DIRAC DELTA FUNCTION, AND THE 
HEAVISIDE FUNCTION 


The Laplace transformation, denoted by L{f(d}, is exceptionally useful method in applied 
mathematics, as it allows to solve differential equations which, with the aid of this method, 
are first reduced to algebraic equations and next to a contour integration of a solution to 
these algebraic equations. As differential equations are utilized in a multitude of problems in 
physics, engineering, control theory, and almost everywhere else, this method has become a 
standard method in attacking and solving many kinds of problems. The first who occupied 
himself with integrals that are of the class of Laplace transforms was Leonhard Euler 
(1707-1783), who worked on such integrals as early as 1744, that is, before Laplace was 
even born. But it was Pierre-Simon Laplace (1749-1827) who, starting in 1782, used such 
integrals to solving problems, and in 1785 introduced this method in a way that now is 
so useful, and it was Laplace that fruitfully worked on expansion of applications of this 
method. The Laplace transform is a linear operator of the form 


(oe) 


Fp) =Ufo}= fenroat (2.3.27) 


0 


That is, a function f(#), (t > 0), is transformed into a function fp). where p, is called the 
parameter of the Laplace transform, and is a complex number. The reason that the Laplace 
transform acts on a function that usually is of variable t comes from the frequent application 
of these transforms to functions of the time. Eventually, after solving the problem in the 
transform domain, we receive a solution in a form of the function of p, which then must 
be returned to the real domain of ¢, that is, it must be acted upon by an inverse Laplace 
transform, L~'. The complex inversion formula has the form [2] 


ct+iT 


= 1 = 
fO=L'fM)} = aaa lim f e”'f (p) dp (2.3.28) 
gut Pa? Se 


and c, a real number, is chosen so that the line Re{p} = c in the complex p plane lies to the 
right of all the singular points of f(p). This means that c > Re(p,) for each singularity p; 
of f(p) as well as i? = —1. 

From the definition of the Laplace transform, Equation 2.3.27, it follows that for two 
functions f(t) and g(t) 


LfO + gO} =LifO} + Leo} (2.3.29) 


and 


L{ef(} = cL{fO} (2.3.30) 


where c is a constant. 

We should also note that because of the properties of the Laplace transformation, some 
information on the solutions may already be obtained from the Laplace transform domain. 
In achieving this we are helped by two theorems: 
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1. Initial value theorem 


f(+0) = lim Pf (P) (2.3.31) 
and 
2. Final value theorem 
f(oo) = lim pf (p) (2.3.32) 


subject to the condition that all poles of pf(p) lie on the left side of the plane. The latter 
theorem allows to find out the behavior of the solution for large values of variable ¢ without 
further calculations. 

The use of Equation 2.3.28 for finding the inverse Laplace transform is not the only 
method for finding such inverse transforms. First of all, the Laplace transform and the 
inverse Laplace transform correspond one-to-one to each other, that is, if we know the 
Laplace transform of a function as a result of using Equation 2.3.27, then we also know 
the inverse transform for the transformed function. There are numerous other methods for 
finding inverse Laplace transforms, and some of these methods are designed for just one 
specific function or a family of functions. An example of a method for a family of inverse 
Laplace transforms of the exponential type is presented in detail later in this section. The 
known inverse Laplace transforms are provided in the front matter. If a needed inverse 
Laplace transform cannot be found in any ready to use tables and cannot be calculated 
by Equation 2.3.28, and cannot be discovered in the literature, than there are methods of 
numerical inversion of Laplace transforms. 


Example 2.3.5 


Calculate the Laplace transform of the derivative of a function if the Laplace transform 
of the function itself is known. 


Solution 


The Laplace transform of a function f(6) is given by Equation 2.3.27. Integrating the RHS 
by parts, we find 


J eP*F(t) dt 
0 
—pt 7 +0° +00 nt 
= je =| J eS f’(t) dt 
—P 0 0 —pP 
f 1 
zs |---| + Lr) (a) 
=p|” p 
Thus, 
f 
i a = pL{f(t)}} — f(0) (b) 


and the result has been obtained. 
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It is appropriate to ask a question on what are sufficient conditions for a function f(t) 

to possess a Laplace transform L{f(t)} = f(p) and, in addition, that the inverse Laplace 

transform L~'f(p) can be obtained from Lf{f ()}.* The answer to this question is as follows. 
A function f(t) is admissible if both the following conditions hold true for t > 0: 


(1) The function f(t) is sectionally continuous on every finite interval for t > 0. The term 
sectionally continuous means that any closed interval [t,, t,] can be divided into a finite 
number of subintervals such that the function f (t) is continuous inside each subinterval and 
has finite limits when ¢ tends from inside to the endpoints of such subintervals. 


(2) The function f(t) is of exponential order. This means that there exist constants a, M, 
and T such that 
If@Mle™ <M forallt>T (2.3.33) 


Under conditions (1) and (2) the integral 2.3.27 converges for p > a. The convergence 
is uniform if p > @ > a, where a is fixed. 

The applications of the technique are based on general properties of Laplace transforms 
(Part A) provided in the front matter. Some of the formulas in that table may be derived by 
direct use of the definition of the Laplace transform, that is, by Equation 2.3.27. 

So far, we have dealt with the application of Laplace transforms to a single function or 
a combination of functions. However, the usefulness of the method lies in the application 
of Laplace transforms to differential equations. The result of such application is the trans- 
formation of a differential equation from the real, or t, domain, into an algebraic equation 
in the transformed, or p, domain. We will show how it works on a simple example. 


Example 2.3.6 
Given a differential equation of the first order 
f'() +af() = g(), where a = const (a) 


and the function g(0) is the disturbing function or the forcing function. Solve this equation 
by the Laplace transform technique. 


Solution 


Applying the Laplace transform to this equation gives 
L{f'(O} + al{f(O} = L{g(0} (b) 


Using Equation (b) from Example 2.3.5 for the first term on the LHS of this equation, 
and using the notation L{f(t)}} = f(p) and L{g()} = g(p) we get 


pf (p) — f(0+) +-af(p) = B(p) (c) 


We see that Equation (c) is an algebraic equation in terms of f(p). Moreover, there 
appears the term f(0+). For selection of a specific solution among infinite number of 


* Theoretical foundations and basic assumptions, as well as restrictions for the use of the Laplace transform 
technique, are given in specialized texts. An elegant and concise exposition is presented in [3]. 
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solutions, we need to assume a value of the solution at some point. In many applications 
it is the value at the initial point, that is, for t = 0+, and we call it the initial value. 
Thus, in this method, the initial value has been automatically used in the transformed 
equation. The solution of this transformed equation in the p domain is, therefore, 


a 7 1 1 
f(p) = BO) 5g + (0+) ee (d) 


To find the solution in the real domain, that is, in t domain, we need to apply the 
inverse Laplace transform to Equation (d). The first term on the RHS is the product of 
two function in p domain, and the second term on the RHS is the ratio of the initial 
value f (0+) and the function in the p domain, that is, (p++ a). Using (Part A, formula 14, 
and Table 4, Part B, formula 2) Laplace transforms provided in the front matter, we have 


F(t) =e" | girje™ de + fO+)e" (e) 
0 


and this is the solution with the given initial value f(0+). 


This example has demonstrated the standard scheme of the procedure: 


1. Differential equation 
and initial condition(s). 


J 


2. Laplace transform. 


J 


3. Algebraic equation in p domain. 


4. Solution of the algebraic equation in p domain. 


J 


5. Inverse Laplace transform. 


J 


6. Solution in the real, or t, domain. 


2.3.4.1 On Some Laplace Transforms of the Exponential Form 


In problems of mechanics, including thermoelasticity, we encounter Laplace transforms of 
the form [4] 


je aD) (2.3.34) 
(p — a)” 
where 
m is a nonnegative integer 
nis anatural number 
a, b, and c are constants 


These transforms are not provided in the published tables known to the authors, except 
for two simple cases [5].* We are to present an effective and general method for inversion 
of these functions [7]. 


* A special case of this transform, namely for b = 0, is also given in [6]. 
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It is known that 


L"{S(p)} = S@ (2.3.35) 
where 
cos (eve?) (2.3.36) 
(p — a)" 
and 
ew Cc 
S@= 5 exp (-c Va+ b) erfc (<< —J(at+ iy) 
+ exp (c saat b) erfc (5 + Jat ir) | (2.3.37) 


Here erfc[f(t)] denotes the complementary error function. 

We may show that by differentiation of S(p) with respect to a and c, inverse transforms 
of the form given by Equation 2.3.34 can be calculated. Indeed, if S(p) is differentiated 
n — | times with respect to a and m times with respect to c, we find 


ae (—1)"(n — 1)!./(p + 5)” exp (—c,/p +5) 
acm mar S(P) = n 
c” 0a (p —a) 
= (-1)"(n— 1)! f(p) (2.3.38) 
We note that 
oa oe og"! = | o an gr Pe 
L { ag SP) yar rrer! {S(p)} (2.3.39) 


and 


(pao) 


oa | (—1)"( — 1)! /(p Fb) exp (—c/p +B) 


J@ + by" exp (—cVp +5) 


= (-1)!"m—-1)!L"! 
(-1y"(n— 1) | a 


= (-1)"(n— DIL" {F(p)} 
=(-)*@—-1!fO (2.3.40) 
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Therefore, from Equations 2.3.38 through 2.3.40 it follows that 


Hopi) d CEES ewes) 
(p — a)" 
_yyn m n—-1 
iy 2 Si) (2.3.41) 


~ (n—D! dc" da"! 


The method of finding the inverse Laplace transforms for function f (p) of Equation 2.3.34 
has, therefore, been found. The difficulty in using the method lies in the fact that the required 
differentiation leads to lengthy and time-consuming calculations. We are now to present an 
algorithm that simplifies this task. 

Let us introduce a function T(t) in the form 


e Cc 
T(t) => Nee: exp (-c at b) erfc Ge —v (a + iy) 
~ exp (c Ja+ b) erfc Ge nie (rare my) | (2.3.42) 


Now, by differentiation of S(t) and T(t) with respect both to a and to c the following 
recurrence relations are established: 


Ere) (2.3.43) 
da 2, 
aS(t) 1 pe) 
sae (@+b)T@)— Te oe (- a mn) (2.3.44) 
aT) meal 
Fame CaaS Si) + (: a >) T(t) 
ae ey 2.3.45 
+ a+b jm exp (-F ) (2.3.45) 
nO 2 —S(t) (2.3.46) 
dc 


We have arrived at the conclusion that the inverse transforms of the form presented by 
Equation 2.3.34 for any natural m and n can be obtained on the basis of the calculated 
first derivatives of S(t) and T(t) shown in Equations 2.3.43 through 2.3.46. No additional 
calculation of derivatives of S(t) and T(t) is needed. Relations 2.3.43 through 2.3.46 jointly 
with 2.3.41 represent the algorithm for obtaining inverse transforms for consecutive natural 
numbers m and n. 
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Calculate the inverse Laplace transform 


ene J/ptb exp (-c Vp + b) 


(a) 
(pay 
Solution 
From Equation 2.3.41, with values of m = 1 and n = 4, we write 
OSs: (b) 
6 acd 
Applying formulas 2.3.43 through 2.3.46, we get consecutively 
as 1 on 
os (a+ b)T Ta exp ( v7 br) (c) 
a°s Cc 1 Cc 
aaa oe [5 +ia+bn| T—Jt/x exp (-5 - br) (d) 
a°s 1 1 Cc 5 
= T 
dcda? E- + b) a | aa E- +b) 4 aoa: 
1 
— lout t]v t/m exp (-5 - bt) (e) 
Oro Is4 bie ‘ CG 3ct ce Set 5 
acta’ | Batby | B@+b) 4atb) 


3 3 coe Bis : 
+| som t(aop ac)e ae a+b] 7 


3 cS t CS 
+ Lae 4(a+b) a+b ¢] vie ew (-§-4*) 0 


1 
The last expression after multiplying it by ss is the transform we have looked for. It is 
a function of both S(t) and T(t). 


2.3.4.2. The Dirac Delta Function and the Heaviside Function 


We often witness sudden events of high “intensity” and of very short duration, for example, 
a blow of a hammer at a mechanical structure, or a lightning strike at an electric circuit. 
We will discuss now a method to describe mathematically and analyze such events. To this 
end, we introduce a function 6, = 6,(t) that is zero for t < 0 and t > a, and is equal 1/a in 
the interval 0 < t < a, with a being a small positive constant. The area under the graphical 
representation of 6,(t) is equal 1. For a — 0 this function we denote 6(f), that is, 


lim 5,(1) = 50) (2.3.47) 
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and call it the Dirac delta function or the unit impulse function. This translates in the 
language of integration into 

+00 

[ 6@ar=1 (2.3.48) 
We may also show [8] that the Laplace transform of 6,(f) is 


a 


Lisa} = J we a= ~Al —e?*) (2.3.49) 
0 


Introducing the variable pa = u and using I’ Hospital’s rule, we have 


—Uu 


lim L{d3a(¢)} = lim = | (2.3.50) 
and thus, we state that 
L{é}=1 (2.3.51) 


From these considerations it is clear that by acting with 6(¢) on a function f(t) we have 
{ FO 8 dt =f) (2.3.52) 


This property is called the filtering property of the Dirac delta function. 

We need to explain that, in reality, 6(f) is not a function, as it does not satisfy conditions 
of how we define a function; 6(f) is a generalized function, or a distribution. This topic, 
with examples, is discussed in [8], and in works treating the theory of distributions. 

The Heaviside function or the unit step function is defined by 


H(t) ie (2.3.53) 
i= vols 
0 t<0O 
By comparing the definitions for H(t) and 5(t) it becomes obvious that 
dH (t 
; ) = d(f) (2.3.54) 


We see that the Heaviside function H(f) is equal 0 for negative values of ¢ and is equal 1 
for positive values of t, and has a jump that is equal 1 at f = 0, but it is not defined at ¢ = 0. 
However, there are situations in some applications, like the one in Problem 10.5, that it is 
convenient to specify the value of H(t) at t = 0, for example, stating that H(0) = 7 Such a 
“complemented” Heaviside function satisfies the relation 2.3.54 everywhere except at t = 0. 
We observe that by multiplying a function f(t) by H(t — fo), we obtain 
f@) t>t 
SMA) = (2.3.55) 
0 t < to 
where fo > 0. The formula 2.3.54 in which H(f) is given by Equation 2.3.53 can be used to 
obtain an alternative definition of the Dirac delta function in which 6(f) is an even function 
oft : |t| < oo. To this end, we let H(O) = 1/2 and note that 


H(t) +H(-1) =1- for |t| < 00 (2.3.56) 
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By differentiating Equation 2.3.56 with respect to f and using Equation 2.3.54 we obtain 


6(t) — 6(-—t) = 0 for |t| < (2.3.57) 
or 
6(t) = 6(—t) for |t| < co (2.3.58) 
This shows that 6(t) can be defined as 
lim 8; (1) = 6(t) for |t| < co (2.3.59) 
where 
= |t|<a 
ot) = (2.3.60) 
0 |tl>a 


With such an alternative definition of 5(f), the filtering property 2.3.52 holds true provided 
the function f(t) is continuous at tf = 0. The even Dirac delta function in which the 
independent variable ¢ is replaced by a space variable is applicable to problems involving 
concentrated mechanical forces of elastostatics, while the one-sided Dirac delta function 
2.3.47 is useful in a study of suddenly produced processes of elastodynamics. 

In the following chapters, we will encounter numerous applications of both the Heaviside 
function and the Dirac delta function. 


2.3.5 TIME-DEPENDENT FIELDS 


Since we will consider in the next chapters not only static problems but also dynamic prob- 
lems, this section deals with functions of position x € R and time f > 0. Similarly to previous 
sections, in stating various theorems in which the regularity assumptions were omitted, we 
will also here omit the regularity assumptions imposed on space—time-dependent fields. 
One of the main concepts of time-dependent problems is the concept of a convolution of 
two functions. 

Let f and g be scalar fields on R x T where R is a region of E*, and T = [0, 00) is the 
time interval. The convolution f * g of f and g is the function defined by 


Uf * gl. = | fxr rg, r)de (2.3.61) 
0 


on Rx T. 
The following properties of convolution are useful in applications: 
Let f, g, and h be scalar fields on R x T that are continuous in time. Then 


G@) feg=gef 

Gi) (feg)eh=fx(geh)=fxgxh 
(iii) fe(gth=fxgtf«h 

(iv) fxg=O>f=0org=0 


(vy) (fx g= if * g + f(x, 0)g where the overdot means the derivative with respect to 
time, and we assume that f exists. 

(vi) Lif « g} = L{f}L{g} where L is the Laplace transform operator with respect to t, 
that is, for any function h(x, 2) 
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L{h} = fen, dt (2.3.62) 


0 


Proofs of these properties are omitted. 
The star product of two scalar functions defined in Equation 2.3.61 can be extended to 
mixed fields. For example, if u is a vector field and f is a scalar field then 


t 
[f * u](x,f) = {ft — T)u(x, T)dt (2.3.63) 
0 
If A and B are time-dependent tensor fields then 
[A * B] (x,t) = f Act — rt) - B(x, r)dt (2.3.64) 
0 


If A is a tensor and u is a vector, both time-dependent, then 


t 
[A * u](x,f) = f Awt — T)u(x, T)dt (2.3.65) 
0 
In components 
[f xu]; = [f * uj] (2.3.66) 
[A * B] = A; * Bj (Summation holds) (2.3.67) 


Example 2.3.8 
Let S be a time-dependent symmetric second-order tensor field on E? x T, let p be a 
positive scalar, and let K [-] be a symmetric invertible fourth-order tensor field on E?. Let 
S satisfy the differential equation 

Vidiv$S) — pk[$] =0 onE xT (a) 


subject to the conditions: 


S(x, 0) = So(x) 
S(x, 0) = $o(x) 


Show that S satisfies (a) and (b) if and only if 


V(t * divS) — pK[S] =—pA onE?xT (C) 
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where 


A = K[So] + tK[So] (d) 


Solution 


The solution is given in two steps: 


(A) We prove that (a) and (b) = (c) 
(B) We prove that (c) = (a) and (b) 


To show (A) we apply the Laplace transform technique. If f = f(t) is a function on T and 
Lif} =f = [ ePfae (e) 
0 


is the Laplace transform of f, and there exist f(0) = f and f(O) = fo, then 
L{f} = p?f — pfy — fy (f) 


Therefore, applying the Laplace transform to both sides of (a) and taking into account 
(b) we obtain 


or 
9( div s) — pK[S] = —pA (h) 
where 
= 1 1 : : 
A = — K[So] + — KISo] (i) 
Pp Pp 


Applying the convolution property (vi) in the form 
Lf B} =f xg (j) 


to both sides of (h) and (i) and using the relations 
cfrh aa, fe} =e (k) 
p P 


V(t * divS) — pK[S]} = pA onE?xT (I) 


we receive 
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where 


A = K[So] + tK[So] (m) 


This ends the proof of (A). 
To show (B) we note that differentiating (c) twice with respect to time we arrive at 
(a). To see this, we take advantage of the formula 


2 


d 
ap eta (n) 


for any function a = a(t) defined on T. This means that (c) => (a). To show that (c) and 
(d) > (b) we substitute t = 0 to both sides of (c) and obtain 


K[S(x, 0)] = K[So(x)] (0) 
Also, by differentiating (c) with respect to t and taking t = 0 we get 
K[S(x, 0)] = K[$(0)] (p) 


Since K is invertible, applying K~' to (0) and (p) we arrive at (b). This completes the 
proof of (B). 


We will now define a Cauchy Problem or an Initial Value Problem as a problem of 
finding a solution to an ordinary or partial differential equation subject to assumed initial 
conditions. For example, the Cauchy problem for a wave equation consists of finding a 
function u = u(x,f) on E* x [0, co) that satisfies the equation 


1 2 
V-u— ea 0 onE x [0,00) (2.3.69) 
Cc 


subject to the conditions 


u(x, 0) = up(x) 


Fy xeF (2.3.70) 
3, UO 0) = U(x) 


In Equation 2.3.69, c has the dimension [c] = m/s. Functions u°(x) and Uo(x) are prescribed 
on E3.* 

In Example 2.3.8, the problem of finding S that satisfies (a) and (b) is a Cauchy problem 
of linear elastodynamics in terms of stresses S in which K is a compliance tensor field, and 
So and So are prescribed initial stress and initial stress-rate fields [10]. 


* For the definition of the Cauchy problem involving a general partial differential equations see, for example, 


[9]. 
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PROBLEMS 
2.1 Use the properties of the alternator €,, introduced in Section 2.1 to show that 
(ax b)xc=(a-c)b—(b-c)a (a) 
(a x b) x (cx d) = [a- (cx d)]b — [b- (Cx d)Ja (b) 
where a, b, c, and d are arbitrary vectors. 
2.2 Show that for any vector u and a unit vector n the following decomposition formula 
holds true 
u=u4+ul (a) 
where 
u- =(u-n)n and u =nx (ux n) (b) 
Also, show that 
ueu' =0, u-n=u-n, u'-n=0 (c) 
Note: If u = u(x) is a vector field defined on a surface S in E*, n = n(x) is a unit 
outward normal vector field on S, and P is a plane tangent to S at x, then u~ and u! 
represent the normal and tangent parts of u, respectively, with regard to P. 
2.3 Show that an alternative form of Equations (a) and (b) in Problem 2.2 reads 
u=u4+ul (a) 
where 
u'=(n@u)n and u'=d—ne@nu (b) 
In Equations (b) the symbol ® represents the tensor product of two vectors, and 1 is 
a unit second-order tensor (see Equation 2.1.52). 
2.4 Let T = T(x) be a symmetric tensor field defined on a surface S$ in E°, n = n(x) a 


unit outward normal vector field on S, and P a plane tangent to S at x. Show that 
TST eT! (a) 
where 
T- =2sym(n@ Tn) — (n- Tn)n@n (b) 
and 


T'=d—n@nTAd—ne@n) (c) 
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Also, show that 


T.T'=0, Tn=Tn, T'n=0 (d) 


Note: The tensors T+ and T! represent the normal and tangential parts of T, 
respectively, with regard to the plane P. 

2.5 Show that if S is a plane x3 = 0 with the unit outward normal vector n = (0,0, —1), 
then the decomposition formula (a) in Problem 2.4 reads 


Ty, Tr Ty 0 0 Ti Ti, Ti. O 
Ty, Tr Tr | = 0 0 Tx |+] Tn Tr 0 
T3, 3. 133 T3, 3. 133 0 0 O 


2.6 Let T be a second-order tensor with components 7;;, and let det T 4 0. Show that 


det T = €,. Ti TTis (a) 
Engr(det T) = ju Tip TigTr ”) 
Ty, Tig T; 
€ ijk €pqr (det T) = T; T; T; (c) 
Tp Tq Ty 


2.7 Let T be a second-order tensor with components 7; such that det TF 0, and let T be 
the tensor with components 


eee | 
Tj = 7 Sivativsl pr T gs (a) 
Show that 
TT’ = T’T = (det T)1 (b) 
T"! = (detT)'T” (c) 


Note: The matrix [T;] is called the cofactor of the matrix [7j;], while ee ] is called 
the adjoint of [T;j]. 

2.8 The x; system is obtained by rotating the x; system about the x3 axis through an angle 
0 < 6 < 2/2 as shown in Figure P2.8. 


An*2 
9) 


FIGURE P2.8 
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2.10 
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Let T be a symmetric second-order tensor referred to the x; system. Show that 
re (ry (a) 
T, =T, cos? 0 + T)2 sin20 + Tr sin? @ 
1 : b 
T= 5 Tn — T,,) sin 26 + T,. cos 26 (b) 
T5, = Ty, sin’ 6 — Ty sin 26 + Ty cos? 0 
and 
T\3 = T\3 cos @ + To3 sind 
T5, = —T\3sin@ + Th; cos 0 (c) 
T;, = T33 
Also, show that an alternative form of the transformation formulas (b) and (c) reads 


Ty 4+Ty.=Ti1 + Tx 
T,, — Ti, + 2iT\2 = exp(2i0) (Tx. — Ty, + 2iT\2) 
T\3 — iT}, = exp(i@)(T13 — iTo3) 
T33 = T33 


(d) 


where i = /—1. 
Hence, if the coordinates (x/, 4,5) are identified with the cylindrical coordinates 
(r,0,x3), we find 
TD, + Teg =Ti, + Tx 
Tog — T+ 2iT 9 = exp (218) (Tx — Ty + 2iT)2) 
T,3 — 1193 =exp(i@)(T13 — 1T>3) 
T3 = 133 


(e) 


[Do not sum over r and @ in Equations (e).] 
Hint: Use the formula T’ = Q7TQ where Q’ is the matrix 


cosOd sind QO 
Q’ =| -sinéd coséd 0 
0 0 1 


A tensor T is said to be positive definite if u- Tu > 0 for every u 4 0. Show that if 
T is invertible, then TT’ and T’T are positive definite. 


Show that the eigenvalues and the eigenvectors for the matrix 
1 0 1 
T=| 0 2 0 (a) 


1 0 3 
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2.11 


2.12 


are given by 


A= 2-V2, Ay =2, =24V2 (b) 
and 
O 4 1 1 I 
eae OR DE mY) 
ns) =0 (c) 
ae ee 
V2 J24+/2 
n =0, nP=+1, n? =0 (d) 
nO a4 | I 
V21+V2 /2—/2 
nS) =0 (e) 
I I 
P =4— 


In Equations (b) through (e) A, is an eigenvalue corresponding to the eigenvector n 
(i = 1, 2,3). 

Let T be the tensor represented by the matrix (a) in Problem 2.10, and let {e*} be the 
orthonormal basis obtained from Equations (c) through (e) in Problem 2.10 in which 
the upper signs are postulated. Define the tensor Q’ in terms of components by 


Q;, =e} -e; (a) 
Show that 
T’ =Q’TQ (b) 


is a tensor represented by a diagonal matrix. Also, compute the components T¥,, T,, 
and T;,, and show that 


trT* =trT =6 (c) 


Prove the following identities in which ¢ is a scalar field, u is a vector field, and S is 
a tensor field on a region R C E°. You may need to use the € — 6 relation. 
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curl V@ = 0 (a) 
div curlu = 0 (b) 
curl curlu = Vdivu — V7u (c) 
curl Vu= 0 (d) 
curl(Vu’) = Vcurlu (e) 
If Vu=—Vu’ thenVVu=0 (f) 
div curl S = curl div S” (g) 
div (curl S)’ = 0 (h) 
(curl curl S)’ = curl (curl S’) (i) 
curl (1) = —[curl (¢1)]" Q) 
div (S’u) =u-divS+S-Vu (k) 

If S is symmetric then 
tr (curlS) = 0 (1) 


If S is symmetric then 


curl curl S = —V7S + 2V (div S) -—V V (trS) 


+ 1[V?(trS) — div div S] (m) 
If S is symmetric and S = G — 1(trG) then 
curl curl S = —V°G + 2V (div G) — 1div divG (n) 
If S is skew and @ is its axial vector then 
curlS = 1(div@) —Vo (0) 


2.13 Let f be a scalar field, u a vector field, and T a tensor field on a region R C E?, 
Let n be a unit outer normal vector to dR, where dR stands for the boundary of R. 
Show that 


Mathematical Preliminaries 73 


2.14 


2.15 


JwAdo= | fnda (a) 
R OR 
f (curl u)dv= fa x u) da (b) 
R OR 
f{ (Vu) dv= fugnda (c) 
R OR 
flu divT + (Vu)T"]dv= | u@ Tnda (d) 
R OR 


Let u be a vector field on R C E? subject to one of the conditions: 


u=0 ondR (a) 
or 
nxcurlu=0 ondR (b) 
Show that 
{tu - (curl curl u)|dv = f curl u)?dv (c) 
R R 


Let u=u(x, f) and S =S(x,f) denote a time-dependent vector field on E? x [0, 00) 
and a time-dependent tensor field on E* x [0, 00), respectively. Let p = p(x) bea 
positive scalar field on E°, and let the pair [u, S] satisfy the differential equation 


divS — pu=0 onE? x [0,00) (a) 
subject to the conditions 
u(x, 0) = uo(x), u(x,0) = U(x) for xe EF (b) 


where Up and Up are prescribed vector fields on E>. Show that [u,S] satisfies 
Equations (a) and (b) if and only if 


u=p ‘tx (divS) +up +f on E° x [0,00) (c) 


Here * stands for the convolution product on the f axis. 


Note: If S is identified with a stress field of classical elastodynamics, the formula (c) 
provides an alternative form of the displacement field of the theory. [See Theorem 2 
of Section 4.2.4 with b = 0.] 
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Fundamentals of Linear 
Elasticity 


In this chapter, a number of concepts of the solid mechanics are introduced to describe 
a linear elastic body in terms of the partial differential equations. In particular, the dis- 
placement vector, strain tensor, and stress tensor fields are introduced to define a linear 
elastic body which satisfies the strain—displacement relations, the equations of motion, 
and the constitutive relations. Emphasis is placed on the compatibility relations, the gen- 
eral solutions of elastostatics, and on an alternative definition of the displacement field of 
elastodynamics. A discussion of the constitutive relations includes the orthotropic, trans- 
versely isotropic, and isotropic materials. The stored energy of an elastic body, the positive 
definiteness and strong ellipticity of the elasticity fourth-order tensor, and the stress—strain— 
temperature relations for a thermoelastic body are also discussed. The chapter contains a 
number of worked examples, and also end-of-chapter problems with solutions provided in 
the Solutions Manual. 


3.1. KINEMATICS 


3.1.1 DEFORMATION 


We define a material body B as a set of elements x, called particles, for which there is a 
one-to-one correspondence with the points of a region x (B) of a physical space. 

A deformation of B is a map « of B onto a region « (B) in E? with det (Vx) > 0. 

The point « (x) is the place occupied by the particle x in the deformation x, and 


u(x) = K(x) — x (3.1.1) 


is the displacement of x. The condition that det (Vi) >0 means that the mapping « is 
uniquely invertible, that is, there is the mapping «~'(x) = x. 

We will refer to body B as a reference configuration and to body «(B) as a current 
configuration, see Figure 3.1. 

If the mapping x depends also on time f (t € T) such a mapping defines a motion of 
body B, and the displacement of x at time f is 


u(x, f) = K(x, t) —x (3.1.2) 


In this case, the configuration that the body occupies at t = 0 is a reference or initial 
configuration, while the configuration that the body occupies at the current time f is the 
current configuration. 

In the following, we introduce a number of definitions describing a time-independent 
deformation of B and later we will extend these to a time-dependent case. 
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k:B> k(B) 


mal 


FIGURE 3.1. The deformation of a material body B. 


By the deformation gradient and the displacement gradient we mean the tensor fields 
F = Vx and Vu, respectively. By Equation 3.1.1, we obtain 


Vu=F-1 (3.1.3) 
We now introduce the notion of strain. A finite strain tensor D is defined by 
1 vi 

D= 5 (FF — 1) (3.1.4) 

Using Equations 3.1.3 and 3.1.4, we express D in an alternative form 
1 £ 

D=E+ one Vu (3.1.5) 

where 


1 Be 
E= 5 (Vu+ Vu’) = Vu (3.1.6) 


The tensor E is called the infinitesimal strain tensor of linear elasticity. If the field « = |Vu| 
is small in the sense that €? can be ignored in comparison with € then the finite strain tensor 
D and the infinitesimal strain tensor E coincide. 


Example 3.1.1 


Express in index notation tensors D and E. 


Solution 


By Equations 3.1.3 and 3.1.4 we obtain 


1 
(Fi.Fg — 5y) = 5 (FF — 8y) 


[ (Sx: F Uki) (54; + Ux) = 3jj| = (ui; + Uji UkiUk,j) 


2 


| 
Oe ett Oe Bit Doe ite 


= 5 (uj; + ys tujue;) (a) 
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Also, for E; we obtain 


Example 3.1.2 
Show that if 


K(X) = Yo + Q(X — Xo) 


where Xo and y, are fixed points of £* and Q is an orthogonal constant tensor then 


D=0 
and 
1 T 
E= > (Q+Q)-1 
Solution 
Since F = Vx, by (a) we get 
F=Q 


In index notation 

Ki = (Yo)i + QiplXp — (Ko)p] 
Hence 

Fig = Kj = Qi dy = Qj 
which means (d). Also, by Equations 3.1.3 and (d) 
Vu=Q-1 

Therefore, by Equations 3.1.1, (g) and (a) 

u= y, — Xo + Vu(x — Xo) 


and by Equation 3.1.4 


1 
D= 


= 5 Q’Q-1)=0 


since Q is orthogonal. This ends the proof of (b). 
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To prove (c) we compute E 


1 T 1 T 1 i F 
E=5 Wut vu) = 5 1Q-)+@Q SMS Se Qa 4 j) 


This ends the proof of (c). 


Remark 3.1.1: In Example 3.1.2, the deformation « represents a finite rigid deformation 
because the finite strain tensor D for this deformation vanishes. 


Example 3.1.3 


Show that if « is the deformation given by (a) in Example 3.1.2 and E is an infinitesimal 
strain tensor then 


1 


Solution 


By Equation 3.1.5 
1 T 
D=E+ 3 vu Vu (b) 


On the other hand, for the deformation « defined by (a), as shown in Example 3.1.2 (b), 
D = 0. Therefore, Equation (b) with LHS = 0 implies (a). 


From Examples 3.1.2 and 3.1.3 and from the definition of x, it follows that in a rigid 
deformation the infinitesimal strain tensor vanishes if ¢ = |Vu|* is ignored as being small 
in comparison to « = |Vul. Writing Equation (a) in terms of the symbol O(€”), where 
O(e?) /e? is bounded as € — 0, we get 


Vu+ Vu’ = 0(e’) (3.1.7) 
that is, to within an error 0(€7), the tensor Vu, corresponding to the deformation « given by 
(a) in Example 3.1.3, is skew. For this reason, we define an infinitesimal rigid displacement 
as a field of the form 


u(X) = Up + W(x — Xp) (3.1.8) 


where Uo, Xp are constant vectors and W is a skew constant tensor. 
In a general deformation x, the volume change dV is defined by 


5V =Vp—Vp (3.1.9) 
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where 


we J dv and Vp= f dv (3.1.10) 


(B) B 


which means that Vr represents the volume of the reference configuration and Vp the 
volume of the deformed configuration. Since 


Vee f dy = f det(vee) dv (3.1.11) 
<B) B 
and 
Ve =F (3.1.12) 
hence 
8V = f(detF) ~1]dv (3.1.13) 
3 
Example 3.1.4 
Show that 


(a) detF = det(1 + Vu) = 1 + tr Vu + O(e?) 
(b) detF — 1 = divu+ O(e’). 


Solution 


Using Equation 3.1.3 we obtain 


1+ uy) Uj 2 U,3 
det F = det(1 + Vu) = Uo) 1 + Uy 2 U2 3 (a) 
U3 1 U3 1 +U33 
Expanding this determinant we obtain 
detF = 1+ ux, + O(e7) (b) 


which proves (a). Also this proves (b). 


This example and Equation 3.1.13 show that the volume change per unit volume is equal 
to the divergence of u if the term 0(€7) is neglected. For this reason we call 5V given by 


sV = {diva dv (3.1.14) 
B 


the infinitesimal volume change. 


80 The Mathematical Theory of Elasticity, Second Edition 


3.1.2 INFINITESIMAL STRAIN FIELD 


In the previous section, we defined the infinitesimal strain field E by the equation, see 
Equation 3.1.6, 


1 
E= 5 (Vu+ Vu’) (3.1.15) 


This equation relating E to u is also called the strain—displacement relation. Note that 
Vu=E+W (3.1.16) 


where 
1 
W= 5 (Vu — Vu’) (3.1.17) 


The tensor W is the skew part of Vu and is called the infinitesimal rotation tensor. With the 
tensor field W is associated the infinitesimal rotation vector w, the so called axial vector of 
W, defined by 


1 
o= 5 cura (3.1.18) 


Example 3.1.5 


Show that for any vector a 
Wa=oxa (a) 


Solution 


By Equations 3.1.17 and 3.1.18 written in components we get 
1 
Wi; = > (Ui, — Uzi) (b) 


1 
w= oy Eijk Uk, j (c) 


Equation (a) written in components takes the form 
Wjaj = € jkj Ok Aj (d) 


Computing LHS and RHS of (d) by using (b) and (c) we receive 


1 
(LHS), = Wyay = > (Ui — Ya, ©) 
1 1 
(RHS); = 7 Sik EkpqUapty = ~ 5 ExiEkpq Uap 
1 
Ss (3jp8jq — SigSpj)Ug,p3j = a (u;; — U,i)a; f) 


Hence (LHS), = (RHS), and the relation (a) has been proved. 
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While discussing the volume change in an infinitesimal deformation x, we have intro- 
duced the notion of the infinitesimal volume change, and we have proved that the volume 
change per unit volume is equal to div u. The field 


divu=trE (3.1.19) 


is called the dilatation. By Equation 3.1.14 the infinitesimal volume change 6 v(P) of a part 
P of B is defined in terms of u by 


5u(P) = | divudu= [u-nda (3.1.20) 
P 


oP 


If the deformation is not accompanied by a change of volume, that is, if du(P) = O for 
every P, the displacement u is called isochoric. Since 


bu(P) = | divu du= {wk dv (3.1.21) 
P P 


we see then that du(P) = 0 if and only if trE = 0 as P is an arbitrary part of B. 
In Section 3.1.1, we introduced the definition of an infinitesimal rigid displacement field 
u by the formula 3.1.8 


u(X) = Up + W(x — xp) (3.1.22) 
where 
Up is a vector 


Xo is a position vector 
W is askew constant tensor 


In the following we give an example describing properties of a rigid displacement. 


Example 3.1.6 


Show that a displacement u is a rigid displacement field if and only if the strain field E 
corresponding to u vanishes on B. 


Solution 


First we prove that if u is a rigid displacement then E=0. 
If u(x) is a rigid displacement then by Equation 3.1.22 for any two position vectors x 
and y 


u(x) — u(y) = W(x — y) (a) 
Multiplying this by (x — y) in the sense of inner product we obtain 


(x — y) - [U(x) — u(y)] = (k — y) - [W(x —y)] = W- [x —y) @ (k—y)] =0 (b) 


82 


The Mathematical Theory of Elasticity, Second Edition 


since (x — y) @ (x—y) is a symmetric tensor and W is a skew tensor (see Example 2.1.5). 
Differentiating (b) with respect to x we obtain 


(Vu')(x — y) + u(x) — u(y) = 0 (c) 


To get (c) from (b) we can also write (b) and (c) in components. Thus, (b) in components 
reads 


(x; — yi)[ui(x) — ui(y)] = 0 (d) 
Differentiating this with respect to x, we obtain 
Snlui(x) — ui(y)] + 0%; = Yi)Ui«O) = 0 (e) 
or 
Ux(X) — Ux(y) + UL (x) — yi) = 0 (f) 


This result is precisely (c) written in components. Finally, differentiating (c) with respect 
to y and then letting y = x, we get 


—Vu! (x) — Vu(x) = 0 (g) 
which means that E = 0. This proves the first part of the statement in the example. 


To prove that if E = 0 then u is a rigid displacement field, we observe that the 
condition E = 0 is equivalent to 


Vu=—Vu' (h) 
In components 
Teen (i) 
From this it follows that 
Uj, jk = Yikj = Uk, = Uk ji = Ujki = Ujik = Ui, jk (j) 
Thus 
Uj jk = 0 (k) 
Solving this equation we find that 
uj = UP + ALXE (I) 


where u? and A% are a constant vector and a constant tensor, respectively. Differentiating 
(/) with respect to xj we obtain 


Uj; — Ai 5k => Aj (m) 
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so (!) can be written in the form 

uj = uP + U; x (n) 
or, in direct notation 

u =u’ + (Vu)x (0) 
Since by (h) Vu is a skew tensor, there exists an axial vector w such that 

(Vula=wxa (p) 


for every vector a [see formula (a) in Example 3.1.5]. Using (p) we can write (0) in 
the form 


u=u°+@xx (q) 


Since u® represents a rigid translation and w x x represents a rigid rotation about the 
axis of w, the displacement u is a rigid displacement field. 
This ends the second part of the solution of Example 3.1.6. 


From this example follows the theorem called Kirchhoff’s Theorem. 
Kirchhoff’s Theorem. If two displacement fields u, and u, correspond to the same strain 
field E then 
u; -w=w (3.1.23) 


where w is a rigid displacement field. The proof follows from the fact that u; — uy corre- 
sponds to the zero infinitesimal strain. Thus, from Example 3.1.6, it follows that u; — up is 
a rigid displacement. 


If A is an arbitrary constant tensor and Ug and Xp are a constant vector and a position 
vector, respectively, then a displacement field of the form 


u(X) = Up + A(X — Xo) (3.1.24) 


is called a homogeneous displacement field. Clearly, if A is skew, 3.1.24 represents a rigid 
displacement. For an arbitrary A an interpretation of 3.1.24 is illustrated by the following 
example. 


Example 3.1.7 


Show that for an arbitrary constant tensor A the displacement u given by 3.1.24 takes 
the form 


u(x) = u; (Xx) + Up (Xx) (a) 


where 
u; (x) is a rigid displacement field 
u(x) is a displacement field corresponding to the strain field E= symA 
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Solution 


We express A as the sum of a skew part and a symmetric part 


A=skwA+symA (b) 
or, in index notation 
Aj = Ain + Aw (c) 
where 
1 
Aug = 5 Ay — Ay) (d) 
and 
1 
Ay = 5 Ag tAy) (e) 


So the formula 3.1.24 can be written in the index notation as 


uj(x) = Uj? (x) + U(x) (f) 
where 
U;)(X) = (Uo): + Au lX; — (X0)/] (8) 
and 
Uy? (x) = A@ly — %o)j] (h) 


By differentiating (f) with respect to x, we obtain 
Usk = Apa die + Aad = Aik (i) 
Taking the symmetric part of both sides of (i) we write 
Yin = Aga ) 


By the definition, a displacement field u corresponding to the strain field E satisfies 
the strain—displacement relation 


i,k) = Fix (k) 
So by (h) we get 
u(x) = Ejlx; — (X0))] (I) 
Now, from (f) it follows that if we put 


u(x) =ui(x) and u(x) = u(x) (m) 
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we obtain (a) since by (g) u(x) represents a rigid displacement field, and by (/) u® (x) 
represents a displacement field corresponding to E = symA. 


The displacement field u.(x) in Example 3.1.7 is called a pure strain E from Xo. So 
formula (a) asserts that an arbitrary homogeneous displacement field is a sum of a rigid 
displacement field and a displacement field corresponding to pure strain from a position 
vector Xo. We note that a pure strain E is a3 x 3 constant matrix that can be presented as 
a sum of simpler matrices that have a direct physical interpretation. This will be explained 
by the introduction of the following definitions. Let 


Po(x) = X — Xo (3.1.25) 


A simple extension of magnitude e in the direction of a unit vector n is represented by the 
formulas 


u=e(n-po)n (3.1.26) 
E=en@n (3.1.27) 


A uniform dilatation of magnitude e is given by the formulas 


u=e Po (3.1.28) 

E=el (3.1.29) 
In this case, see Equation 3.1.19, 

trE = 3e (3.1.30) 


A simple shear of magnitude g with respect to perpendicular unit vectors m and n is 
represented by 


u = gl(m- po)n+ (N- po)m] (3.1.31) 
E= gim@n+n@m] (3.1.32) 


Note that in these definitions E is a strain field corresponding to a displacement field u, 
that is, 


EK = sym Vu (3.1.33) 


In the case when n = (1,0,0) for a simple extension the tensor E referred to the 
orthonormal basis {n, e2, 3} is given by the matrix 


E= 


oon 


0 0 
0 0 (3.1.34) 
0 0 
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while the corresponding displacement u given in components is 
uy, = e(x, —x%) 
Ung = Wy = 0, le = (Xo): | (3.1.35) 


Thus, uv; = u,(x,) represents a linear function of x, that increases (decreases) with increasing 
(decreasing) difference x; — oe 

Similarly, for the uniform dilatation the strain tensor E is represented by a diagonal matrix 
with nonvanishing components e while the associated displacement u is proportional to the 
difference x — Xp. Therefore, u increases with a distance from Xp. In this case 


e 0 0 
E=/0 e 0O (3.1.36) 
0 0 e 


Finally, in the simple shear the matrix E referred to the orthonormal basis {m, n, e3} takes 
the form 


0 g 0 
E=|/¢g 0 0 (3.1.37) 
0 0 0 


(m = e;, N= e). 
To show this we write Equation 3.1.32 in components 


and obtain 
Ey, = g(mn, +nm,) = g1-0+0-1)=0 
Ey. = g(mn. + mm) = g1-1+0-0)=¢2 
Ey = g(mn3 +nym3) = g1-04+0-0)=0 (3.1.39) 
Ex, = g(mn,; +nrm,) = g0-0+1-lh=g 
Eo; = Ex, = Ex. = E33 = 0 


The components of displacement u associated with E are given by 


uy = gl(Po)1 -9+ (Po)2- I] =8 (x2 _ 5} 
uz = gl(Po)1 - 1 + (Po)2 - 0] = g (x1 — x4) (3.1.40) 
uz = g[(Po)1 -9+ (Po)2 - 0] = 0 


We may observe that uj, and ud increase with the increase of x2 =i. and xi, rae respectivel 5 
2 1 
and the displacement u vanishes when x = Xo. 


Example 3.1.8 


Show that for a simple extension, a uniform dilatation, and a simple shear, the relative 
volume change 5v(B)/v(B) of a body B is, respectively, e, 3e, and 0. 
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Solution 
Since 6u(B)/v(B) is equal to trE, by Equations 3.1.34, 3.1.36, and 3.1.37 
(a) trE=e for the simple extension 


a 
(b) tt E = 3e for the uniform dilatation 
(c)trE=0 for the simple shear 


then the solution is received. 


The relative volume change 6v(B)/v(B) in Example 3.1.8 is computed for a constant 
strain field E associated with a homogeneous displacement field. In the case when E is a 
function of x the relative volume change is 


508) Bp) (3.1.41) 
u(B) 
where 
Zs 1 
EB) = ie dv (3.1.42) 


is called the mean strain. 
Example 3.1.9 
A homogeneous displacement field u is given by (see Equation 3.1.24) 
u = Ax (a) 
where A is a second-order constant tensor. Show that 
(i) u corresponds to a pure deformation if and only if 
skwA=0 (b) 
(ii) u corresponds to a pure rotation if and only if 
symA = 0 (Cc) 
Also, find the form of the rotation vector w. 


Solution 


From (a) follows 


Hence 


1 
E= 5 (Vu+ Vu’) =symA (e) 
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W= ; (Vu — Vu’) =skwA (f) 


(i) We need to prove that (aa) if u corresponds to a pure deformation then skw A=0 
and (bb) if skw A = 0 then u corresponds to a pure deformation. 
In (aa) u corresponds to the symmetric part of Vu. Hence, by (d) skkwA=0. 
In (bb) skw A=0, thus, by (d) u is such that sym Vu = symA=E represents a pure 
deformation. 
(ii) The proof follows along similar lines to the proof of (i). To find the rotation vector w 
we compute curl u. In components, since sym A = 0, by (a) 


Uj = Ax 8) 
Hence, 
(curl U); = €jpqUa,p = €ipgAtqiXjp 
= €pgA tqiSip = EipgA tap ) 
and 
1 1 
Qj = > (curl u); = 7 €ipgA gp w 
or 
@ = We; (j) 
where 
1 
O=5 (Azz — Az3) = Apa) 
1 
=F (Ai3 — Az) = Ang] 
1 
O3= 5 (An — Ai2) = Api tk) 


Example 3.1.10 


Let Eand W denote the infinitesimal strain field and the rotation tensor field, respectively, 
corresponding to a displacement field u on B. Show that 


(i) (1+E)'=1-E 


(ii) (1+W)'=1-—W 
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Solution 


(i) We expand LHS of (i) into a power series and obtain 


(1+) ' =) 0(-1)"E if |E| <1 (a) 


n=0 


For infinitesimal strains E the terms O(e”), where « = |Vu| and n> 2, are small in 
comparison to the term 1 + O(e). Therefore, retaining the first two terms on the RHS 
of this series, we arrive at (i). 

(ii) This part is proved in a similar way to that of (i), since the infinitesimal tensor fields 
E and W are of the same order of magnitude. 


Example 3.1.11 


Given a small displacement 


u=L"' [xe + x3e2 + xje3| (a) 


where L has the dimension of length. Calculate the strain tensor E, the rotation tensor 
W, and the rotation vector w. 


Solution 


We rewrite (a) in the form 
u=L'xfe, (b) 


Hence, multiplying (b) by e; in the dot sense, we get 


epee bem (c) 
Differentiating (c) we obtain 
Up SOE 
Uy9 = 2L7'x, (d) 


U33 = 2L-'x; 


Therefore, 
XxX 0) 0) 
Vu=21'|0 x O (e) 
0 O x; 


Note that Vu is a diagonal tensor, thus 


E= Vu (f) 
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and 
1 T 
Wea va (g) 


To compute w we use the formula 


1 
=x | h 
o= 5 curlu (h) 
In components, 
1 
oO; = 7 Eijk Uk, j (i) 
or 
1 
wo, = 2 (U3. — U3) = 0 
1 : 
a) = 2 (U4,3 — U31) =0 (j) 
1 
a3 = 5 (U2; — U2) =0 


Therefore, the displacement (a) corresponds to a deformation that is free from 
rotation. 


Any infinitesimal strain tensor E can be expressed as a sum of a spherical tensor E 
and a deviatoric tensor E, called the deviator, in the form 


E=E° +E® (3.1.43) 
where 
E® = ; 1(trE) (3.1.44) 
From this definition it follows that 
cE? 0 (3.1.45) 


Referring to a simple shear, see Equation 3.1.37 and Example 3.1.8 part (c), we note 
that a simple shear of magnitude g is represented by a deviatoric strain tensor given by 
Equation 3.1.37. 

Also, a uniform dilatation, discussed in Example 3.1.8 part (b), is represented by a 
spherical tensor given by Equation 3.1.36. 
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Example 3.1.12 


Let /,, /,, and /; denote the first, the second, and the third invariant, respectively, of the 
infinitesimal strain tensor E. Thus, [see Example 2.1.10 (b), (c), and (d)] 


I, =trE (a) 
L= ; [(trE)? — tr(E*)] (b) 
I; = detE (c) 


Let 1, 1°, I be the first, the second, and the third invariant of E“, respectively. 
Show that 


(i) 1 =0 
(ii) L? = —4 tree)? 
(ii) SM = + tre)? 
Solution 
(i) The result follows directly from the definition of E®, since trE® = 0. 
(ii) 1? = t [(trE)? — tr(E)"]. Hence, by (i) we obtain (ii). 
(iii) First, we show that the determinant of any tensor A can be expressed as 
1 
detA = 6 €ijkEpqrAipAjgAkr 
1 
=e [(tr A)? + 2 tr A? — 3(trA’) tr A] (d) 


To show (d), we note that by Example 2.1.1, we get 


ay an a3 
b; by b; = EnqidpD gC, (e) 
Cy Co C3 


Hence, letting ap = Aip, bg = Ajq, Cr = Aur Li, j, k fixed indices in (e)], we obtain 


A il A i2 A 3 
An Aa Ajs| = €pqrAipAjgAer (f) 
Ang Arp Ais 


Expansion of the determinant on the LHS of (f) yields 
EpqrAipAjqgAkr = Ain (ApAw — AwAjs) + Ai2(ApAm — AjpArs) 
+ Ais (AjAre or Ag Aj) (g) 
Now 
€ Ain (ApAis = ApAj) = €jKAnApAbs or €ig An ABA 
= 2€ 1 AnApArs: (h) 
5A in (AjAn = AjAts) = €KgAM AA + EiKApAnAks 
= 2€jRAnADA; (i) 
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and 


jis (Aj Ar va AgAj) = Ej ApARAs + EKA ApAis 


= 2EjAnApArs (j) 
Hence, multiplying (f) by €;, we obtain 
Ek EpqrAipAjqAkr = 6€jKAnApAw = 6detA (k) 
where 
Au Ai Ar 
A=]Axn An Ary (I) 
A31 A32 A33 
The relation 
Ej AnApArg = detA (m) 
follows from (e) in which 
a=An b=An CG =Aa (n) 


This ends the proof of the first equality in (d). 
To prove the second equality of (d), we note from (k) that by Equation 2.1.12 


1 Sip Sig Sir 
detA = 6 Sip Sig Sir AipAjqAw (0) 
Skp 8kq Skr 


By expanding, this equals to 
1 
6 {Sip GiqSkr _ 5irSkq) 7 Sig (SjSkp x SipSkr) + Sir (SjpSkq _ Siqdkp JAipAjqgA kr 


1 
= 6 {AppA qa Aki e AppArgAqr at: AgpArgA pr = AgpApgA 


+ AA paAar = ApAagApr} 
1 
=e {(tr A)? + 2 tr(A’) — 3(trA)(trA’)} (p) 


This ends the proof of the second equality of (d). Now, the proof of (iii) is obtained by 
letting A = E® in (d) and by observing that trE = 0. 


3.1.3. COMPATIBILITY 


The strain—displacement relation, see Equation 3.1.15, 


1 
E= 5 (Vu+ Vu’) onB (3.1.46) 
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can be viewed as a system of linear first-order partial differential equations for the displace- 
ment u if E is a prescribed symmetric tensor field on B. Since Equation 3.1.46 represents six 
scalar equations for the three components of u, the system 3.1.46 is to have a solution u if 
some restrictions are imposed on E. These restrictions, called the compatibility conditions 
on E, are necessary for the existence of a displacement field u. To obtain these conditions, 
we apply the operator curl curl to both sides of Equation 3.1.46 and arrive at 


curlculE=0 onB (3.1.47) 


Proof of relation 3.1.47 in components goes as follows. By the definition of curl of a 
second-order symmetric tensor E, we have 


Aj = (curlE)j = €iaE jp (3.1.48) 
Hence, by Equation 3.1.46 and since 
EjabUj.ba = 0) (3.1.49) 


because €;q, is Skew and uj, is Symmetric with respect to a and b, we have 


I 1 
Aj = 5 €iab Uj,ba + Up, ja) = 5 Siablo, ja (3.1.50) 


Next, applying the operator curl to A, because of Equation 3.1.50 we obtain 


1 
(curl A)i = Linn iin = 2 Eimn€jabUb,anm = 0 (3.1.51) 
since 
€imnUb,anm = 0 (3.1.52) 
This completes the proof of Equation 3.1.47. 


We state the following theorem: 


Theorem: If uis a displacement field corresponding to a strain field E, that is, if the strain— 
displacement relation 3.1.46 is satisfied, then E satisfies the equations of compatibility 
3.1.47. Conversely, let B be simply connected and let E be a symmetric tensor field that 
satisfies the equation of compatibility 3.1.47. Then there exists a displacement field u on B 
such that E and u satisfy the strain—displacement relation 3.1.46. 7 


Proof of the first part of the theorem has already been given (see the implication Equa- 
tion 3.1.46 = Equation 3.1.47). To prove the existence of u corresponding to E subject to 
the compatibility conditions 3.1.47, it is sufficient to show that 
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(i) The vector field u given by the line integral (this formula is based on Ref. [1]; see 
also discussion in Ref. [2]) 


u(x) = | Uty,x) dy (3.1.53) 
a) 
where 
Ui(y, x) = Ey(y) + Ox — ye Evuly) — EgiQy)] (3.1.54) 


satisfies the strain—displacement relation 3.1.46 
(ii) The line integral 3.1.53 is independent of the path in B from Xp to x. 


To show (1) we rewrite Equation 3.1.53 in components and obtain 
ui(x) = | Unply.x) dyp (3.1.55) 
x0 
Hence, we get 
U,j(®) = E(x) + J dylEipx(y) — Expal)1 dyp 


x0 


= Ey(x) + J (Ep,(¥) — Epi] ayy (3.1.56) 


x0 
Taking the symmetric part of both sides of this equation, in view of the identity 
Evin.) — Evin.) = ; (Ein, + Ejp,i — Ein — Eip.j) = 0 (3.1.57) 
we atrive at 
uij =E; onB (3.1.58) 
To prove (ii) it is sufficient to show that 
Udy = dV(y) (3.1.59) 
or 
Uj; dy; = Vij dy; (3.1.60) 


which means that the expression under the integral sign in Equation 3.1.53 is a total 
differential. Since 


Vik = Ving (3.1.61) 
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then Uj; satisfies the relation 
U, i,k = U, ik,j 
Changing indices, we write 
U, ij, = U, il,j 
Using the definition of U;;, see Equation 3.1.54, from Equation 3.1.63, we have 
[Ej + (Xe — Ye) (Eije — Eg] = (Eu + Oe — Ye) Ene — Eni); 
This relation is equivalent to 


Ey a Sa (Ein = Ey) + (&% — Ye) (Ej = Exit) 
= Ei, a bx (Einx Sg) te =) (Eng = Exajj) 


Hence 
(x_ — yx) (Ey + Eng — Engg — Eg = 9 
Since the compatibility condition 
curl curlE = 0 
is equivalent to 
Ex + Ena — Egy — Ey = 9 


we find that the line integral 3.1.53 is independent of the path. 


The proof of equivalence of Equations 3.1.67 and 3.1.68 is given in Example 3.1.13. 


Example 3.1.13 
Show that six compatibility equations 
curlcurlE =O OF  €imn€abEnb,am = 0 
are equivalent to 81 equations of the form 
Exe + Esa — Ej — Een =O i, j,k, m,n = 1, 2,3) 


Solution 


95 


(3.1.62) 


(3.1.63) 


(3.1.64) 


(3.1.65) 


(3.1.66) 


(3.1.67) 


(3.1.68) 


(b) 


The solution is based upon selection of particular sets of indices in (a) and (b), and on 
using the symmetry of tensor E, as well as on equality of mixed derivatives. For example, 


letting / = j = 1 in (a) we have 
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E1mn€1abEnb,am = €12n€1abEnb,a2 ay €13n€1abEnb,a3 
= €1abE3b,22 _ E1abE 2b 23 = €12bE3b,22 =e €13bE3b,32 
> €12bE2b,23 = €13pE 26,33 
= F339 — E3232 — Eo3,23 + F233 = O (c) 
or 


£33 99 + Eo233 = 263232 (d) 


Also, letting i = j = 2 and k =/ = 3 in (b) we arrive at (d). 

In this manner we show that for a choice of indices 1, 2, 3 in (b) we obtain an 
equation contained in the set of six equations (a). Note that the complete set of six 
equations takes the form: 


Fii22 + Foo = 262,12 

£4933 + E3302 = 263,03 

E3341 + E1133 = 231,31 

Fii23 + Fo3.1 = Fi2a3 + Fis,12 

F931 + E5122 = F321 + Fars 

£3342 + E1233 = £3132 + E3231 (e) 


In the case when the strain tensor components are independent of x; and, in addition, 
E43, E>3, and £33, are constants, the six compatibility conditions reduce to the single equation 


Eyia2 + Ex 11 = 2E 2,12 (3.1.69) 


which corresponds to a plane strain in a body. 
Example 3.1.14 


We want strains in a body to be described by a tensor field 


a(xi+x3) bxix. 0 
E= Dx1X> CX1X2 0) (a) 


0 0 0 


where a, b, and c are constants. 
Find the relations between a, b, and c for which E is an admissible strain. 


Solution 


The only compatibility condition to be satisfied takes the form 


E4422 + Foo = 2F42,12 (b) 
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In our case we obtain 
2a=2b or a=b (c) 


We see then that tensor E represents a possible strain as long as a = b, and c is an 
arbitrary constant. 


Example 3.1.15 
Show that the compatibility condition 3.1.47 can be written in the equivalent form 
VE + VV(trE) —2V(divE) = 0 (a) 


Solution 


We use the identity [see Problem 2.12 (m)] 
curl curlE = —V2E — VV(trE) + 2V(divE) + [V?(trE) — div div E]1 (b) 
Also, observe that 
tr [V2E+ VV(trE) — 2V divE] = 2[V2(trE) — divdivE] (C) 
Note that Equation 3.1.47, by virtue of (b), takes the form 
VE + VV(trE) —2V(divE) = [V2(trE) — div div E]1 (d) 
Taking trace of (d) and using (c) yields 
2[V? (tr E) — divdivE] = 3[V’(trE) — divdiv E] (e) 
Hence, 
V’(trE) — divdivE = 0 f) 


This together with (d) implies that the compatibility condition 3.1.47 is equivalent 
to (a). 


3.2, MOTION AND EQUILIBRIUM 


3.2.1 BALANCE OF MOMENTUM: STRESS TENSOR 


Let us introduce a number of definitions that will be needed to describe motion and 
equilibrium of an elastic body B. We define the mass of any part P of B by 


m= Jp dv (3.2.1) 
P 


where p is the density of the body, p = p(x) > 0. 
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A motion of the body is described by a vector field u = 
u(x, ¢) that represents the displacement of x at time f. With u 
we associate the velocity u, acceleration U, strain E, and strain 
rate E, 

By a linear momentum of P we mean the integral 


FIGURE 3.2 The stress ; 
vector S, at a point x of g(P) = fap du (3.2.2) 


the surface S. P 


By a moment of momentum, or angular momentum, of P about the origin x = 0 we mean 
the integral 


h(P) = fx x up dv (3.2.3) 


P 


We assume that two types of forces, both depending on x and f¢, act on the body: body forces 
and surface forces. The body force b = b(x, f) is the force per unit volume exerted on x by 
external agents for any t > 0. To define the surface force we introduce a surface S in B with 
unit normal n, Figure 3.2. 

Let Ss, = S,(x, t) denote a force per unit area at x and for f > 0 exerted by a portion of B 
on the side of S toward which n points on a portion of B on the other side of S. The force 
Sn is called the stress vector at (x, t). The total force across S is then defined as the integral 


J s, da (3.2.4) 


S 


and the total moment of force across S is defined as 


fx x s, da (3.2.5) 


S 
If x is a point on the boundary 0B of body B and n = n(x) is the outward unit normal to 


OB then s, is called the surface traction. 
The total force acting on P is defined by 


f(P) = [s da+ fb dv (3.2.6) 
P 


oP 


and the total moment of force acting on P is defined by 


m(P) = |x xs, da+ [xx bdv (3.2.7) 
P 


oP 


We recall that P is an arbitrary portion of B, and dP is the bounding surface of P. 
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We now are in a position to define a dynamic process associated with the motion of B as 
an ordered array of functions [u, $,, b] that satisfies the conditions 


f(P) = g(P) (3.2.8) 
m(P) = h(P) (3.2.9) 


for every part P of B and every t > 0. 

Equation 3.2.8 represents the law of balance of linear momentum and Equation 3.2.9 
represents the balance of moment of momentum. Clearly, Equation 3.2.8 asserts that the 
linear momentum rate is the total force acting on P, and Equation 3.2.9 means that the rate 
of moment of momentum of P is equal to the total moment of force acting on P. From 
Equations 3.2.2 and 3.2.3, and Equations 3.2.6 and 3.2.7, as well as Equations 3.2.8 and 
3.2.9, we obtain 


fs da+ fb du= { tp dv (3.2.10) 
aP P P 
[xx sada+ [xxbdu= [xx tip dv (3.2.11) 
aP P P 


It can be shown that the vector s, in Equations 3.2.10 and 3.2.11 is generated by a second- 
order tensor field S through the formula 


Sn (x, t) = S(x, n(x) (3.2.12) 


This second-order tensor S is called the stress tensor. To prove this we consider a small 
tetrahedron P,, with height h, Figure 3.3, cut out from body B. The origin of the coordinate 
system (x), X2,x3) is at x. Vector n is the unit outward vector perpendicular to the plane 
123. To find the stress vector s, on the plane 123 we write down the equilibrium equations 
for the forces acting on the tetrahedron. Denote the area of the triangle 123 by A;,. Then 
the areas of the triangles x12, x23, and x31 are, respectively, equal to Az = Ann3, Ay =Anm, 


v2 


FIGURE 3.3 The tetrahedron subject to the stress vector s,. 
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and A, =Ajn. The resultant force on dP, is to vanish as h > 0, which is equivalent to the 
condition that 


1 ren 
q, J da 0. ash —> 0 (3.2.13) 


OPh 
where S, is the stress vector on 0P,,. This is equivalent to 
1 oe. me me 
Zz Js dat |e da da |i da| +0 ash>0 (3.2.14) 
h 1 2 3 


where $}, 8», and ‘$3 are the stress vectors on Aj, A>, and A3. Now, 


1 
— ic da — S,(x) ash—>0O (3.2.15) 
An 5 


Similarly, 


er pe 
aJ5 da —> —(n-e,) s(e) ash—> 0 


Al 
— | Sida —(n-e,) s(x) ash 0 (3.2.16) 
1 ¢. 
— ic da — —(n-e3) s(e3) ash—>0O 
A; 
A3 
where s, = s(n) represents the stress vector on a surface with normal n. In particular, s(e,) 
is the stress vector on the surface with normal e,;. Hence, from Equations 3.2.14 through 
3.2.16 as h — O, we find 
Sn = (n- e;)s(e;) (3.2.17) 


where summation over i is observed. Now, since for any three vectors a, b, and ec we have 
the identity 


(a-b)c=(c@b)a (3.2.18) 
therefore, letting 


a=n, b=e, c=s(e,) (3.2.19) 


we reduce 3.2.17 to the form 


S, = Sn (3.2.20) 
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where S is the second-order tensor defined by 
S = s(e;) ® e; (3.2.21) 


This completes the proof of the formula 3.2.12. Note that in this proof we let b = 0. If b is 
not zero a similar proof leading to Equation 3.2.20 may be given, as the terms involving b 
in the equilibrium equations tend to zero when h goes to zero. 


Example 3.2.1 


Given the stress tensor S at a given point A 


and a plane z described by the equation 
Xy +X. —X3 = 1 
Find 
(i) The stress vector s on a plane through A parallel to the plane 
(ii) The magnitude of s 


) 
(iii) The angle w between s and the normal to the plane 
(iv) The normal and tangent components of the stress vector s 


Solution 


(i) The normal unit vector n to plane x; + x. — x3; = 1 is 
n= - (e; + e, — e;). Using the relation 


s=Sn (b) 
we obtain 
1 
5; ea fe 
Sop =]1 2 = 1 — (c) 
S3 1 0) v3 
AB 
Hence, 
1 2 4 
SS Sp SS (d) 
1 V3 2 3 3 3 
Therefore, 


1 
s= 3 (e, + 2e, + 4e;) (e) 
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(ii) The magnitude of s is 


T+44+16 
is| = a a7 


(iii) To calculate the angle between s and n we compute s - n and write 


Hence the angle 6 between s and n is given by 


s-n 1 


~ |siinl 34/7 


and @ = 97.24°. This means that the component of s along n has the opposite sense 
to that of n; this fact also follows from (g). 
(iv) The normal component s, of s along n is 


cos 6 (h) 


1 
s.= (§-n)n=—>n (i) 
with 
(Sn)i = ane (Sn)2 = a (Sn)3 = aoe (j) 
3/3 3V3 3/3 
The tangent component of s is obtained from the formula 
T=nx(sxn) (k) 
Hence we obtain 
r= 5 alte; +7e, +118) I) 


This completes the solution (Figure 3.4). 


Equation 3.2.20 plays a significant role in obtaining a local form of the dynamic equi- 
librium equation. To find this equation we substitute Equation 3.2.20 into Equation 3.2.10 
and write 


{ Sn da+ fb dv = {tip dv (3:3°22) 
aP P 


P 


n 
Plane 7 


n 


FIGURE 3.4 Decomposition of the vector s. 
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hence, using the divergence theorem, we find 


{divs du+ fb dv= { tp dv (3.2.23) 
P P P 


Since P is an arbitrary portion of B, this implies the local form of the equation of motion 
divS+ b= pu (3.2.24) 


In the following we prove that the stress tensor S is symmetric. To this end we write 
Equation 3.2.11 in the form 


[xx Snda+ [xx bdv= [xx iipdo (3.2.25) 
aP P P 

Also, we note that 
[xx Snda = |x x divS du+2 {odo (3.2.26) 
ap P P 


where @ is the axial vector corresponding to the skew part of S. In components 


1 1 
oj; == € ijk Skj => ~ 5 


5 €ikj Skj (3.2.27) 


Hence, from Equations 3.2.25 and 3.2.26 we obtain 


2 {0 dv+ {xx WivS +b — pii)dv=0 (3.2.28) 
P P 


From Equations 3.2.24 and 3.2.28 follows 


fo dv=0 (3.2.29) 


P 


Since P is an arbitrary portion of B, 
o =0 (3.2.30) 
This relation together with the definition of o implies that 
S=s' (3.2.31) 
In particular, writing condition 3.2.30 in components for i = 1 we have 
E154 = € 124912 + €13~513 = S32 — S23 = O (3.2.32) 
In a similar way we find 


Sx —Syp=0 and Sy; —S3; =0 (3.2.33) 
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We add to the listed properties of the stress tensor 
(Equations 3.2.12, 3.2.24, and 3.2.31) the Cauchy reciprocal 
relation 


Si =Se2n (3.2.34) 


FIGURE 3.5 The gra- 
phic representation of 
the Cauchy reciprocal 
relation. 


in which the meanings of s, and s_, follow from the defini- 
tion of the stress vector given previously. Relation 3.2.34 is 
interpreted graphically in Figure 3.5. 

Proof of the Cauchy reciprocal relation follows from 
Newton’s third law. 

Returning to the concept of the dynamic process defined as the array of functions 
[u,s,,b] and taking into account the properties of the stress tensor S we can define a 
dynamic process as an ordered array [u, S, b] in which the functions u, S, b are sufficiently 
smooth on B x [0, 00); Sis a symmetric tensor, S = S’; and u, S, and b satisfy the equation 
of motion 


divS +b = pii (3235) 


If the functions u, S, and b are independent of time, a dynamic process reduces to a static 
admissible state of the body B, also defined as the array of functions [u,S,b], for which 
the equation of equilibrium 


divS+b=0 (3.2.36) 


is satisfied. Clearly, for a symmetric stress tensor S a number of properties that hold true 
for any symmetric tensor can be listed. In particular, if S satisfies 


Sn = sn (3.2.37) 


where s is a scalar, then s is called a principal stress and the unit vector n is called a 
principal direction of stress. Since S is symmetric, there exist three mutually perpendicular 
directions, n;, No, and n;, and three corresponding principal stresses, S;, S2, and S3. 

In the case when b = 0 the equilibrium equation 3.2.36 is satisfied by any constant tensor 
S = So. Typical examples of constant stress tensor are (1) pure tension or compression, (ii) 
uniform pressure, and (iii) pure shear. 


(i) If S takes the form 
S=on@n (3.2.38) 
where o is a constant, S represents pure tension or compression. For 0 > 0 


(o < 0) we obtain tension (compression) of the body. For n = (1,0, 0) we obtain 


S= 


ooa,d 


0 0 
0 0 (3.2.39) 
0 0 


which corresponds to pure tension along the axis x, Figure 3.6. 
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FIGURE 3.6 Pure tension along axis x. 


(ii) If S takes the form 
S=-pl (3.2.40) 


where p is a positive constant, S represents uniform 
pressure. In this case 


FIGURE 3.7 Body —p 0 0 
under uniform _pres- S=|0 -p 0 (3.2.41) 
sure p. (0) (0) —p 


This situation is shown in Figure 3.7. 
(iii) If S takes the form 
S =2tsym (mM@n) =t(M@n+n@m) (3.2.42) 


where m and n are orthogonal unit vectors and Tt is a constant, S represents pure 
shear with shear stress t relative to the direction pair m, n. For m = (1, 0,0) and 
n = (0, 1,0), see Figure 3.8, we obtain 


0 
S=|t (3.2.43) 
0 


o.oo 
ooo 


Example 3.2.2 


Let ay and a; denote the normal and tangent components, respectively, of a vector a 
with respect to the plane 


Ax, + Bx, + Cx3 +D=0 (a) 


* 


| f 
Y Ts 


— 
FIGURE 3.8 Pure shear t in the x,x, plane. 
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Show that 
N\N 
ay (a wi) NI (b) 
ay =a—ay (c) 
where 
N = Ae, + Be, + Ce; (d) 
Solution 


The vector N given by (d) is normal to the plane described by (a). Hence 


jay| =a- iN] (e) 


and 


ay = lal X= (a SiN (f) 
ESN AS INE INI 


This completes the proof of (b). The result (c) is equivalent to the decomposition formula 


a=ay+ar, (g) 


and this completes the solution. 


Remark 3.2.1: Results of Example 3.2.2 can be used to obtain formula (1) of Example 
3.2.1 by an alternative method. 


Example 3.2.3 


The stress tensor S at a point A is given by 


1 0 2 
S=|]0 3 0 (a) 
2 0 °5 


Find the principal stresses and the principal stress directions at A. 


Solution 


The principal stresses and the principal stress directions obey the equation, see 
Equation 3.2.37, 


Sn—sn=0 (b) 
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in which s is the principal stress and n is the corresponding principal direction. Equation 
(b) in components takes the form 


(S; — $6,)n; = 0 (c) 


The nonzero principal stresses are obtained, therefore, from the equation 


Upon expansion of the determinant along the first row we arrive at 


(1 —s)(3 —s)(5—s)—2(2)3—s)=0 or B3-—s)(s? —65+1) =0 (e) 
The principal stresses are then 
$=3-2V2, s =3, s3:=3+2V2 (f) 
To determine the principal directions we write (c) in the expanded form: 
(S14, — 5)N, + Sy2N + $43n3 = O 
Soi + (So — 5)N2 + $23N3 = O (g) 
S31M1 + S322 + (S33 — 5)n3 = O 
In addition to (g) we recall that njn; = 1 or 
r+e+n= (h) 


To find the principal direction n = (n{”, n$, n$?) corresponding to s = s,; = 3 — 2V2 
we use (g) and (h) and have 


(1 —s,)n\? + 2n? =0 


(3 —s,)n$? =0 
(1) (1) (i 
2n,° +(5 —s,)n,’ =0 
en a =1 
Hence 
(1) () T= $1 a) (1) 1—s,\’ és ‘ 
n,’ =0, are ah nm =t)/1+ so (j) 
sO, 
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Next, for s = s) = 3, (g) and (h) result in 


—2n? +2n? =0 


2n? + 2n? =0 (I) 
n?? +n?” 4 n2? =e 
Hence, for s = s) = 3 
nm =0, nP =+1, n?=0 (m) 


1 


stare) ara 


It may be checked that n™, n®, and n® are mutually orthogonal. This is not an accident. 
Namely, the orthogonality property is contained in the spectral theorem for an arbitrary 
second-order symmetric tensor. We recall a part of this theorem. 


Theorem: If s,,52, and s3 are all different then n™, n®, and n® are mutually 
orthogonal. rT 


Proof. First, we show that vectors n™ and n®, which correspond to s, and s, are 
perpendicular. To this end we write the equations satisfied by n and n 


Sn — sn —0 (3.2.44) 
Sn® — son® =0 (3.2.45) 


Taking the scalar product of n® and Equation 3.2.44, and of n“ and Equation 3.2.45, and 
subtracting the results we obtain 


n® -Sn® —n® . Sn® = (5, — 5.)n - (3.2.46) 


Since S is symmetric, the left-hand side of Equation 3.2.46 vanishes, thus, from s; 4 s> it 
follows 


n? .n®? =0 (3.2.47) 
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This proves orthogonality of n and n®. In a similar way other orthogonality conditions 
can be proved. 


Example 3.2.4 
Given a unit vector £ find the stress vector s, for 
(i) A pure tension in the direction n 


(ii) A uniform pressure 
(iii) A pure shear 


Solution 
(i) Stress tensor S takes the form 
S=on@n (a) 
where o is a constant. Hence, for the stress vector in the £ direction we get 
s =S€=o(n@nl=oa(-n)n (b) 
The last equality in (b) comes from the fact that 


nin, = [n(é-n)], = [nn @ ne]; (c) 


If 2 and n are orthogonal, then s, = 0. If £ = n or £ = —n then from (b) s, = on or 
S; = —on, respectively. 
(ii) Stress tensor S is of the form 
S=-—pl (d) 
where p is a constant. So, the stress vector 
Ss, = —pe (e) 
(iii) Stress tensor S is of the form 


S=t(M@n+n@m) (f) 


where t is a constant and m and n are orthonormal vectors. Hence, 


s = tim @ne+ (n@ m/e] = r[(€- nym + (€- mn] (g) 
If £ lies in the plane spanned by the vectors m and n, and £ is perpendicular to m, 
then 
£=-+n (h) 
and 
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If £ lies in the plane spanned by the vectors m = (1,0,0) and 
n = (0, 1,0) and £= (m+n)/¥/2 then £-m = 1/V2, £-n = 1/2 


and 
T T . 
8p = 1, 0,0) 450, 1, ON = 1 1,0) (j) 
™ and 
FIGURE 3.9 Shear 
stress vector on the |s.| =T (k) 


diagonal of a square. 


This is the case of the shear stress vector acting along the diagonal 
of a square formed by m and n (see Figure 3.9). 


Example 3.2.5 


For a cantilever beam of rectangular cross section b x h loaded at the free end by force 
Q, Figure 3.10, the stress components are given by 


Si = 


Mx, _ Qe — X1)x2 = a =(7 “) 
Lo i : 2! 


$13 =0, $y =0, S$.3=0, $33 = (a) 


where M is the bending moment at x; produced by the shearing force Q, and / = bh? /12 
is the second moment of the cross section. Show that the equilibrium equations with 
zero body forces are satisfied at each point of the beam. 


Solution 


Equations of equilibrium for this two-dimensional case are 


Si + S122 = 0 
Soi1 + $222 = 0 (b) 


The substitution of Equation (a) into (b) reveals that (b) are satisfied. 


FIGURE 3.10 Cantilever beam loaded at the free end. 
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Example 3.2.6 


The stress tensor S at a point x is 
1 161 
S=S)|/1 1 1 (a) 
1 


where Sy is a constant. Find the normal and shear stress on the octahedral plane at the 
point x. The octahedral plane is a plane inclined by the same angle to each of the planes 
of the coordinate system. 


Solution 


The unit vector n perpendicular to the octahedral plane has components 


1 
Le a ae (b) 
The stress vector is obtained from 
S, = Sn (c) 
or 
Sy S 1 1 1 
sa ay é 
Hence, 
5 = 5 = 53 = mee (e) 
The magnitude of s, is 
ISn| = 3|Sol (f) 
The normal stress vector is 
o =(n-s,)n = 3Son (g) 
The tangent stress vector is 
T=(s,:tt (h) 
where t is a unit vector perpendicular to n, lying on the octahedral plane. Since 
S, =o+t = 35.n+ (s,- tt (i) 


therefore, 


Isa? = 955 + (Sn - t)” (j) 
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and by (f) 


s, :t=0 (k) 


So, there is no shear stress acting on the octahedral plane. 


Example 3.2.7 


Given a stress tensor S in the basis {e;}. Let {e*} be an orthonormal basis formed from the 
eigenvectors of S, and let S* be a tensor obtained from S$ by the transformation formula 
from {e;} to {e*}. The principal stresses of $ corresponding to e*, es, and e} are denoted 
by Ay, A2, and A3, respectively. In the coordinate system defined by the basis {e*} we 
choose an arbitrarily inclined plane passing through a given point P* with a unit normal 
vector n*. 

Show that a locus of the stress vectors $*n* on the plane is represented by an ellipsoid 


of the form 
x*\? ENA x*\? 
MM. ae: ot eee 
(=) +(2) +(2) i" 
where 
x" = e* - (S*n*) (b) 
Solution 


Since S* is referred to the orthonormal basis {e*}, then by Equation (c) in Example 2.1.12, 
in which T* is replaced by S*, 


S* = A,(e; @e) + A,(e} @e3) +A; (e§ Bes) (c) 
Hence, we obtain 
S'n* = A, (e} @ et) n* + A, (e5 @ e3) n* + A, (e} @ e}) n* (d) 
Multiplying Equation (d) by e* in the dot sense and using Equation (b) we obtain 
x? = A,[(e; @ e7) n*] -e7 + A.[(e} @ e3) n*] -e7 + A3[(e} @e3) n*] -eF (e) 
Since for arbitrary vectors a, b, and c 
(a@b)c = (b-c)a (f) 
then Equation (e) reduces to 
x = di [ef (e-m)]-e7 +a. [es(es-m')]-e7 +as[es(ej-n’)]-e7 —) 
This can be simplified to the form 


x; => Aonny + A2d2N5 + A363N3 (h) 
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Letting i = 1,2, and 3 in Equation (h) we obtain 
Xp =A, = Xs HAN, = X34 = AGBNG i) 


These equations together with the condition |n*| = 1 yield the desired result (a). 
This completes the solution. 


Note: Equation (a) describes an ellipsoid called the Lamé ellipsoid. 


Example 3.2.8 


Show that as the normal unit vector n changes its orientation, the normal stress on a 
surface element assumes an extreme value when the element is a principal plane of 
stress and that this extreme value is a principal stress. A principal plane is a plane with 
the normal vector along the principal direction. 


Solution 


The normal component of the stress vector is given by 

o =S8,-N = S;njN; (a) 
Here, o is to be treated as a function of n, and its extremum is to be found under the 
condition that |n| = 1. To obtain extreme values of o under this condition we use a 
Lagrange multiplier A, and look for the extremum of the function 


F =o —A(\n|’ — 1) (b) 


The necessary conditions for the extremum of F using (a) may be written as follows: 


= an [SapNaNp — A(N4Ng —1)] =O (a,b, i = 1,2, 3) (c) 
This is equivalent to 
2(SiN, — An;) = 0 (d) 
or 
(Sj — 46,;)n; = 0 (e) 


This condition is satisfied if and only if n is a principal direction of S. It follows then that 
o takes an extreme value on a principal stress plane. By multiplying (e) by n; and taking 
into account (a), we obtain 


o=A f) 


Thus, from (e) we conclude that A is a principal stress. As a result, the principal stress A 
is an extreme value of o. 
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3.2.2 SOLUTIONS OF ELASTOSTATICS 


In Section 3.2.1, we have shown that the equilibrium equations of elastostatics are of 
the form 


divS+b=0 (3.2.48) 

S=S’ (3.2.49) 

where b is the body force vector. Equation 3.2.48 expresses the balance of forces, and 
Equation 3.2.49 expresses the balance of moments. 

In this section we assume b=9, and look for the so-called stress function, repre- 


sented by a tensor field A, with the following properties: there is a differential operator L, 
such that 


(i) S=LA (3.2.50) 


(ii) div (LA) =0 (3.2.51) 
One of the possible representations of S was proposed by E. Beltrami (1892) in the form 
S = curlcurlA (3.2.52) 


where A is asymmetric tensor field. To show this, we prove that S given by Equation 3.2.52 
satisfies the equations 


divS =0 (3.2.53) 
S=S7 (3.2.54) 


Writing Equations 3.2.52 through 3.2.54 in components, we get 


Si = ee gr ae (3.2.55) 
Oyay = 0 (3.2.56) 
Si = Sji (3.2.57) 
From Equation 3.2.55 we find 
Sy => Ce ianen (3.2.58) 
Since 
Ensly = 0 (3.2.59) 


for any symmetric tensor T, therefore, letting 


Tj = Agsopri (3.2.60) 
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from Equations 3.2.58 and 3.2.59 we obtain Equation 3.2.56. To prove 3.2.57 we need to 
show that 


Crt iAonir — faeen ge (3.2.61) 
The LHS of Equation 3.2.61, can be written as 
€jns€ipgAgs,pr (3.2.62) 
and by changing the indexes: 
r>p, s>q por q-s 
takes the form 
€jpg€irsAsg.rp (3.2.63) 


Since A is symmetric, A = A’, and this expression is identical to the RHS of 
Equation 3.2.61. 
The solution in the form of Equation 3.2.52 of the equilibrium equations contains, as 
special cases, the following: 
(i) The Airy representation 
(ii) The Maxwell representation 
(iii) The Morera representation 


We will discuss these representations in detail. 


(i) The Airy representation applies to a two-dimensional stress state with 
0 0 0 
A=]0 0 0 (3.2.64) 
0 0 F 
where F = F(x, x2). In components, from Equation 3.2.55, we obtain 
Su=Fy, Sp=—Fp, Syn=Fu, Sp =Sx2 = $3 =0 (3.2.65) 


For example, since F = A33, and Aj = 0 for i, j ¥ 3, 


Si = Cpe i Agior = €1p3€ 113433, pr 
= €13A332, =Ayn = Fy» (3.2.66) 
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Example 3.2.9 


Show that the Airy representation can be written in a compact form 
Sap = €as€py Foy (a) 


where €,5 is the two-dimensional alternator and a, 8, y,6 = 1,2. 
The two-dimensional alternator is defined by 
+1 fora=1,6=2 
€o5 = 4-1 fora=2,5=1 (b) 


O otherwise 


Solution 
From (a) and (b) it follows that (a) is equivalent to Equation 3.2.65. Also, from (a) we 
obtain 

Sapp = €as€ py? syp 


This vanishes because the RHS is the inner product of a symmetric tensor F;,, and a 
skew tensor €,, with respect to indexes 8, y. Finally, itis easy to check that Sug = Spo 


(ii) The Maxwell representation generates three-dimensional solutions and is obtained 


by taking A in the form 
A, 0 O 
A=|]0 A, O (3.2.67) 
0 O A; 


By substituting Equation 3.2.67 into Equation 3.2.55 we receive 


S11 = Ag33 + A322, Si2=—Azi2, S13 = —Aazi, 
Soo = Azar + A133, So3 = —A} 23, S33 = Aix + Aoi (3.2.68) 
Obviously, if A; = A, = 0, A; = F, representation 3.2.68 reduces to the Airy 


representation, case (i). 
(iii) The Morera representation is obtained from Equation 3.2.55 by taking A in the 


form 
O B; Bs 
A=|B,; 0 B, (3.2.69) 
B, B, 0O 


and we obtain the stress components 
Si, = —2Bj 93, Sto = (Bi + Boo — Bs3)3 


Si3 = (B33 + Bi — Boz) 2, Sx = —2B231, (3.2.70) 
So3 = (Boo + B33 — Bia), S33 = —2B3 12. 
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An important special case of the Morera representation is the case in which 
B, = B; = 0, and B, is a function of (x,, x2) only. In this case the stress components 
are 


Sy, = Sy = S33 =Sp =0, $3 = —ya [Y(x1, x2) Ih, 
Siz = ha [W(x,X2)] 2 (3.2.71) 


where V(x\,x.) = (B,1)/ua, > 0 is the shear modulus, and @ is a nonzero 
constant. This case covers a torsion problem of elastostatics. 


An alternative form of the Beltrami solution 3.2.52 is obtained if we define a new tensor 
field G by 


1 
G=A- 5 (trA)1 (3.2.72) 
which is equivalent to 


A-—G-—(trG)1 (3:59:93) 


To show the equivalence of Equations 3.2.72 and 3.2.73 we write Equation 3.2.72 in 
components 


1 
Gy = Ay — 5 Audi (3.2.74) 
Hence 
3 1 
Gu = An — Am = =5 Au (3.2.75) 


Thus, since Ay = trA, substituting tr A in Equation 3.2.72 we arrive at Equation 3.2.73. 
To find the alternative form we recall the identity 


curlcurlA = —V’A + 2V(div A) — VV(trA) +[V2(trA) —divdivA]1 (3.2.76) 
By substituting Equation 3.2.73 into Equation 3.2.76, and using Equation 3.2.52, we obtain 
S=-VG+ 2V (div G) — (divdivG)1 (3.2.77) 


This is an alternative form of the Beltrami solution in which the curl curl A term does not 
appear. By using form 3.2.77 it seems to be an easier task to obtain the stress components 
S than by using Equation 3.2.52. In particular, let us calculate the components S$), in the 
Maxwell representation. From Equations 3.2.67 and 3.2.72 the tensor G is 


1 A, — A. — A3 0 0 
G=5 0 ee eee 0 (3.2.78) 
0 0 A; —A, —A2 
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so, Equation 3.2.77 yields 
Sto = Girga + Gore 


[Ai Ao Ae) et Go Ay =A) =A (3.2.79) 


Nl Re 


and this is the result shown in Equation 3.2.68. 

We note that to establish the Maxwell representation we compute G from the matrix 
3.2.78. In general case, S given by Equation 3.2.77 satisfies the equilibrium equations for 
any symmetric tensor field G. To show this we observe that in view of Equation 3.2.77 and 
in components, we get 


Sif = —Gijsny + Gig + Geng — Gy.yi = 9 (3.2.80) 


3.2.3 PROPERTIES OF SOLUTIONS OF ELASTOSTATICS 


We introduce the definition of a so-called self-equilibrated stress field. If S is a symmetric 
tensor field on B and 


f Sn da=0 (3.2.81) 
S 


fx x (Sn) da =0 (3.2.82) 


S 


for every closed surface S in B, then S is called a self-equilibrated stress field. Equa- 
tions 3.2.81 and 3.2.82 mean that the resultant force and the resultant moment vanish 
on S. 

This definition allows us to replace the equations of equilibrium in a simply connected 
body by the condition that S is a self-equilibrated stress field. To show this we note that due 
to the arbitrariness of the surface S and by using the divergence theorem, Equations 3.2.81 
and 3.2.82 imply that 


divS =0 and S=S" (3.2.83) 


Conversely, if Equations 3.2.83 are satisfied then integrating the first of Equations 3.2.83 
over S and using the divergence theorem we arrive at Equation 3.2.81. Also, taking the 
vector product of x and the first of Equations 3.2.83, using the second of Equations 3.2.83, 
integrating over S and applying the divergence theorem we obtain Equation 3.2.82. The 
latter procedure is based on the identity 


eX Seg — € jn Sip) p = Xj pSkp| =0 (3.2.84) 
In the replacement procedure it is important that B be a simply connected body. If B is 


not simply connected there exist stress fields that satisfy the equilibrium equations but are 
not self-equilibrated. 
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Example 3.2.10 


Let B be a hollow sphere defined by 
R, < |x| < Ro, R22 >R, >O 
Clearly, the boundary 9B of B consists of two concentric spherical surfaces 
Ix} =i, |x| = Ry 
Let S = S(x) be defined by 


S(x) = Fo x@x onB 
Ix? 


where F is a constant force. Show that 
divS=0, S=S' onB 


and 


4 
J Suu da = 3 uF 
oP 


where dP is the surface of a sphere with radius Ro such that Ry < Ro < Rd. 


Solution 


We write S in components 
SS hak 
where R = |x|, and compute 
Si,j = FL(83XiX; + X35yX) + X3Xi5,)R- + X3Xix/(—5)R XR] 
= F[(xixX3 + X3X; + 3x3X,)R — 5X3X,XX,R7] 
= F(5x3xjR~> — 5x3xjR~°) = O 


Thus, the first equation of (d) is satisfied. 
The second equation of (d) comes from (f). 
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(g) 


To show (e) we use the spherical coordinates (R, g, @) that are related to (x;, x2, X3) by 


xX, = Rcosgsin@ 
X, = Rsingsind 
x3 = Rcosé 


with 0 < R < 00, 0 < @ < 2x, andO < 6 < z and write down 


{= J Ssum da= Ff xixumRo® da 
ap 


oP 


(h) 
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Now, 


da=Risinédédg and n= . (j) 


so, 


2n 0 


| = FR; ‘SI @ cos? @) Rosin@ dodge 


4 
= nF f sind cos? 6 dé = 3 uF (k) 
0 


This completes Example 3.2.10. 


The example shows that if 0B does not consist of a single closed surface then a symmetric 
divergence-free stress field S does not have to be self-equilibrated. 

Returning to the Beltrami solution, we now show that the Beltrami solution is a self- 
equilibrated stress field. To prove this we need to check that S given by 


S = curlcurlA (3.2.85) 
satisfies the conditions 
[ Snda=0 (3.2.86) 
S 
fx x (Sn) da =0 (3.2.87) 
S 
where S is a closed surface in B. 
Introduce a tensor W by 
W=curlA (3.2.88) 
Then Equation 3.2.85 takes the form 
S = curl W (3.2.89) 
In components this equation reads 
Sis = €ingWiaw (3.2.90) 


The LHS of Equation 3.2.86 in components is 


J Sin, da = J og Winot da (3.2.91) 


S S 
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This is equal by the divergence theorem to 


if €ipqgWigni AV 


P 


where P is the volume bounded by S. Now, from Equation 3.2.88 
Wig = EjrsAgs,r 


Substituting Equation 3.2.93 into Equation 3.2.92 we get 


J Siny da = J &ioarsAesmi dv 


S P 
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(3.2.92) 


(3.2.93) 


(3.2.94) 


This is equal to zero because under the integral €;,, is skew with respect to r and j, and Ag, ,pj 


is symmetric with respect to r and j. 


In this way we have proved that Equation 3.2.86 is satisfied. To prove Equation 3.2.87, 


we write Equation 3.2.87 in components as 


mM = | eos da=0 
S 


where 
Sq = SqaNa 
and 
One = Sua = Cpl ate patie 


Hence, by the divergence theorem 


Mm; = fog pepe ano niin) a du 
P 


which is equivalent to 


mM = f Eipg (ree anne heres + OE re Set, Ce dv 
P 


or 


m= J &ivaSap dv + leak tinCare A ai du 
P 


P 


(3.2.95) 


(3.2.96) 


(3.2.97) 


(3.2.98) 


(3.2.99) 


(3.2.100) 


122 The Mathematical Theory of Elasticity, Second Edition 


Since S,, is Symmetric with respect to p and g and €;,, is skew with respect to p and q then 
the first integral in Equation 3.2.100 is zero. Similarly, the second integral vanishes because 
the integrand involves a product of €,,; and Apjsmrq in Which €,,; is skew with respect to a 
and r and Ans mra iS Symmetric with respect to a and r. As a result m; = 0, which means 
that the condition 3.2.87 is satisfied. In this way we have proved that the Beltrami solution 
is a self-equilibrated stress field. We conclude, therefore, that stress fields that are not 
self-equilibrated cannot be represented by Beltrami solutions. Nevertheless, the Beltrami 
solutions that are restricted to self-equilibrated stress fields are complete in the following 
sense: 
For any self-equilibrated stress field S, there is a symmetric tensor A such that 


S = curlcurl A (3.2.101) 


We omit the proof.* 
We note another property of the Beltrami solution 3.2.101. If A is replaced by 


H=A+E (3.2.102) 


where E is the strain field corresponding to a displacement field u, that is 
“A 1 
E= Vu= 5 (Vu+ Vu’) (3.2.103) 


then 
S = curlcurl A = curl curlH (3.2.104) 
This follows from the compatibility relation 3.1.47. Hence, any two stress functions of the 
Beltrami solution lead to the same stress field S if they differ by a strain field. 
Looking for a more general solution of the equilibrium equations than that given by the 
Beltrami solution, we arrive at the Beltrami—Schaefer solution 
S =curlcurl A + 2Vh — (div h)1 (3.2.105) 
where 
A is asymmetric tensor field 


h is a harmonic vector field on B 


To show that S given by Equation 3.2.105 satisfies the equilibrium equations, we 
introduce 


S. = curlcurlA (3.2.106) 
and 
S, = 2Vh — (div h)1 (3.2.107) 


* The proof of this statement, based on Stokes’ Theorem, is given in Ref. [3]. 
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Clearly, S, represents a self-equilibrated stress field, that is 
divS,=0, S,=S/ (3.2.108) 


Also, it follows from Equation 3.2.107 that S, in components has the form 


(Sa) = hij + hy — Syhecx (3.2.109) 
Hence 
(Sw)inj = hig + yg — Nees (3.2.110) 
and, since h; is harmonic on B 
hy; =0 (3.2.111) 


Thus, by Equation 3.2.110, it follows 
(S,)i,; = 0 (3.2.112) 
Therefore, from Equations 3.2.109 and 3.2.112 we receive 
divS,=0, S,=S; (3.2.113) 
Now, since by Equations 3.2.105 through 3.2.107 
S=S.+S, (3.2.114) 
then Equations 3.2.108, 3.2.113, and 3.2.114 imply that the stress field given by Equa- 
tion 3.2.105 satisfies the equilibrium equations, and the Beltrami—Schaefer solution 
represents a general solution of elastostatics. 
So far in this section we assumed that the body forces vanish. Hence, the Beltrami— 
Schaefer solution applies to the homogeneous equilibrium equations 


divS=0, S=S' (3.2.115) 


If the body force vector field b does not vanish on B the equilibrium equations take the 
form 


divS+b=0, S=S" (3.2.116) 
and as a particular solution S, to Equation 3.2.116 we may take 
S, = 2Vh — (divh)1 BO117) 
where h satisfies the equation 


Veh=—b (3.2.118) 
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To show that it is so, we write Equation 3.2.117 in components and find 


(Sp) = Bing + Bya — heady (3.2.119) 
Hence 
(Si) = ii (3.2.120) 


and, by Equation 3.2.118, we arrive at 
(S,)i,j + 5: = 90 (3.2.121) 


This equation together with Equation 3.2.117 implies that S,, satisfies the nonhomogeneous 
equilibrium equations 


divS,+b=0, S,=S) (3.2.122) 
Example 3.2.11 
Show that if b = —Vx, where x is a scalar field on B, then a particular solution to the 


nonhomogeneous equilibrium equations 3.2.122 may be taken in the form 


S, = x1 (a) 

Solution 
Equation (a) in components reads 

(Sp) = X85 (b) 
Hence, we get 

(Sp) = (Sp)ji (c) 
and 

(S,)ij = Xi (d) 


This shows that S, given by (a) satisfies Equations 3.2.122 with b = —Vx. 


Example 3.2.12 


Show that in a cylinder of arbitrary cross section suspended from the upper end, 
Figure 3.11, and subject to its own weight pg, the body force vector b takes the form 


b > [O, 0, —pg] (a) 
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FIGURE 3.11 Cylinder suspended from the upper end subject to its own weight. 
and a particular solution §, to the equilibrium equations 3.2.122 may be taken as 


0 0 0 
Seo "0: 6 (b) 
0 0 pgx3 


Here, is the density of the cylinder and g is the gravity acceleration. The dimensions 
of p and g are 


[o] = [ML~*] (c) 
[s] = (LT *] (d) 
Solution 
It follows from (b) that 
(divS,), = (divS,).=0 and (divS,); = pg (e) 


so Equations 3.2.122 are satisfied. 


We note that this solution can be obtained from Example 3.2.11 by letting b} = b, = 0 
and b; = —x3, where x = 0gX3. 


3.2.4 DISCUSSION ON THE EQUATIONS OF EQUILIBRIUM 


In this section, we discuss a number of global results related to solutions of the equilibrium 
equations 


divS+b=0, S=S’ (3.2.123) 


To this end, we introduce the definitions of an admissible displacement field u and of an 
admissible stress field S. By an admissible displacement field u we mean a differentiable 
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field on B, while an admissible stress field S is to be identified with a smooth symmetric 
second-order tensor field on B, where 


B=BUOB (3.2.124) 
The associated surface force field is then defined as the stress vector field 
s(x) = S(x) n(x) (3.2.125) 


where n(x) is the outward unit normal vector to 0B at x. First, we prove the following 
theorem: 


Theorem: If S is an admissible stress field and u is an admissible displacement field, 
then 


fs-uda= [u-divSdv+ [$-VYudv (3.2.126) 
0B B B 
7 
Proof. Using the divergence theorem and Equation 3.2.125 we obtain 
fs -uda= J Siam da = J (Siti). dv (32,127) 
0B dB B 
Since 
(Sitti) = Sings + Sixttix (3.2.128) 
and, by symmetry of S, 
Sittin = Sietciey (3.2.129) 
where 
Uik) = (Vu)is (3.2.130) 


therefore, integrating Equation 3.2.128 over B, and using Equation 3.2.129 we obtain 
Equation 3.2.126. In Equation 3.2.130 


1 
Mik) = 5 (ix + Ux) (3.2.131) 


which is the notation introduced in Equation 2.1.28. 
A direct consequence of the global relation 3.2.126 is the next theorem. 
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Theorem of Work Expended. If u is an admissible displacement field, and S satisfies the 
equations of equilibrium then 


s-uda+ |b-udv=|S-Edv (3.2.132) 
i J J 
aB B B 


where E is the strain field corresponding to the displacement field u. 
The relation 3.2.132 is obtained from Equation 3.2.126 by replacing divS by —b using 
Equation 3.2.123. 


From this theorem it follows that the work done by the surface and body forces over 
the displacement u is equal to the work done by the stress field over the strain field 
corresponding to u. 


Example 3.2.13 


Show that the work expended over a rigid displacement field is equal to zero. 


Solution 


If u is a rigid displacement then 
E=Vu=0 (a) 


Compare Example 3.1.6. Hence, by Equation 3.2.132 


fs-uda+ [b-udv=0 (b) 
B 


0B 


This relation holds true for any surface force field s and for any body force b. 


Example 3.2.14 


Show that if the relation (b) in Example 3.2.13 is satisfied for any rigid displacement v 
then the following balance laws for forces and moments hold true 


Jsdat+ [bdv=o (a) 
B 


dB 


[xxsdat [xxbdv=0 (b) 
B 


aB 


Solution 


An arbitrary rigid displacement v is represented by 


v=a+W,ox (c) 
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where a is a vector describing a rigid translation, and Wox describes a rigid rotation, 
compare Example 3.1.6. 
Consider the functional 


Fv) = [s-vda+ [b-vdv (d) 
B 


aB 


Substituting (c) into (d) we obtain 


F(v) = [[s-a+s-(Wox)] da+ [[b-a+b-(Wo x] dv (e) 
B 


0B 


Now, since for any vectors a and c 
a- (Wy c) = Wo: (a®@c) (f) 


then (e) can be written as 


ry =a-| [aaa fbdo|+wo.| [soxds+ [boxde| (g) 
B B 


0B 0B 
From (b) in Example 3.2.13 in which u = v and (d) in this example follows 
Fv) =0 (h) 


Since a is an arbitrary vector and Wo is an arbitrary skew tensor, then from (g) and (h) 
follows that 


Jsdat+ [bdv=o0 (i) 
B 


0B 


and 


skw | fsoxas fboxdr]=a (j) 
B 


0B 


Equation (i) is identical to (a). As for (j), we write it in components 


J sux da + J box dv =0 (k) 
B 


0B 


Here we used the notation, see Equation 2.1.29, 


1 
At = oy (Aj — Aj) (I) 
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where A is an arbitrary second-order tensor. Multiplying (k) by €,;, and using the 
identities 


Ea SiXj] = EaiSiXj (m) 
€ aj DX) = €aijDiX; (n) 


we arrive at 


Eaij fos da + il bix; a =0 (0) 
B 


0B 


We note that this is relation (b) written in components, so the solution is complete. 


From this solution it follows that, conversely, if s and b satisfy the balance laws (a) and 
(b) then F(v) = 0. This fact together with Examples 3.2.13 and 3.2.14 show that the global 
balance laws of forces and moments in elastostatics may be replaced by the condition that 
the work done by s and b over any rigid displacement vanishes. 

We close the discussion on the equations of equilibrium by giving a formula for the mean 
stress over body B. The mean stress Sean is defined by 


Sie = pe (3.2.133) 
U 
B 


Example 3.2.15 


Show that the mean stress corresponding to an admissible stress field S that satisfies 
equations of equilibrium is given by the formula 


Sinean = 7—- sym s@xda+ | b@xdv (a) 
ram | [eorers Jooxcr 


0B 
Solution 


Let w be an arbitrary vector field. Introduce the integral 


Jwe@sda=T (b) 
0B 


Since s = Sn we obtain in components 


i= J ws da= J WiS je da (c) 
aB aB 


Using the divergence theorem, 


i= Jowsins dy= Juss du+ J WiSix,k AV (d) 
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Since 
Sik = —b; (e) 
and § is symmetric, we arrive at 
Jwesdat [we@bdu= | (vw)s do (f) 
3B B B 
Taking 
Ww =X (g) 
we obtain 
(Vw)S = S$ (h) 
and (f) reduces to 
Jx@sdat+ [x@bdv= {Sdu (i) 
3B B B 


Equation (h) represents a product of two second-order tensors. In components, 
[(Vw)S];, = (Vw)cSy = Si Skj = Sj j) 


Finally, dividing (i) by volume of B, using the symmetry of S, and taking the symmetric 
part of both sides of (i) we arrive at (a). 


It follows from this example that the mean stress S,,can depends only on the associated 
surface forces and body force fields. 


3.2.5 DISCUSSION OF THE EQUATIONS OF MOTION 


In Section 3.2.1, we introduced the concept of the dynamic process [u, S, b] in which S is 
a symmetric tensor field and u, S, and b satisfy the equations of motion 


divS+ b= pu (3.2.134) 


To discuss some global relations for a dynamic process, we now introduce the concept of 
kinetic energy and of the stress power associated with the process. 
We define the kinetic energy as 


Lies 3 
K() = 5 J pw dv (3.2.135) 


and the stress power as 


P(t) = fs -Edv (3.2.136) 
B 


where E is the strain field associated with u. 
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With these concepts we formulate the following theorem: 
Theorem of Power Expended. If [u,S, b] is a dynamic process, then 
[s-ada+ [b-wdv=PO+KW) (3.2.137) 
0B B 


where s is the stress vector corresponding to S, and K(t) and P(f) are defined by 
Equations 3.2.135 and 3.2.136. 


Proof. To prove the theorem we note that in components 


J iiSinj da = { GuS),j dv 
B 


0B 


= J ita ySy dvt | Sy; dv (3.2.138) 
i i 
Since 
Si,j = pir — i (3.2.139) 
and 
Wi,j) = E; (3.2.140) 


Equation 3.2.138 together with Equations 3.2.135 and 3.2.136 imply Equation 3.2.137. 
This completes the proof. 


The theorem of power expended asserts that the sum of the rate of working of surface 
forces and the rate of working of body forces is equal to the sum of the stress power and 
the rate of change of kinetic energy. 


Example 3.2.16 


Show that if the stress field § and strain field E are independent of position, then the 
stress power density is given by the formula 


J,g8:uda 


S-E= 
fas 
Here, the stress power density is defined as the integrand of Equation 3.2.136. 


Solution 


Since S is time dependent only, the equation of motion reduces to 


b = pu (b) 
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Using Equation 3.2.137, and Equations 3.2.135 and 3.2.136, and observing that in 
Equation 3.2.136 S and E are time dependent only, we obtain 


Js-ada=(S-E)[ do (c) 
B 


0B 


This result is equivalent to (a). 


This example shows that for a dynamic process for which S and E are time dependent 
only, the stress power density is equal to the rate of working of surface forces per unit 
volume. In this case, a displacement u associated with the process is such that Vu = E is 
time dependent only and b complies with (b). 

The next topic in this section deals with finding a displacement field u associated with 
a dynamic process in terms of the stress field S, body force vector b, and initial conditions 
imposed on the displacement field u. To this end we introduce a so-called pseudo-body 
force vector f by 


f(x, t) =i * b(x,t) + e(x)[uo(x) + Mo(x)] (3.2.141) 
for every (x,t) € B x [0, 00) where 
i=i(tt)=t t>0 (3.2.142) 


and Up and Wp are prescribed fields on B. 
The formula for u in terms of S, b, and the initial conditions is contained in the following 
theorem: 


Theorem: An array of functions [u, S, b] is a dynamic process consistent with the initial 
conditions 


u(x,0) = up(x), u(x,0) = W(x) forxeB (3.2.143) 

if and only if 
ixdivS+f=pu_ onB x [0,0) (3.2.144) 
7 


Proof. The proof consists of two parts. 


Part 1. We assume that [u,S,b] is a dynamic process consistent with conditions 3.2.143 
and prove that Equation 3.2.144 is satisfied. 


Part 2. We assume that Equation 3.2.144 is satisfied and we show that [u, S, b] is a dynamic 
process consistent with conditions 3.2.143. 
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Proof of Part 1. Since [u, S, b] is a dynamic process, u, S, and b are related by the equation 
of motion 


divS +b = pu (3.2.145) 


By applying the Laplace transform to Equation 3.2.145 and using the initial conditions 
3.2.143 we find 


divS + b = p(p"t — pu — Up) (3.2.146) 


where the overbar means the Laplace transform. The Laplace transform is defined by 


CO 


Fxp) = | ePf(x,n dt (3.2.147) 


0 


where f(x, f) is a function on B x [0, 00). 
Now, by applying the Laplace transform to Equation 3.2.141 and using the convolution 
theorem we arrive at 


io 
f(x, Pp) an p2 b(x, p) = p(x) 


me) 4 Hoe] (3.2.148) 


Pr 
Using this equation we rewrite Equation 3.2.146, after dividing it by p’, in the form 
laze 
— divS +f = pu (3.2.149) 
Dp 
Taking the inverse Laplace transform of Equation 3.2.149 we arrive at Equation 3.2.144. 
This completes the proof of Part 1. 


Proof of Part 2. To show that [u, S, b] is a dynamic process provided that Equation 3.2.144 
is satisfied, we differentiate Equation 3.2.144 twice with respect to time and taking into 
account the definition of pseudo-body force f as well as the relation that for any function 


& = a(x, 0) 


2 


Oe a 
we obtain the equation of motion 

divS+ b= pli (3.2.151) 
Hence, [u, S, b] is a dynamic process. 


The proof of Equation 3.2.150 is immediate. Taking the Laplace transform of 
Equation 3.2.150 leads to 


(ix gp’ — (ix g)l op — i * Bylo = 8 (3.2.152) 
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Now, since 


ce ee —— 
ixg=ig, i=p~, (i*xg)|.o=O0, and (@*g)|,0 =0 (3.2.153) 
we arrive at the identity 
8=8 (3.2.154) 


Going back from Equation 3.2.154 to Equation 3.2.152 and applying the inverse Laplace 
transform to Equation 3.2.152 we obtain Equation 3.2.150. 

To show that [u, S, b] is consistent with Equation 3.2.143 we note that Equation 3.2.144 
is satisfied on B x [0, 00). Hence, taking Equation 3.2.144 at t = 0 and using the definition 
3.2.141 of f we obtain 


u(x, 0) = up(x) (3.2.155) 


Next, by differentiating Equation 3.2.144 with respect to time and taking the result at t = 0 
we receive 


u(x, 0) = U(x) (3.2.156) 


Therefore, [u, S, b] is consistent with Equation 3.2.143. In arriving at Equation 3.2.155 and 
Equation 3.2.156, we used the obvious identities that 


(ix go =O and (1*g)|-9 =0 (3.2.157) 


for any function g = g(x, ft). Also, we note that 


a 
= Gsg) = 14g (3.2.158) 


This completes the proof of Part 2. 


We make two observations regarding the theorem. 

First, the theorem asserts that the equation of motion subject to initial condition 3.2.143 
can be reduced to an alternative integro-differential equation 3.2.144 in which the initial 
data are incorporated. 

Second, the theorem provides a representation for the displacement vector u in terms 
of the stress field S (see Equation 3.2.144). If S is a function of strain tensor E, the 
formula 3.2.144 gives a representation of the displacement field u in terms of E that is an 
alternative to the displacement line integral representation of elastostatics from Cesaro [1], 
see Equation 3.1.53. The equivalence of these two representations leads to a dynamic form 
of compatibility conditions that results in a pure stress equation of motion of elastodynamics 
to be discussed in Section 4.2.1. 
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In the following a dynamic process [u,S, b] that appears in the theorem involving the 
representation of u in terms of S is to be called a dynamic process corresponding to the 
pseudo-body force field f. With this definition we present the following theorem: 


Theorem: If [u,S,b] is a dynamic process corresponding to pseudo-body force field 
f, then 


ix [sxudat+ [fxudu=ix [S*Edv+ { puxudo (3.2.159) 
B B B 


0B 


Proof: First, we show that for any vector field w = w(x, t) and a symmetric tensor field 
S = S(x, ¢) the integral relation 


[sxwda= | wxdivS du+ [S*Vwadv (3.2.160) 
B B 


0B 
where 
s = s(x, t) = S(x, f)n(x) (3.2.161) 


is satisfied. To this end we write Equation 3.2.160 in components 


J siewida = [wit Sux dot [Su way do (3.2.162) 
B B 


0B 


and note that by Equation 3.2.161 and the divergence theorem 


fs *w; da = J Sam *w; da = f Su * Wi) 4 dU 
OB B 


0B 


= | wir Sue dv+ | Sie wea dv (3.2.163) 
B B 


This shows that the integral relation 3.2.160 holds true. 
Second, we apply to Equation 3.2.160 the operator ix, put w= u and write 


ix [s*uda=ix [uxdivS du+ix {S* Vudu (3.2.164) 
B 


0B B 
Since [u, S, b] is a dynamic process corresponding to f, by Equation 3.2.144 


ixdivS = pu-f (3.2.165) 
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Substituting Equation 3.2.165 into Equation 3.2.164 we obtain Equation 3.2.159. Note that 
in passing from Equation 3.2.164 to Equation 3.2.159 we observed that 


E=Vu (3.2.166) 


This completes the proof of the theorem. 


The relation 3.2.159 is an analogue to the relation 3.2.132 that appears in the theorem 
of work expended of elastostatics. 
Finally, we present the following theorem. 


Reciprocal Theorem. If [u,S,b] and [u, S,b] are dynamic processes corresponding to 
the pseudo-body forces f and f, respectively, then the following reciprocal relations are 
satisfied: 


ix | sxtidat [fxtidv—ix [SxEdv 
B 


0B B 


=ix [3xuda+ [f*udv—ix [S*Edv (3.2.167) 
B B 


0B 
and 


[sxtida+ [bxtidv— [S*Edv+ | p(uy-t+ t-t) do 
B B B 
= [Sxuda+ [bxudv— [S*Edv+ | py -a+ ty -u) dv (3.2.168) 
0B B B B 


Proof. Applying the operator i+ to Equation 3.2.160 we write 


ix [ sxwda=ix | wxdivS du+ix | S*Vwdo (3.2.169) 
B B 


0B 
Since [u, S, b] is a dynamic process corresponding to f, then 
ixdivS = pu-f (3.2.170) 


Hence, Equation 3.2.169 reduces to 


ix { sxwdat | f*wdu=ix [Sx Vwdu+ { puxwdv (3.2.171) 
B B B 


0B 


Letting w = U in this equation we obtain 


ix [sxtida+ [fxtidv—ix [S*xEdv= | puxtidv (3.2.172) 
B B B 


0B 
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Since [u, S, b] is a dynamic Process corresponding to f, Equation 3.2.171 holds true if 
u, s,f, and S are replaced by u,s,f, and S, respectively. We then find 


Ge) eae | eal) Sevieaie aaa (3.2.173) 


0B 


Putting w = u in Equation 3.2.173 we obtain 


is sneiaes | teuaiats| Seeai— |yavads (3.2.174) 


0B B 


Since the RHS of Equations 3.2.174 and 3.2.172 are the same, we arrive at Equation 3.2.167. 

To show that Equation 3.2.168 is satisfied we differentiate twice with respect to time 
both sides of Equation 3.2.167, use the definition of the pseudo-body force f and f, and 
arrive at Equation 3.2.168. This completes the proof of Equation 3.2.168. 


For the homogeneous initial conditions the relation 3.2.168 reduces to 


[sxtida+ [bxtidv— [SE dv 
B B 


0B 


= [Sxuda+ [bxudv— [S*Edv (3.2.175) 
OB B B 


Equation 3.2.175 will be utilized in the proof of the Graffi reciprocal theorem which is a 
dynamic counterpart of the Betti reciprocal theorem for elastostatics. 


3.3. CONSTITUTIVE RELATIONS 


3.3.1 GENERAL ANISOTROPIC BODY 


In Sections 3.1 and 3.2, we discussed the strain—displacement relations and the laws of 
momentum balance for a body of which physical properties have not been specified. 
Although in these laws a notion of a stress field appears, we have not considered the 
relations that connect stress S and strain E. 

In 1660, Robert Hooke discovered a law that now bears his name. He published it in the 
form of an anagram ceiiinosssttuv in 1676. We do not know if anybody solved the anagram. 
Hooke published the law in the words Ut tensio sic vis in De Potentia restitutiva, in London, 
in 1678. The close translation is As tension, so force, or, in an extended form, the extension 
of a body is proportional to the force applied to it. Obviously, Hooke’s law applies to elastic 
bodies and, in its original formulation, refers to a one-dimensional extension. The law has 
been generalized to a three-dimensional case. The generalization leads to the following 
definition of a linearly elastic body: 

A body B is said to be linearly elastic if for every point x ¢€ B there is a linear 
transformation C from the space of all symmetric tensors E into the space of all symmetric 
tensors S, or 


S = C[E] (3.3.1) 
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In components this relation takes the form 
Si = CiEa (3.3.2) 


The tensor C = C(x) is called the elasticity tensor field on B. We recall, see Equations 2.1.98 
and 2.1.99, the formulas for components of C in terms of the basis vectors {e;} 


Cijta =e: Cle, & ele; (3.3.3) 
or, alternatively, 
Cis = (€; ® ej) - Clex ® e7] (3.3.4) 
From the symmetry of S and E it follows that 
Cit = Cina = Cir (3.3.5) 
Because of the symmetry of Equation 3.3.5, from among 81 components Cjz; only 36 are 
different. 
It is assumed that the elasticity tensor field C in Equation 3.3.1 is invertible. This means 
that there is a fourth-order tensor field K = K(x) such that 
K=C'! (3.3.6) 
Therefore, an equivalent form of Equation 3.3.1 is 
E = K[{S] (3.3.7) 
The tensor K is called the compliance tensor field. A body is called homogeneous if its 
density p and its elasticity tensor are independent of x. A body that is not homogeneous is 
called inhomogeneous. 
Apart from the symmetry relations given by Equation 3.3.5, we introduce the following 
definition of symmetry of the fourth-order tensor C: the tensor C is symmetric if and only if 


A-C[B] = B-C[A] (3.3.8) 


for every A = A’ and B = B’. 
In components, 


AyCiBu = ByCiuAu (3.3.9) 
From this relation, replacing on the RHS of Equation 3.3.9 i by k and j by /, we obtain 


(Cina _ Cui AiBu =0 (3.3.10) 
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Hence, due to the arbitrariness of A and B the definition of symmetry of C can be replaced 
by the relation 


Cia = Cri (3.3.11) 


If the elasticity tensor C satisfies the symmetry relation 3.3.11, there is a further reduc- 
tion of the number of different components Cj; from 36 to 21. As will be shown in 
Section 3.3.4, the symmetry of C is equivalent to the existence of a stored energy function for 
a body. 

Another useful definition associated with tensor C is the definition of a positive 
semidefinite C and a positive definite C. We say that C is 


(a) Positive semidefinite if 
A-C[A]>0 forevery A= A’ 40 (3.3.12) 
(b) Positive definite if 
A-C[A]>0 foreveryA=A’ 40 (3.3.13) 
In general, engineering materials in elastic range of deformation may be described by 
an elasticity tensor satisfying the properties 3.3.5, 3.3.11, 3.3.12, and 3.3.13. 
It may be shown that the positive definiteness of tensor C described by Equation 3.3.13 


means invertibility of C. So, if C satisfies the relations 3.3.5 through 3.3.13, the tensor 
K =C' (see Equation 3.3.6) satisfies similar symmetry relations 


Kia = Kina = Kix (3.3.14) 
Kia = Kui (3.3.15) 

and 
AjKiAu > 9 for every Aj = Aj; AO (3.3.16) 


Also, Equations 3.3.14 through 3.3.16 imply that in general there are 21 different 
components K jiu. 

By an anisotropic elastic body we mean a body for which the tensor C possesses in 
general 21 different components. In this case the general constitutive relation 3.3.1 written 
in a matrix form is 


Si Cun Ce C33 C2 Cruz Chir Ey 
Sop Cr202 Cx733, C2223, Cap31 Canin Ex) 
S33 C3333 C3323. C3331 C3312 E33 

= 3.3.17 
So3 | sym C323, C331 Caszi2 2E3 ( ) 
S31 C331 C3112 2E3, 
AYP | Cro | | 2E 12 
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Equation 3.3.17 may be written in a compact form 
[S] = [C’][E] (3.3.18) 


where the meaning of the column matrices [S] and [E] and of the symmetric 6 x 6 matrix 
[C*] is clear from Equation 3.3.17. 

Equation 3.3.18 describes an anisotropic elastic body that behaves differently in different 
directions. Depending on the material symmetry, we obtain a number of particular cases 
that are important in physics and engineering. We will now discuss three such cases. 


1. Orthotropic material. This is a material that possesses three mutually orthogonal 
planes of symmetry at each point. For such a material the matrix [C*] contains 
nine independent components and is given by 


Cun Cra Cr33 0 0 0 
Cr222 - Cx233 0 0 0 
Cy= 3.3.19 
[ | | sym C7323 0 0 | ( ) 


j=) 


C1313 
Ci212 


An example of an orthotropic material is wood with different properties along 
the grains and across the grains. Another example of an orthotropic material is a 
sheet of rolled steel. 
2. A special case of an orthotropic material is a transversely isotropic material. This 
is a material for which there exists one plane where elastic properties are the same 
in any direction. In this case the matrix [C*] has five different components 


Cin = Cr22 C1133 0 0 0 
0 
0 


| Cin = C1133 0 0 | 
ee C3333 0 0 
[C*] = | sym Ges 0 0 | (3.3.20) 
C313 0 
L G| 
where 
1 
G= 5 (Cit — Cii22) (3.3.21) 


An example of a transversely isotropic material is a fibrous composite with 
elastic properties in the direction of the fibers different than those in planes 
perpendicular to the fibers. 

3. Isotropic material. In this case the material properties are independent of a direc- 
tion. The matrix [C*] for this material can be obtained from Equation 3.3.20. It 
takes the form 
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Cin Cux Cun 9 O O 
Cin Cun 9 O O 
*] Cin 9 O O 
c= ee G0 0 | (3.3.22) 
G 0 
G 
where, again 
1 
G= 5) (Cri — Cir22) (3.3.23) 


Hence, in the isotropic material there are only two different components of matrix 
[C*]. Many engineering materials, such as metals, are considered isotropic. 

Since matrix [C*] is invertible, we may write an equivalent relation to 
Equation 3.3.18 in the form, see Equation 3.3.7, 


[E] = [K*][S] (3.3.24) 
which in a general anisotropic case is equivalent to 


Ey ee Ki Kiss 2Ki3  2Kusi 2K Su 


Ex Ky790-Ky933, 2Ka923, 2.Ka931 2K 2912 Soo 

E33 = | K3333  2K3323 2K3331 = 2K3312 | S33 (3.3.25) 
2E3 | sym 4Ky303 4K 331 4Ko312 So3 3¢ 
2E3, 4K3131 Kn S31 

2E\2 | 4K 212 Si2 


where Kix; are components of the compliance tensor, see Equation 3.3.6. 
In a particular case of an orthotropic material the matrix [K*] reduces to 


Kit Kiyz2  Kii33 0 0 0 
Ky292 KK 2233 0 0 0 
ed K3333 0 0 0 
[K*] = | sym ARs 0 0 | (3.3.26) 
4K3131 0 
AK io19 
with nine different components. 
For a transversely isotropic body we obtain 
Kin Kiyz2 ) Kiiz2 0 0 0 
Ky200 — -Kp33 0 0 0 
f= Ky299 0 0 0 
[K*] = | uh 4K 0 | (3.3.27) 
4K3131 0 
4K | 


with five different components. 
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For an isotropic body we obtain 


Ki Ki120 Ki120 0 0 

Kun Ki122 0 0 

*] Kin 0 0 

[K ] -_ | sym 4K 393 0 
4K 5393 


oooco 


j=) 


4K. 2323 


| 


| (3.3.28) 


with two different components, because K 323 may be expressed by K,,;, and Kj,29. 


3.3.2 ENGINEERING MATERIAL CONSTANTS 


In particular cases of orthotropic, transversely isotropic, and isotropic material, the matrix 
[K*] given by Equations 3.3.26, 3.3.27, and 3.3.28, respectively, may be expressed in 
terms of the so called engineering constants, which give a physical interpretation to the 
components of the compliance tensor K. 

For the orthotropic case the matrix [K*] is 


1 213 3] 0 
E E, EB; 
1 —V32 
E, EB 
1 
— 0 
[K*] = E; 1 
sym — 
: Gi 


| 


For the transversely isotropic case the matrix [K*] is 


1 —Vi2 Vi2 0 
E E E 
ae — V3 0 
E, E, 
1 
— 0 
[K*] = Ey 1 
sym — 
‘ Gp 


EEE 


(3.3.29) 


(3.3.30) 
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where 
a 2) (3.3.31) 
G3 E, ~ 
Finally, for the isotropic case the matrix [K*] is 
1 -v -v 
Se ee Teer, 206 Or 0 
E E E 
1 —v 
= — 0 0 0 
|) =F & | 
| pO OO | 
a= | 1 | (3.3.32) 
sym = 0 O 
| G | 
1 
| et) 
G 
| 
G 
where 
i oe ba) (3.3.33) 
G E se 


To give the physical interpretation of the constants in the matrices 3.3.29, 3.3.30, and 
3.3.32, we start with the isotropic case represented by Equation 3.3.32. As follows from 
Equations 3.3.24 and 3.3.32, Hooke’s law reads 


1 
Ey, = E [S11 — v(So2 + $33)] 
1 
Ey = E [Soo — v(S33 + Si1)] 
‘ (3.3.34) 
E33 = E [S33 — v(Si1 + So2)] 
Ep = : S Ex = i S Ex, = : S 
12 = 5G 23 = FE 92% 31 = 56 83 


To interpret the two constants E and v we consider simple tension or compression, and 
pure shear. 

If a body is under simple tension or compression with tensile stress o in the x, direction 
then the stress tensor S is given by 


(3.3.35) 


n 
II 
ooa4a 
So oO 
ooo 
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and from 3.3.34 we obtain 


E,, O 0 
E=|] 0 Ey 0 (3.3.36) 
0 0 E33 
where 
Ey, = : S 
AT = E 11 
Vv 
Ex = 7 Si = —vE\; (3.3.37) 


F33 = Ey = —vE\, 


Ep = £3 = Ex, =0 


Therefore, from the first equation of 3.3.37, the constant E is equal to the ratio of S|; and 
E,, and it is called Young’s modulus or the modulus of elasticity. Clearly, from 


S11 = EE), (3.3.38) 


Young’s modulus E is a coefficient of proportionality between the strain and the stress in 
simple tension or compression. As a bar is extended when acted by a tensile stress and 
shortened when acted by a compressive stress, Equation 3.3.38 suggests that E must be 
positive. Since E,, is dimensionless, FE has the dimension of S$; 


[S,,;] = [Force x Length *] (3.3.39) 


As for v in the second equation of 3.3.37, we note that 
r= SS (3.3.40) 


Hence, the constant v is the ratio of the lateral contraction to the longitudinal strain of a 
bar under pure tension. By the contraction we mean the negative strain equal to —E, in 
the direction perpendicular to tension. The dimensionless constant v is called Poisson’s 
ratio. As a tensile stress should produce a contraction in the direction perpendicular to it, 
Equation 3.3.40 implies that v must be positive. 

To interpret the constant G in the last three equations of Equations 3.3.34, we consider 
the case of pure shear in which the stress tensor S is given by 


(3.3.41) 


n 
II 
oa fo 
ood 
Seo20 
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where t is the magnitude of shear. Then, from Equations 3.3.34 we obtain 


Oy Bg 0 
E=|— 0 0 (3.3.42) 
0 0 0 
where 
ay ee (3.3.43) 
12 — #21 — G coe 


We note that the strain tensor E represents a pure shear of the amount t/(2G) with respect 
to the x, and x, directions, and since 


Sy = Tt =2GE/ (3.3.44) 


the constant 2G is a coefficient of proportionality between S$,. and E,,. The constant G 
is called the shear modulus. Since a positive shear stress produces a positive shear strain, 
Equation 3.3.44 suggests that G must be positive. The dimension of G is the same as of 
stress 


[G] = [Force x Length] (3.3.45) 


Apart from the engineering constants F, v, and G, another engineering constant called 
bulk modulus will be introduced. To this end, we consider a case of uniform pressure of 
magnitude p > 0 acting on the body. Then, the tensor S has the form 


—p 0 0 
S=|0 -p 0 (3.3.46) 
0 0 -p 
By Equation 3.3.34 we obtain 
Ey, O O 
E=]0 E£, O (3.3.47) 
0 O Ey 
where 
pd — 2v) P 
Ey, =- —— 3.4 
ul E 3k (3.3.48) 
with 
E 
pea 2 (3.3.49) 
3(1 — 2v) 


The constant k is called the bulk modulus. This name is motivated by the relation 


p = —k(trE) (3.3.50) 
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in which tr E represents the change of volume, see Equation 3.1.19. Since tr E represents a 
decrease of volume when a positive pressure acts on a body, it follows from Equation 3.3.50 
that & must be positive. 


Example 3.3.1 


Show that in case of uniform pressure of magnitude p > 0 acting on an isotropic elastic 
body, the displacement vector u may be given in the form 


u=—-— x (a) 


where k is the bulk modulus. 


Solution 


In this case the stress tensor § and the strain tensor E are given by Equations 3.3.46 
and 3.3.47, respectively. Therefore, both E and S are represented by diagonal matrices, 


Ey, = fn = fa =—4, Ei, = Ey; = Ey, = 0 (b) 
Si = Sy. = $33 = —p, Sin = S23 = S31 = O (Cc) 


To obtain u we use the formula, see Equation 3.1.46, 
1 
Ej = 5 (uj; + Uji) (d) 


Hence, we are to integrate the equations 


As a result of the integration we obtain 


ence rere 
uj = 3K Ti (f) 


where u? represents a rigid body motion given by, see Equation 3.1.8, 
up = a; + Winx; (g) 


Here a; is a constant vector, and W/,, is the skew part of a constant tensor W;. The strain 
field E° corresponding to u° vanishes since 


u?. = Wii (h) 
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so, taking the symmetric part of this, we obtain 


0 _ po _ . 
UG) = Ej =0 i) 


If we assume that the displacement u vanishes atx = 0 we obtain the required result. 


Passing now to a transversely isotropic case, with matrix [K*] given by Equations 3.3.30 
and 3.3.31, we interpret the constants FE, and EF, as Young’s moduli in the directions x, and 
X2, respectively. The interpretation of Poisson’s ratios v2 and v3, and the shear moduli G23 
and G,, follows from the discussion of the isotropic case and from the form of matrix [K*], 
Equation 3.3.30. 

The discussion of the engineering constants for the orthotropic case, represented by the 
matrix [K*] given by Equation 3.3.29, may be carried out in a similar way. 


3.3.3. ALTERNATIVE FORMS OF THE CONSTITUTIVE RELATIONS FOR AN 
IsoTROPIC BODY 


In Sections 3.3.1 and 3.3.2, we described an isotropic elastic body as a body in which 
both the elasticity tensor field C and the compliance tensor field K have only two different 
components. In this case, the relation 3.3.1, which is equivalent to Equation 3.3.18 with 
[C*] given by Equation 3.3.22, may be also postulated in the form 


S = C[E] = 2vE+ A(trE)1 (3.3.51) 


where the scalars w = p(x) and A = A(x) are called the Lamé moduli. These moduli 
are related to the shear modulus G = G(x) and the bulk modulus k = k(x) introduced in 
Equations 3.3.33 and 3.3.49, respectively, by 


U(x) = G(x), AK) = k(x) — ; L(x) (3.3.52) 
In components, the relation 3.3.51 reads 
Sj = 2Ey + AE gd; (3.3.53) 
By taking the trace of Equation 3.3.53 we get 
Se = BA + 2) Ex (3.3.54) 


So, if uw A 0 and 3A + 2 ¥ O, the stress-strain relation 3.3.53 is invertible and by virtue 
of Equation 3.3.54, we obtain 


1 Xr 
E;, = — |S; — —— Sx4; 3.3.55 
ij an ij a5, +4 Qu kk | ( ) 
or, in direct notation, 
E = K[S] : S s (trS)1 (3.3.56) 
= =— — —— (tr 3s 
Qu 314+ 2 
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Note that this equation was already discussed when it was written in terms of engineering 
constants, see Equations 3.3.34. Writing Equations 3.3.34 as a single equation we have 


1 
E= E [1 + v)S — v(trS)1] (3.3.57) 
where, comparing with Equation 3.3.33, 


1 1 
ee A = — 3. 
pat 5G (3.3.58) 


Since Equations 3.3.56 and 3.3.57 are equivalent, the coefficients in these equations must 
be identical. Therefore, 


ee aes Xr v 


an Ne d = 3.3.59 
i Gk CE 2) 
From Equations 3.3.52, 3.3.58, and 3.3.59 follow 
vE 
A= 
(i+v)(1 —2v) 
= . (3.3.60) 
Fi aaa) 
1 
k= — GA+2p) 


a) 


The table of elasticity constants provided in the front matter contains all the relations 
between E, v, k, A, and wu. 
In components the relation 3.3.57 takes the form 


1 


An equivalent form of Equation 3.3.51 is obtained if the deviatoric parts of S and E are 
introduced, see Equations 3.1.43 and 3.1.44, 


1 

Ss =S— = (trS)l (3.3.62) 
1 

E® =E— (EI (3.3.63) 


With these notations, Equation 3.3.51 is equivalent to the following pair of relations: 


S® = 2nE@ 
trS = 3ktrE (3.3.64) 
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The first relation of Equations 3.3.64 is obtained by taking the deviatoric part of 
Equation 3.3.51 and using the definitions 3.3.62 and 3.3.63, as well as the fact that 


(d) 1 
1 =1— = (11 =0 (3.3.65) 


since tr 1 = 3. The second relation of 3.3.64 is obtained by taking trace of Equation 3.3.51 
and using the relation for k in terms of A and jw, see also Equation 3.3.54. Therefore, 
Equation 3.3.51 implies Equation 3.3.64 and vice versa. 

For an incompressible isotropic elastic body, tr E = 0, and from Equation 3.3.50 it follows 
that in this case the bulk modulus k must be infinite to make p finite. By Equation 3.3.49 it 
also means that k > oo when v > 4 —0. 


_ 
Example 3.3.2 
Show that for an incompressible isotropic elastic body the constitutive relations are 


S = 2yE-—pl (a) 


3 


Solution 


For an incompressible body v = 1/2 and wx = E/3 and from Equation 3.3.57 we obtain 


1 1 
E= — S— — (trS)1 
On ee (c) 


Hence, 
S = 2uE—pl (d) 
where p is given by (b). 


From this example it follows that for an isotropic and incompressible material there 
is only one elastic constant, the shear modulus ju. 


Example 3.3.3 


Show that if 


and if C in components has the form 


Cit = ASGbxr + (Sin Sit + 875jx) (b) 


then 
Sip = ComrEn = 2 WEG + AE Sy c 


Solution 


Substituting Cj, given by (b) into the relation 
Sip = Ci En (d) 
we obtain 
Sip = [AG Siur + MKS + i15jx) LEK (e) 
Using now the property of the Kronecker symbol we have 


OE = Exc, — Sik SE = Si8jKER = Ey f) 


Hence, (d) reduces to (c). This completes the solution. 


Example 3.3.4 


Show that for an isotropic elastic solid, the principal directions of the stress tensor S$ 
coincide with the principal directions of the strain tensor E. 


Solution 


Let n be a unit vector along the principal direction of the strain tensor E and let h denote 
the associated principal value. Then, 


En = An (a) 
Since the body is isotropic, 
S = 2uE+A(trE)1 (b) 
Now, acting on n with § given by (b), and using (a), we obtain 
Sn = 2uhn+ A(trE)n (c) 
or 
Sn = [2uh+ A(trE)]n (d) 


This relation shows that n is parallel to a principal vector of the tensor S. Therefore, n 

is a principal vector for both E and S. Since n is any of the three principal vectors of E, 

then all principal directions of E coincide with appropriate principal directions of S. 
This completes the solution. 
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Example 3.3.5 


Show that the inverted form of Hooke’s law given by Equation 3.3.57 is 


ey SE pg es (a) 
= hh T—2v - 
Solution 
We start with Equation 3.3.51 
S = 2wE+A(trE)1 (b) 


Using relations between elasticity constants provided in the front matter, we note that 


E vE 


=, A= —___ (o) 
(1+) (1 +v)(1 — 2v) 


2 


Substituting relations (c) into (b) we obtain (a). 


3.3.4 STORED ENERGY OF AN ELASTIC BODY 


The concept of a stored energy of an elastic body is closely related to the concept of the 
fourth-order elasticity tensor C introduced in Section 3.3.1. 

A stored energy function W is ascalar valued function defined on a space of all symmetric 
tensors E such that W(0) = 0 and 


C[E] = VeW(E) (3.3.66) 


Here C is the elasticity tensor, and the RHS of Equation 3.3.66 is the gradient of W 
defined by 


VeEW(E)- A= “ W(E+ sA) (3.3.67) 
S 


s=0 


for every A = A’ and for an arbitrary scalar s. The need for such a definition comes from 
the fact that we look for the gradient of a tensor-dependent scalar function W. The definition 
is analogous to that of the gradient of a scalar field on B, see Section 2.2, and it implies that 
VeW (E) is a symmetric tensor with components 


dW(E) 


[VeW(E)ly = — 
ij 


(3.3.68) 


To show that Equation 3.3.67 implies Equation 3.3.68, we write Equation 3.3.67 in the 
form 


(3.3.69) 


OW(E 
vey) — | ay = 


JE; 


and from arbitrariness of Aj = Aj; we conclude that Equation 3.3.68 holds true. 
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ws) 
So 


WE) 


Zo 


FIGURE 3.12 Stored energy in a one-dimensional case. 


In the following we prove that the symmetry of the elasticity tensor C is equivalent to 
the existence of a stored energy function W of the form 


W(E) = ; E- C[E] (3.3.70) 


The energy function W in the case of a one-dimensional stress state is shown in Figure 3.12. 
It is equal to 


So 


1 
W(E) = = | E\,dS 3.3.71 
(E) = 5 J dS (3.3.71) 
In Figure 3.12, W (S) denotes the complementary strain energy density that is equal to 


Eo 
, 1 
W(S)= 5 J SudEn (3.3.72) 
0 


In the case of a linear stress—strain relation of isothermal and isotropic elasticity 


1 


ay So (3.3.73) 


/ 1 1 
WE) =W(S)= 5 SoEo = 5 EE; 
where E is Young’s modulus. 
First we show that the symmetry of C implies existence of W in the form of Equa- 
tion 3.3.70. To do so we define W by Equation 3.3.70 and show that it is in agreement with 
the definition 3.3.66. We compute the gradient of W by using the formula 3.3.67 and write 


1 
[VeW(E)]-A = 2 W(E+ sA) — e {(E+ sA)- C[E+ sA]} 
ds s-o.60—o 2 SS Fear 
ld 
= — — {(E- C[E]+sE-C[A] +s5A- C[E] 
2 ds 
+s5°A-C[A]} — ; {(E- C[A]+A- C[E]} (3.3.74) 
s=0 
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Since C is symmetric, see Equation 3.3.8, then for every A = A’ and B = B” 
A-C[B] = B-C[A] (3.3.75) 
and Equation 3.3.74 takes the form 
[VeW(E)]-A =A-C[E] (3.3.76) 


As a symmetric tensor A is otherwise an arbitrary tensor, Equation 3.3.76 implies 
Equation 3.3.66, which means that W is a stored energy function. 

What is left to be shown is that Equation 3.3.70 implies the symmetry of C. To this end 
we introduce the concept of a strain line Ly (which may, for example, be parameterized by 
time) connecting two different strains Ey and E, at the same point x. By the strain line we 
mean a function E = E(a@) where ay < @ < a, such that E(aj) = Ep and E(a,) = EF). 
We say that the line Lg is closed if Ey = E,. We associate Ly through Hooke’s law with the 
stress tensor S = S(a), 


S(a) = C[E(@)] (3.3.77) 
and define the work performed along Ly by 


dE(a) 
da 


ay 
w(Lp) = f S@) do: (3.3.78) 
0) 


From this definition and from the definition of the stored energy, Equation 3.3.66, it 
follows that 
w(Lp) = W(E\) — W(Eo) (3.3.79) 


Now we will prove that from the assumption that the work done along any closed Ly is 
nonnegative follows that this work is zero. We introduce the function 


E(w) =E(a+a;—a), a <a<q (3.3.80) 
Thus, 
E(a) =E(a;) and E(a,) = E(ap) (3.3.81) 
and from the definition 3.3.78 we find 
w(Lg) = —w(L) (3.3.82) 


since Lg has a direction opposite from Lg. As both w(Lg) and w(Lg) are nonnegative, we 
conclude from Equation 3.3.82 that 


w(Lg) = w(Lg) = 0 (3.3.83) 


This completes the proof of the statement. 
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Next we will prove that from the fact that the work is zero on a closed strain line Lr it 
follows that C is symmetric. We define Lx as a strain line associated with strain 


E(a) = (cosa — 1)A + (sina)B (3.3.84) 


where 0 < a < 27 and A and B are symmetric tensors. We note that Lz is a closed strain 
line since 


E(0) = EQz) =0 (3.3.85) 


The work performed along Lx is given by Equation 3.3.78. Computing the integrand in 
Equation 3.3.78 we obtain 


oe 


C[E(a)] - 


= {(cosa@ — 1)C[A] + (sinaw)C[B]} - [(— sina)A + (cos @)B] 
= (sina — cosa sina)A - C[A] + (cos? a — cos a)B - C[A] 
—(sin? w)A - C[B] + (sina cos a)B - C[B] (3.3.86) 


Hence, 


vila) = fete )]- oo dy a = 1{B-C[A] —A- C[B]} (3.3.87) 


because 


2a 
fina — cosa sina) da = 0 


2a 


J sine cos or da =0 
0 
Qn 


J (cos? —cosa)da=a1 


(3.3.88) 


Qn 
«2D 
f sin ada=wn 


0 


Since the assumption that w(L_g) = 0 implies that the RHS of Equation 3.3.87 vanishes, we 
obtain 


B-C[A] =A.- C[B] (3.3.89) 


Fundamentals of Linear Elasticity 155 


This relation means that C is symmetric, see Equation 3.3.8. Since the symmetry of C 
implies the existence of W in the form of Equation 3.3.70, from the relation 3.3.79 it 
follows that the work along a closed strain line Ly is nonnegative. 

This completes the proof that Equation 3.3.70 implies the symmetry of C. This also 
completes the proof that the symmetry of C means that there is a stored energy function 
W(E) of the form, see Equation 3.3.70, 


W(E) = ; E- C[E] (3.3.90) 


The property of symmetry of C was also discussed in Section 3.3.1 on general constitutive 
equations for an anisotropic body, where the symmetry of C caused a reduction of the 
number of components of C from 36 to 21. Hence, the equivalence of the symmetry of C 
with the existence of W motivates our discussion on the stored energy of an elastic body. 
Note that from Equation 3.3.90 it follows that the dimension of a stored energy W is 


[W] = [Stress] = [Work x L™] (3.3.91) 

and 
[Work] = [Force x L] (3.3.92) 
From this it is clear that W represents a work per unit volume and can be treated as an 


energy density function defined for each point x € B. Hence, the total strain energy of body 
B may be presented by 


1 
U-{E} = fw du= 5 JE -C[E] dv (3.3.93) 
B B 


By using the constitutive relation 
S = C[E] (3.3.94) 


and introducing the function 
~ 1 
W(S) = 5 S- K[S] (3.3.95) 


we may also define the stress energy of B by 


U,{S} = i W(S) dv= ; i S-K[S] dv (3.3.96) 
B 


B 


Obviously, from Equations 3.3.93 through 3.3.96 it follows that 


Uc{E} = Ux{S} (3.3.97) 
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Example 3.3.6 
Show that if C is symmetric, then the constitutive relation 
S = C[E] (a) 
may be written in the form 
S = V_EW(E) (b) 
where W = WE) is a stored energy function. 


Solution 


Since C is symmetric, there is a stored energy function W=W/(E) such that 
Equation 3.3.66 is satisfied. So, Equations 3.3.66 and (a) imply (b). 


This example shows that a stress tensor S for an anisotropic elastic body may be obtained 
by taking the gradient of a stored energy for such a body. 


Example 3.3.7 


Let W = W(S) be a scalar-valued function defined on a space of symmetric tensors S$ 
by the relation 


2s 1 
W(S) = -: S - K[S] (a) 


where K is the compliance tensor. Show that (A) the constitutive equation (a) from 
Example 3.3.6 may be written in the form 


E = K[S] = V<W(S) (b) 
and (B) 
W(S) = W(E) (c) 


Solution 


Since K is the compliance tensor, (a) from Example 3.3.6 is equivalent to 
E = K[S] (d) 
Next, as K is symmetric (since C is symmetric), we have by (a) 
K[S] = VsW(S) (e) 


Hence, (d) and (e) imply (b), and this proves (A). To show (B), we use (a) from Example 
3.3.6, and obtain 


~ 1 
W(S) = 5 CLE] - KICTE]] (f) 
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Since K is the inverse of C, therefore 


K[C[E]] =E (g) 


Hence, by (f), (g), and Equation 3.3.90, we arrive at (c). This proves (B). 


Example 3.3.8 


Show that for an isotropic elastic body the functions W = W(E) and W=W(), given 
by Equations 3.3.90 and 3.3.95, respectively, take the forms 


Xr 
W(E) = wIE|? + > (tr E)” (a) 
and 
Ws) = — | \s/ «rs? | (b) 
Au 3A +2 
Solution 
For an isotropic body, see Equation 3.3.51, 
S = C[E] = 2uE+ A(trE)1 (o) 
Recalling Equation 3.3.90, 
1 
WiE) = 5 E-CIEI (d) 


and substituting (c) into this equation, we obtain (a). s 
To show (b) we use Equation 3.3.56 together with the definition of W given by 
Equation 3.3.95 and we arrive at (b). 


Example 3.3.9 
Show that if the material is isotropic the following five conditions are equivalent: 


(i) The elasticity tensor C is positive definite. 
(ii) Young’s modulus E is positive and Poisson’s ratio v satisfies the inequality 


-1<v<1/2 (a) 
(iii) The shear modulus yz is positive and Poisson’s ratio satisfies relation (a). 
(iv) The shear modulus pu is positive and the bulk modulus k is positive. 


(v) The shear modulus p is positive and 


3A+2u>0 (b) 
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Solution 
We are to show that (i) < (ii) < (iii) + (iv) © (v). 
The equivalence of (i) and (ii) means that (i) implies (ii) and (ii) implies (i). To show 
that (i) = (ii) we use the definition of the positive definiteness of the tensor C, see 
Equation 3.3.13, in the form 


A-C[A]>0_ forevery A=A'’AO (c) 


In the isotropic case this is equivalent to 


2 id 2 
a G =o cay] > 0 (d) 
since, see (a) in Example 3.3.5, 
E v 
A] = —— |A+ —— (trA)1 
C{A] ay [Ato ent] (e) 
Replacing A by E in relation (d) we obtain 
E 2 v 2 
f 
ay [le + a are"| > 0 (f) 
Next, we note that E can be represented as 
E=EO + 5 (tr E)1 (g) 
where 
1 
EO =E- 3 (tre) (h) 
We note that 
tre? =0 (i) 
and 
1 
JEI? = JE? + = (tr Ey” (j) 


Hence, an equivalent form of the inequality (f), obtained by substituting (j) into (f), reads 


(d))2 2 
‘F | ie we) }=° (k) 


1+v 31-2v 


Due to the arbitrariness of E we may take first E such that trE = 0, then (k) implies that 
F>Oand1+v>0O0orf <Oand1+4+v <0. Next, by selecting E such that |E| = 0 
we obtain from (k) 


E>0O and 1—2v>0 or E<O and 1—2v<0O (I) 
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Since from the one-dimensional Hooke’s law Young’s modulus is positive, from the 
inequalities 


1T+v>0, 1-—-2v>0 (m) 


follows 
1 (n) 
-1l<v<= 
2 


This ends the proof that (i) = (ii). A proof that (ii) = (i) can be carried out by proceeding 
in the opposite direction starting from (ii). 

To show that (ii) = (iii) we use the table of relations between elasticity constants 
provided in the front matter from which we write 


E 


=D Ep) 2 


Lb 


Since in (ii) E is positive and (a) is satisfied, 2 is positive and Poisson’s ratio v satisfies 
(a). The proof that (iii) implies (ii) is obvious. 

To show that (iii) and (iv) are equivalent we again use the table of relations between 
elasticity constants provided in the front matter. In particular, we use the formula 


— 2u(1 +) (p) 
= 3G as0y) P 
Finally, to show that (iv) and (v) are equivalent, we note that 
1 
k= 5 (3A + 2p) (q) 


This completes the proofs. 


This example shows that for an isotropic body the positiveness of the stored energy 
function implies Poisson’s ratio may take negative values, so that v > —1. From the previous 
discussion, see Equation 3.3.40, we observed that v must be positive. The restriction of 
Poisson’s ratio v to positive values only, which comes naturally from engineering tests, is 
consistent with the positive definiteness of the stored energy. 

Positive definiteness of the elasticity tensor C allows us to prove the uniqueness of 
solutions in problems of elasticity. A more general hypothesis than the positive definiteness 
of C, which also guarantees the uniqueness, is the concept of a strong ellipticity of C. 

Tensor C is said to be strongly elliptic if 


A-C[A] > 0 (3.3.98) 
for every second-order tensor A of the form 


A=a®b, (3.3.99) 
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where a and b are arbitrary nonzero vectors. In components, Equation 3.3.98 reads 
Cijxiaiaxbjb; > 0 (3.3.100) 
Due to the symmetry of C with respect to the indexes i, j and k,/, we have 
AyCinAu = Ag CinA co (3.3.101) 


Hence, the positive definiteness of C implies strong ellipticity of C. This becomes clear if 
we substitute into Equation 3.3.101 


Aj = ab; (3.3.102) 
and use the definition of positive definiteness of C. The converse statement, that strong 
ellipticity implies the positive definiteness of C is not true. This may be shown by proving 
that for an isotropic solid the tensor C is strongly elliptic if and only if 


w>O and A+2u>0 (3.3.103) 


To prove this we note that for an isotropic body, the tensor C in components is, see (b) in 
Example 3.3.3, 


Cie = AS Su + Mindi + 55x) (3.3.104) 
Therefore, 
C nr iad jb = [Ab yjbxr + Wie dit + 6:15jx) laiaebjb1 
= hajbjab; + p(aya;,b,b; + a,b,a;b;) 
= p[lal’|b\? — (a- b)*] + (A + 2p)(a- b)? (3.3.105) 
To prove that the inequalities 3.3.103 imply the strong ellipticity of C we recall that 
(a-b)’ < |al’|b/? (3.3.106) 
and observe that the RHS of Equation 3.3.105 is positive if the inequalities 3.3.103 are 
satisfied. 
To prove the converse statement, we use Equation 3.3.105 and write the assumption on 
the strong ellipticity of C in the form 


u[lal|b|? — (a- b)?] + A + 2p)(a- b)? > 0 (3.3.107) 


Since inequality 3.3.107 is to be satisfied for any two nonzero vectors a and b, we first let 
in the inequality 3.3.107 a = b, and find 


A+2u>0 (3.3.108) 
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Next, substituting in the inequality 3.3.107 any two vectors a and b that are orthogonal, we 
obtain 


u>O (3.3.109) 
This completes the proof of the converse statement. 
Example 3.3.10 
Show that for an isotropic body, the strong ellipticity of C means that 
a>O and ve[51| (a) 
Solution 


We note from the table of relations between elasticity constants provided in the front 
matter that 


(b) 


thus 


2u(1 — v) 


Ty (c) 


A+ 2U= 
Using now the equivalence of the strong ellipticity of C and the inequalities 3.3.103 we 


find that the strong ellipticity of C is equivalent to the relations (a). This follows from 
the fact that 


l-v 


ae (d) 


is positive if and only if v does not belong to the interval [4, 1]. 
This completes the solution. 


The ranges of Poisson’s ratio v for a positive definite tensor C and for a strongly elliptic 
tensor C are shown in Figure 3.13. 

From Example 3.3.10 and from Figure 3.13, in which the ranges of v both for positive 
definiteness of C and for a strong ellipticity of C are shown, it follows that 


(a) In general, strong ellipticity does not imply positive definiteness. 

(b) Positive definiteness of C coincides with the strong ellipticity of C for the range 
of v from —1 to . 

(c) From an engineering point of view it is clear that both the positive definiteness of 
C and the strong ellipticity of C are acceptable concepts for v between 0 and . 


The need for the introduction of the concept of strong ellipticity of C comes from the fact 
that not only a uniqueness result of elasticity can be established but also this property of C 
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Strong ellipticity range of v 


vo \ 


Positive definiteness 
range of v 
g' —~ 


>v 


FIGURE 3.13 Ranges of v for positive definiteness of C and for strong ellipticity of C in the case 
of an isotropic body. 


is used in an analysis of wave propagation in elastic solids in which the inequalities > 0 
and A + 24 > 0 imply that the velocity of a shear wave and the velocity of a longitudinal 
wave are real. 


Example 3.3.11 


A particular anisotropic elastic material for which in addition to 3.3.5 and 3.3.11 the 
following symmetry relations are satisfied 


Cis = Cini (a) 
is called an anisotropic elastic material subject to the Cauchy relations [4]. A theory 
of anisotropic elasticity obeying the Cauchy relations is carrying only 15 independent 
elasticity constants. Show that for the special case of isotropy the Cauchy relations (a) 
reduce to the single relation 4 = 4, where A and yw are Lamé constants, and hence the 


elasticity tensor depends only on one modulus as predicted by Cauchy in his days. 


Solution 


We note that for an isotropic elastic material the elasticity tensor Cj, takes the form 
Cit = 285 Ss + Mik Sit + 517 Sit) (b) 


where 6; is the Kronecker symbol. Then, it follows from (a) and (b) that the Cauchy 
relations for the isotropic solid take the form 


Cage = A dig Sky + Me Sq Fig = O (c) 
or, equivalently, 


(A — p#) Stik by =0 (d) 
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In Equations (c) and (d) brackets over two indices indicate antisymmetrization. Now, 
multiplying (d) by the sixth-order tensor 


Aabijkt = aij €bki (e) 
where €,,- is the alternating symbol, and using the identity 
Stik 54 €ay €bki = 2525 (f) 
we obtain 
2 (A — 1) ba» = 0 (g) 


Equation (g) implies that for an isotropic elastic material of the Cauchy type we have 
A=. 


Note that there is the following relation between the pair (A, 2) and Poisson’s ratio v 


(h) 


Hence, by letting 4 = x in (h) we find that for an isotropic elastic material of the Cauchy 
type Poisson’s ratio v = 1/4. This completes the solution. 


3.3.5 STRESS—-STRAIN—TEMPERATURE RELATIONS FOR A THERMOELASTIC BODY 


The constitutive relations considered in the previous sections were postulated under the 
condition that a body remained at a constant temperature. If a body is heated or cooled 
unevenly and it is allowed to expand freely, thermally induced strains and associated stresses 
will be produced. Hence, for an anisotropic body subject to uneven heating the constitutive 
law 3.3.1 and its equivalent given by Equation 3.3.7 are modified to the form 


S = C/E] + ™ (3.3.110) 
and 
E=K[S]+T7A (3.3.111) 
where 
T=0-—6, %>0 (3.3.112) 


is a temperature change. 

In Equation 3.3.110, C denotes the elasticity tensor evaluated at a constant temperature 
@ = 6. The tensor M is called the stress—temperature tensor. We note that M is symmetric, 
M=M’. 

In Equation 3.3.111, K is the compliance tensor evaluated at 6 = 6. The tensor A is 
called the thermal expansion tensor, and it is symmetric. 
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In Equation 3.3.112, 6 is the absolute temperature (6 >0), and @ is a reference 
temperature, at which the stress and strain vanish throughout the body. 
Since relations 3.3.110 and 3.3.111 are equivalent, 


K=C' and A=—K[M] (3.3.113) 


To prove this it is sufficient to apply the operator K to both sides of Equation 3.3.110. This 
yields 


K[S] = K[C[E]] + TK[M] (3.3.114) 
Hence, we write 
E = K[S] — TK[M] (3.3.115) 
Thus, Equation 3.3.115 is identical to Equation 3.3.111 if 
A = —K[M] (3.3.116) 


By virtue of Equation 3.3.110, the stress—temperature tensor M multiplied by 7 gives 
the stress resulting from the temperature change T when strain E vanishes: 


S=T™M if E=0 (3.3.117) 


Also, from Equation 3.3.111 it follows that the thermal expansion tensor A multiplied by 
T gives the strain E produced by T when stress S vanishes: 


E=TA if S=0 (3.3.118) 


Obviously, the first and second terms on the RHS of Equation 3.3.110 represent the mechan- 
ical and thermal part, respectively, of the stress tensor for a thermoelastic body. Similarly, 
the first and second terms on the RHS of Equation 3.3.111 represent the mechanical and 
the thermal part, respectively, of the strain tensor. 

For a nonhomogeneous thermoelastic body the material tensors C, K, M, and A depend 
on the position x € B. 

In components, the constitutive relations 3.3.110 and 3.3.111 for an anisotropic 
thermoelastic solid take the form 


Si = CiEu + TM, (3.3.119) 
and 
Ei, = KiwSu + TAy (3.3.120) 


It is assumed that the tensors C and K satisfy the symmetry properties stated in 
Equations 3.3.5 and 3.3.11 as well as in Equations 3.3.14 and 3.3.15: 


Cia = Cit = Cie = Cry (3.3.121) 
Kis = Kj = Ki = Kua (3.3.122) 
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Also, C and K are assumed to be positive definite, which means 


ByCyBu >0 
ByKijnuBu > 0 (3.3.123) 


for every B,; = By 4 0. 
What regards the tensors M and A, they satisfy the symmetry relations 


but we do not require that M and A be positive definite. 

Now we pass to an isotropic thermoelastic body. For such a body, Equations 3.3.110 and 
3.3.111, written in terms of Lamé moduli 4 and yu, and the coefficient of the thermal linear 
expansion a, take the form 


S = 2uE + A(rE)1 — GA+4+2W)aT1 (3.3.125) 

and 
E= a — ——__ «rs)1| +aT1 (3.3.126) 

2m 31+ 2 
This means that for an isotropic body 

M = —(3A + 2u)a1 (3.3.127) 

and 
A=al (3.3.128) 


Taking the trace of Equation 3.3.126 we receive the dilatation, see Equation 3.1.19, 


trS 


tr EK = ——_ 
34+ 2 


+ 3aT (3.3.129) 


If the body is subject to temperature change T only and is not constrained, then in 
Equation 3.3.129 S = 0 and we obtain 


trE = 3aT (3.3.130) 
This represents the change of volume per unit initial volume of an element of the body that 
undergoes a small deformation caused by a temperature change 7. Therefore, for a stress 


free body subject to T the strain tensor E is given by the diagonal matrix with 


Ey, = Ey = E33 = aT (3.3.131) 
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and the meaning of @ is clear from the relation 


Ey) Ex — E33 
0 — 


= , THO 3.3.132 
7 T T # ( ) 
Since E£;; is nondimensional, the dimension of a is 
[ow] = [K~'] (3.3.133) 


The constitutive equations 3.3.125 and 3.3.126 written in terms of engineering constants 
are 


E v 
Se E trE)1] — TI 3.3,134 
| =o 0 =o ( ) 
1l+ov v 
E= —~— @rsy1}+e71 3.1 
: E rey rst] +e (3.3.135) 


Example 3.3.12 


Show that Equation 3.3.135 can be inverted to produce Equation 3.3.134. 


Solution 


Assume that E is given by Equation 3.3.135. We take the trace of Equation 3.3.135 and 
obtain 


1T+v  3v 
( F = 2) ers) +307 = te (a) 
Hence, 
trS= Cr (trE — 3a7) (b) 


Since, by Equation 3.3.135, 
v E 
= 1+ —— (E-al1 
S Fa © aT1) (c) 


then substituting (b) into (c) we arrive at Equation 3.3.134. 
This completes the solution. 


Example 3.3.13 


Let an isotropic homogeneous thermoelastic body kept at a constant temperature 6) > 0 
be subject to a uniform pressure of magnitude p > 0. Show that it is possible to decrease 
the temperature of the body to a constant level 6 < 4 in such a way as to make the body 
stress free. 
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Solution 
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For an isotropic body kept at the temperature 6) > 0 and subject to uniform pressure 


p > 0, the stress tensor S is given by 
S” =—pl 
If the temperature of the body is decreased to 6 level, the total stress is 
S=S5 452 

where 

S? = —(3A + 2p)a(O — 61 
Hence, the condition § = 0, leads to 

—p— BA+2u)(0 — %)o = 0 
So, the body becomes stress free if 


p 


6 = 6 — ———_ 
BA + 2p)a 


This completes the solution. 


For numerical calculations we take 


6) = 20°C or 293.16 K (room temperature); 

p = 100 MPa (pressure); 

Material: structural steel with 

E = 204 GPa (modulus of elasticity) 

v = 0.29 (Poisson’s ratio) 

a = 12 x 10-°/K (coefficient of linear thermal expansion). 


Since 


E __ 204,000 MPa 
Lao 1 256029 


3A4+2u = = 485,714 MPa 


we obtain from (e) 


100 MPa x 10° 
485,714 MPa x 12 
= (293.16 — 17.16) K = 276 K or 2.84°C. 


0 = 293.16 K — 


(a) 


(3.3.136) 


(3.3.137) 
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PROBLEMS 


3.1 Show that if u is a pure strain from Xo, then u admits the decomposition 
u=u,+Ww+y, (a) 


where Uj, Us, and u; are simple extensions in mutually perpendicular directions 
from Xo. 
3.2. Show that u in Problem 3.1 admits an alternative representation 


u=u,+u, (a) 


where uy is a uniform dilatation from x9, while u, is an isochoric pure strain from Xo. 
3.3 Show that if u is a simple shear of amount y with respect to the pair (m,n), where m 
and n are perpendicular unit vectors, then u admits the decomposition 


u=u,+u (a) 


where 
u, is a simple extension of amount y in the direction 35 (m +n) 


U, is a Simple extension of amount —y in the direction =3(m —n) 


3.4 Let u and E denote a displacement vector field and the corresponding strain tensor 
field defined on B. Show that the mean strain E(B) is represented by the surface 
integral 


Fe 1 
EB) = J sym (u @ n)da (a) 


where v(B) is the volume of B. 
3.5 Show that if u = 0 on 0B then 


f(vuy'do < 2f |E?dv (a) 
B B 


where E is the strain tensor field corresponding to a displacement vector field on B. 
3.6 (i) Let E be astrain tensor field on E° defined by the matrix 
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where E, N, and v are positive constants. Show that a unique solution u to the 
equation E = Vu on E° subject to the condition u(0) = 0 takes the form 


N N N |" b) 
ial Osa cas ae a 


(ii) Let E be a strain tensor field on E* defined by the matrix 
M 
v—x; 0 0 
EI i 
B=} .0 0 (c) 


where M, E, I, and v are positive constants. Show that a unique solution u = 
[u},U2,U3]’ to the equation E = V u on E® subject to the condition u(0) = 0 
takes the form 


M{1_, 2 2 J 

WS hs (x3 + uxt — vxz), vxx2, —x1%3 (d) 

3.7 Given a stress tensor S at a point A find (i) the stress vector s on a plane through A 
parallel to the plane n-x — ut = 0 ({n| = 1, v > 0, t > 0), (ii) the magnitude of s, (iii) 
the angle between s and the normal to the plane, and (iv) the normal and tangential 
components of the stress vector s. 


Answers: 
(i) s = Sn; (ii) |s| = |Sn]; (iii) cos@ = s - n/|s|; (iv) s = s, +$,, wheres, = (n-s)n 
ands, = nx (s xn). 

3.8 Let {e;} be an orthonormal basis for a stress tensor S, and let {e*} be an orthonormal 
basis formed by the eigenvectors of S. Then a tensor S* obtained from S by the 
transformation formula from {e;} to {e*} takes the form (see Example 2.1.12) 


S* = dye} @ ej + Axe; @ e5 + A3€; Se} (a) 


where A; is an eigenvalue (principal stress) of S corresponding to the eigenvector e*. 
Show that the function 


g(n*) = |s*| = |n* x (S*n* x n*)| (b) 


representing the tangent stress vector magnitude with regard to a plane with a normal 
n* in the {e*} basis, assumes the extreme values: 


1 
si], = 5/42 — al (c) 
, 1 
Si], = 5143 — All (d) 
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and 
si], = 5! — al () 
at 
n* = (0, 1/72, £1/V2]" (f) 
ny = [+1/V2, 0, £1/V2]" (g) 
and 
nt = [+1/V2, £1/V2, Oo] (h) 


respectively. Hence, if 4; >A. >A; then the largest tangential stress vector magni- 
tude is 


|s*|, = 5/3 =| (i) 
and this extreme vector acts on the plane that bisects the angle between ej and e}. 
3.9 Let D = {x: x, > 0, x,tan 6 > x. > 0} be a two-dimensional wedge region shown in 
Figure P3.9, and let Sog = Sop(X), [XK = (X1,%2); a, B = 1,2] be a symmetric tensor 
field on D defined by 


Si = dx. + ex; — pgxi, Sx =—yx1, Si = So = —ex2 (a) 


where d, e, g, 0, and y are constants (g > 0, p > 0, y > 0). 
(i) Show that 


divS+b=0 onD (b) 
where 
b=[pg, 0] onD (c) 
(ii) Using the transformation formula from the x, system to the system x’, [see 
Equation (b) in Problem 2.8] find the components S/,, in terms of Sag, and show 
that 
Sip=0 and S,,=0 forx =x,tand (d) 


provided 


2 
e= and d= Ps Sci 


tan26 ~ tand  tan30 (©) 
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x3 


0<O0<n/2 


FIGURE P3.9 


(iii) Give diagrams of S,, and S;, over a horizontal section x, = eH = const. 
(iv) Give a diagram of $5. over the vertical section x, = 0. 


3.10 Let B denote a cylinder of length @ and of arbitrary cross section, suspended from the 
upper end and subject to its own weight pg (see Example 3.2.12 and Figure P3.10). 
Then the stress tensor S = S(x) on B takes the form 


0 0 
S=/0 0 0O (a) 
0 0 


since, in this case, the body force vector field is given by b = [0,0,—pg]’, and 
divS + b = 0 on B. The stress vector s associated with S on 0B has the following 
properties: s = [0,0, og@]’ on the end plane x3; = ¢; and s = 0 on the plane x; = 0 
and on the lateral surface of the cylinder as n = [n,,nz,0]’ on the surface. Assuming 
that the cylinder is made of a homogeneous isotropic elastic material, the associated 
strain tensor field E takes the form (see Equations 3.3.57) 


ae 0 0 
E= 2 —v 0 (b) 
E 0 0 1 


where E and v are Young’s modulus and Poisson’s ratio, respectively. 
(i) Show that a solution u of the equation 


E=Vu onB (c) 
subject to the condition 
u(0, 0, £) = 0 (d) 
takes the form 
Ps VA hod Li. : 
u= = [—vsim, —VX7X3, 5 (x; +35) + 5 (x; —£ ) (e) 


(ii) Plot u3 = u3(0,0,x3) over the range 0 < x3 < £. 
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x3 


FIGURE P3.10 


3.11 For a transversely isotropic elastic body each material point of the body possesses an 


axis of rotational symmetry, which means that the elastic properties are the same in 
any direction on any plane perpendicular to the axis, but they are different than those 
in the direction of the axis. If the x3 axis coincides with the axis of symmetry, then 
the stress—strain relation for such a body takes the form 

E 11 

Ex 

Ex3 


Si Cu Cy ¢3 O O 
Soo Co Cu ¢3 O O 
0 
0 | | 2e,, | (a) 


ea ale C13 C33 0 


S32 0 0 0 C44 
S31 0 0 0 0 C44 2E31 
Siz 0 0 0 0 OP. "hen =e) 72 2E\2 


where S and E are the stress and strain tensors, respectively, and five numerically 
independent moduli c 11, €33, C12, C13, and C44 are related to the components C;,, of the 
fourth-order elasticity tensor C by (see Equation 3.3.20) 


oooc°oa 


C1=Cun, C2=Cin, ¢3 = C33, 


€33 = C3333, Cag = Ci313 (b) 


Show that if the axis of symmetry of a transversely isotropic body coincides with the 
direction of an arbitrary unit vector e, then the stress—strain relation takes the form 


S = C[E] = (cy, — cy)E + {en (tr E) — (cr. — cy3)e- (Ee) }1 
— (C11 — C12 — 2c44){€ @ (He) + (Ke) @ e} 


— {(C1z — C13) (tr E) — (cy, +33 — 2€13 — 4cqy)e- (Ee)}e @ e (c) 


3.12 Show that the stress—strain relation (c) in Problem 3.11 is invertible provided 


2 
C= (Cy + €12)e33 — 2c}, > 0, C11 > |er|, Cry > 0 (a) 
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3.13 


3.14 


3.15 


and that the strain—stress relation reads 


1 
E = K[S] = (cy, — en) 'S + 5[ fetes = (Ci — C12) '} (tr) 
— {c"'(e33 + 2e13) — (cu — en) ‘fe (Se) |1 
as {in —¢p)' - seal {e ® (Se) + (Se) @ e} 
1) f 4 = 
= AG (C3g-+ 2¢13) = (Ci = Cia) | rs) 


= {cen + c33 + 2¢12 +4c13) + (C11 — C12) — aout e- (See We 
(b) 


Prove that the inequalities (a) in Problem 3.12 are necessary and sufficient conditions 
for the elasticity tensor C (compliance tensor K) to be positive definite. This means 
that the strain energy density (stress energy density) of a transversely isotropic body 
is positive definite if and only if the inequalities (a) in Problem 3.12 hold true. 
Consider a plane x - n — vt = 0, where n is a unit vector and v and ¢ are constants 
(v > 0,t => 0). Let S be the stress tensor obtained from Equation (c) of Problem 3.11 
in which 0 < e-n < 1, and the strain tensor is defined by 


E = sym (n @ a) (a) 


where a is an arbitrary vector orthogonal to n. Let S* and S| represent the normal and 
tangential parts of S with respect to the plane (see Problem 2.4 in which T is replaced 
by S). Show that 


S = (ci) — €12)sym (n ® a) — (C1) — C12 — 2C44) COS O sym (€ @ a) (b) 


St = [(c1; — cy) sin? 6 + 2c44 cos’ 6] sym (n @ a) (c) 
s' = (Cy) — Cy. — 2C44) cos 8 sym [(Ncos 6 — e) ® a] (d) 

where 
cos@=e-n, 0<0<27/2 (e) 


Show that for a transversely isotropic elastic body the stress energy density 


~ 1 
W(S) = 5 S- K[S] (a) 
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corresponding to the stress tensor given by Equation (b) of Problem 3.14 takes the 
form 


De 1 1 
WS) = xe Far = C12) sin? 6+ C44 cos” 6| (b) 
Also, show that 
W(S) = WS") — WS') (c) 


where WS") and ws') represent the “normal” and “tangential” stress energies, 
respectively, given by 


WS)= 58 -K[S*] 
= W(S) [ + Ca (en). Ca oy =e) ame 20| (d) 
and 
Ws!) _ 38! KIS" ] 
— WS) ; Gielei — Cis) Wen Sts = 20) sim 20 (e) 


Here S+ and S! are given by Equations (c) and (d), respectively, of Problem 3.14. 
Let (6) = WS') /W(S)+, where W(S) and W(S'") denote the normal and tangential 
stress energy densities of Problem 3.15. Show that 


2 


pmax [e@))] = 9(1/4) = Tea (a) 
where 
1 |ey — ep — 2c 
~ 2/2 a - en _ 
Note: When the body is isotropic we have 
Cy =C3 =A+2N, Cyp=Cya=A, Cy=yU (c) 


where i and jz are the Lamé material constants. In this case Equation (b) reduces 
to A = 0, which means that for an isotropic body the tangential stress energy 
corresponding to the stress (d) of Problem 3.14 vanishes. 
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3.17 


3.18 


Let u, E, and S denote the displacement vector, strain tensor, and stress tensor fields, 
respectively, corresponding to a body force b and a temperature change 7. Suppose 
that the fields u, EF, and S satisfy the equations 


E=Vu onB (a) 
divS+b=0 onB (b) 
S=C[E]+7TM onB (c) 


where B is a bounded domain in E?; and C and M denote the elasticity and stress— 
temperature tensors, respectively, independent of x € B. Also, suppose that an 
alternative equation to Equation (c) reads 


E=K[S]+7A onB (d) 


where K and A represent the compliance and thermal expansion tensors, respectively. 
Let f = f(B) denote the mean value of a function f = f(x) on B 


~ 1 
Or J Fo dv (©) 
where v(B) stands for the volume of B. Show that 
Rie = f sym (u @ n) da (f) 
o(B) 3, 
and 


SC) 


1 
= Gp | [omeosmaes [omaemar (g) 


aB 
where n is the outward unit normal on 0B. Also, show that 

E(B) = K[S(B)] + T(B)A (h) 
and 
S(B) = C[E@)] + T(B)M (i) 


The volume change 6v(B) associated with the fields u, E, and S in Problem 3.17 is 
defined by (see Equation 3.1.41) 


5u(B) = v(B)tr E(B) (a) 
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Show that 
(i) 5u(B)=0, S(B) = T(B)M 
ifu = 0on dB (b) 
and 
(ii) S(@)=0, E(B) =T(B)A, 40(B) = o(B)T(B)trA 
if Sn = 0 on OB andb = 0o0nB (c) 


Note: Equations (c) imply that the volume change 6 u(B) of a homogeneous isotropic 
thermoelastic body with zero stress vector on 0B and zero body force vector on B 
subject to a temperature change T on B is given by 


5u(B) = 3aT(B)v(B) (d) 


where a is the coefficient of linear thermal expansion of the body. 
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Formulation of Problems 
of Elasticity 


In Chapter 3, the field equations describing a linear elastic solid were discussed. In this 
chapter, these field equations are used to formulate the boundary value problems of elasto- 
statics and the initial boundary value problems of elastodynamics; in particular, the mixed 
boundary value problems of isothermal and nonisothermal elastostatics, as well as the pure 
displacement and the pure stress problems of classical elastodynamics are discussed. The 
Betti reciprocal theorem of elastostatics and Graffi’s reciprocal theorem of elastodynam- 
ics together with the uniqueness theorems are also presented. An emphasis is made on 
a pure stress initial boundary value problem of incompatible elastodynamics in which a 
body possesses initially distributed defects. The chapter contains both solved examples 
and end-of-chapter problems with solutions provided in the Solutions Manual; problems in 
which the stress reciprocity relation of incompatible elastodynamics are discussed deserve 
special attention. 


4.1 BOUNDARY VALUE PROBLEMS OF ELASTOSTATICS 


4.1.1 FIELD EQUATIONS OF ELASTOSTATICS 


In Chapter 3, we developed kinematics, equations of equilibrium, and constitutive equations 
for a linear elastic body. We start by recalling the fundamental system of field equations. 


The strain—displacement relation 


E=u= 5 (vat vw") (4.1.1) 
The equations of equilibrium 
divS+b=0, S=S" (4.1.2) 
The stress-strain relation 
S = C[E] (4.1.3) 


In these equations, b is a prescribed body force field, and the functions u, E,S are to be 
found at each point of the body. Now we will reduce Equations 4.1.1 through 4.1.3 to 
the displacement equations of elastostatics. To this end, we substitute Equation 4.1.1 into 
Equation 4.1.3 to obtain the stress—displacement equation 


S =C[Vu] (4.1.4) 
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Next, substituting Equation 4.1.4 into Equation 4.1.2, we obtain the displacement equation 
of equilibrium 


div C[Vu] +b = 0 (4.1.5) 


Obviously, if u is a solution of Equation 4.1.5, then the stress tensor S is obtained from 
Equation 4.1.4 and the strain tensor E is obtained from Equation 4.1.1. This implies that 
finding a solution [u, E,S] to Equations 4.1.1 through 4.1.3 may be reduced to finding a 
displacement u that satisfies Equation 4.1.5. 

In components, Equation 4.1.5 reads 


(Cyuti),j + Bi = 0 (4.1.6) 


We note that for an anisotropic nonhomogeneous body, the task of finding an analytical 
solution to Equation 4.1.6 is hopeless except for simple particular cases. In the following, 
we discuss an isotropic elastic body. For a nonhomogeneous isotropic body, the stress-strain 
relation, written in terms of Lamé coefficients, has the form 


S(x) = 2u(x)E(x) + A(x)[tr E(x)]1 (4.1.7) 
Substituting Equation 4.1.1 into this relation, we obtain 
S(x) = w(x)(Vu+ Vu’) + A(x)(divu) 1 (4.1.8) 
In components, this reads 
Sig = Wij + Uji) + Aug Si (4.1.9) 
Computing Sj; and taking into account the fact that A and jz depend on x, we get 
Sy j= Bj ig + uj) + eg + gy) + Ae + Ate (4.1.10) 


Thus, the displacement equation of equilibrium 4.1.6 for a nonhomogeneous isotropic body 
written in components is 


[Uy + (A + Ugg + (Ui + Uj) hj + UeAdy +B; = 0 (4.1.11) 
This equation presented in direct notation, see Section 2.2, takes the form 
wV-u + (A+ 1) V(divu) + 2(Vu)Vu + (divu)VA +b =0 (4.1.12) 
Equation 4.1.11 is associated with C. L. M. H. Navier. 
Example 4.1.1 


Show that for a homogeneous isotropic body the displacement equation of equilibrium 
4.1.12 reduces to 


uVeut (A+ p)Vidivu) +b=0 (a) 
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or 
‘ 1 : b 
V7u + —— V(divu) + — =0 (b) 
1—-—2v wb 
Solution 
Since the body is homogeneous, 
Vu=0 and Va=0 (c) 


and Equation 4.1.12 reduces to (a). Equation (b) is obtained from (a) by observing that 


Atm 1 
fe, § = Gea op 


(d) 


This completes the solution. 


Example 4.1.2 


Show that the displacement equation of equilibrium for a homogeneous isotropic body 
may be written in the form 


(A + 2y)V(divu) — wcurlcurlu+ b= 0 (a) 


Solution 


Using (a) from Example 4.1.1 as well as the identity 


V-u = Vdivu—curlcurlu (b) 


we reduce (a) of Example 4.1.1 to the form of (a) in this example. 


Example 4.1.3 
Use the result (a) from Example 4.1.1 to show that if 
divb=0O and curlb=0 (a) 


then 


Solution 


Applying the operator div to both sides of (a) of Example 4.1.1 and writing in 
components, we find 


MU ka + (A+ UK Ki +b; = O (c) 
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Hence, 
(A + 2)Uj ing + .5;; = 0 (d) 
Since b;; is assumed to be zero and 
A+2u>0 (e) 
then 
Using = 0 (f) 
Next, by applying the operator curl to (a) of Example 4.1.1 we get 
pV? (curl u) = 0 (g) 
because 
curl [V(div u)] = 0 (h) 


and, by second equation of (a), curl b = 0. Hence, since jz > 0 Equations (f) and (g) take 
the form 


div(V?u) =O and curl(V7u) =0 (i) 


Recalling (b) of Example 4.1.2, which is valid for any vector field u, and replacing in 
that equation u by V’u and using (i) we arrive at the equation 


V’V-u=0 j) 


This completes the solution. 


Example 4.1.4 


Show that the stress vector s on the boundary @B of an isotropic body B may be 
represented by 


a 
s=2u on ten x curlu+ A(divu)n (a) 


where u is a displacement vector, n is an outward vector normal to dB, and 


a = (Vu)n (b) 
on 


Solution 


The stress vector s is calculated from Equation 3.2.12 


s=Sn (c) 
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where, see Equation 4.1.8, 
S = u(Vu+ Vu’) + A(divu)1 (d) 
Substituting (d) into (c) and writing in components, we obtain 


Ss = SiN; = LLU; jj + u;iN;) + AU KN; (e) 


§;, = 2 LU; Nj + (Uy, — Uj j)N; + AUK KN; (f) 
To show that this equation is the same as (a) we need to prove that 
(Uj, — Ui,{)Nj = EipqpEqabUb,a (g) 
Now, if we use the e — 6 relation 
Eipq€abq = Siadpb _ bin Sap (h) 
we arrive at 
(Uji — Uji{)N; = Giadph — 5ipSap)MpUp,a = (Up — Uip) Np (i) 
This ends the solution. 


This example shows that if divu = 0 on 0B and curlu = 0 on @B then the stress 
vector s is given by a simple formula 


du 
aoc dB ] 
s wb aa on j) 


We now derive the stress equations of elastostatics. These are obtained by eliminating 
u and E from Equations 4.1.1 through 4.1.3. To this end, first, we write the constitutive 
relation 4.1.3 in its inverted equivalent form 


E = K[S] (4.1.13) 


Next, eliminating u and E from Equations 4.1.1 through 4.1.3 we arrive at the following 
form of the stress equations of elastostatics for a nonhomogeneous anisotropic body: 


divS+b=0, S=S' (4.1.14) 
curl curl K[S] = 0 (4.1.15) 


Equations 4.1.14 are identical to Equations 4.1.2, and Equation 4.1.15 is obtained as 
follows: We combine Equation 4.1.1 with Equation 4.1.13 and have 


E = Vu=K{S] (4.1.16) 
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Applying now curl curl operation to Equation 4.1.16 we arrive at Equation 4.1.15, which 
is called the stress compatibility equation as opposed to the strain compatibility equation 
given in Equation 3.1.47, which we rewrite here: 


curl curl E = 0 (4.1.17) 


For a simply connected body B the stress equations of elastostatics (nine scalar partial 
differential equations), Equations 4.1.14 and 4.1.15, imply the fundamental system of field 
equations 4.1.1 through 4.1.3 in the following sense. If S is a solution of Equations 4.1.14 
and 4.1.15, then S satisfies Equations 4.1.2. Also, if we define the strain tensor E in terms of 
S by Equation 4.1.13, we find by Equation 4.1.15 that E satisfies the compatibility equation 
4.1.17. Hence, by the theorem given in Section 3.1.3 there exists a displacement field u 
on B such that E and u satisfy the strain—displacement equation 4.1.1. In this way, for a 
solution S to Equations 4.1.14 and 4.1.15 there are a vector field u and a strain tensor E 
such that a triple [u, E, S] satisfies Equations 4.1.1 through 4.1.3. 

Incase of a multiply connected body the stress equations of elastostatics 4.1.14 and 4.1.15 
are complemented by additional conditions to secure the existence of a triple [u, E, S] that 
satisfies Equations 4.1.1 through 4.1.3 [1,2]. 

For an isotropic homogeneous elastic body the strain-stress relations 4.1.13 take the 
form, see Equation 3.3.56, 


1 d 
E= — |S—- —— (trS)1 4.1.1 
2p E 3A + 2 =) ( ® 


or, by using the table of relations between elasticity constants provided in the front matter, 


1 v 
E= an Is _ io5 «rs)1| (4.1.19) 


and the stress compatibility equation 4.1.15 takes much simpler form than that of the 
anisotropic case. To obtain the stress equations of elastostatics for an isotropic body, we first 
note that the strain compatibility equation 4.1.17 is equivalent to, see (a) in Example 3.1.15, 

VE + VV(trE) — 2V (div E) =0 (4.1.20) 
In components this equation reads 


Ein + Ena — (Egg + Ej) = 9 (4.1.21) 


Also, note that Equation 4.1.19 written in components is 


I 
z= 7 [s, = v : Sut (4.1.22) 


Putting i = j = k in Equation 4.1.22, we get 


1 1-—2v 


— — Sua (4.1.23) 
2u itv 


Ex = 
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Also, calculating div E in components, in view of Equation 4.1.22, we write 


1 v 
Ein = — | Sick — — Saai 4.1.24 
kk Fee ( kk ar ) ( ) 


This relation, with the help of the equilibrium equation 4.1.14, which is given here as 


Sik +b; = 0 (4.1.25) 
reduces to 
a ae eee (4.1.26) 
ik,k — Qu i 1 im i aa,i oi. 
Hence, we obtain 
pe a: (4.1.27) 
ik,kj — 2h i,j Lay aa,ij ot. 
Similarly, 
| ee Gee? Ys (4.1.28) 
ik,ki. — Qu ‘Dol 1 es > aa, ij wd. 


Next, substituting Equation 4.1.22 into Equation 4.1.21 and using Equations 4.1.23, 4.1.27, 
and 4.1.28 and multiplying by 2, we get 


S Sa A ea 
ij,kk 1+ p aa,kk ij ee i aa,ij 
2v 
+ {ep Saa,ij + De: + bj = 0 (4.1.29) 
This equation after simplification becomes 
Site + : S SaakkOii + Dj; + bj; = 90 (4.1.30) 
ij,kk ee is aa,ij Te b aa,kk ? ij i,j ji: ot. 


Taking the trace of this equation, thus letting i = j = a in Equation 4.1.30, we arrive at 


1 3v 
1 — — ]Sua 2bag = 0 4.1.31 
(14 | ta + 2, ( ) 
or 
l-—v 
Sadek “fF baa = 0 (4.1.32) 


l+ov 
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Substituting this equation into Equation 4.1.30 we obtain the final form of the stress 
compatibility equation of elastostatics for a homogeneous isotropic body 


1 v 
Site + i rie Saat (mari Deady + 01; + 5;; = 9 (4.1.33) 


This equation is known as the Beltrami—Michell stress compatibility equation. 


We note that a complete set of stress equations of elastostatics for a homogeneous 
isotropic simply connected body consists of 


The equilibrium equations 
Sxe+6,=0, Siu = Sei (4.1.34) 


The stress compatibility equation 


1 v 
Si. ek + lop Saa,ij + eas Daudi} + Dis + bj => 0 (4.1.35) 


In direct notation these equations read, respectively, 


divS+b=0, S=S’ (4.1.36) 


1 2 
V'S + 7 VV(trS) + — (div b)1 +2Vb =0 (4.1.37) 


Example 4.1.5 
Show that for an isotropic body if b = 0 then 


V-V’S =0 (a) 


Solution 


For a homogeneous isotropic body with body forces equal to zero 


1 
V’S + —— VV(trS) =0 b 
rat (trS) (b) 
In components 
1 
Sinkk + ae Stk = 0 (c) 


Taking the trace of this equation, we obtain, after putting / = j = a, 


Saakk =0 (d) 
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Applying now the Laplace operator to (c), we write 


1 
Si aa a jaa = 0 e 
ikkaa Ta hh (e) 


Becuase of (d) the second term in (e) vanishes and (e) reduces to 


S i,kkaa = 0 f) 


which is equivalent to (a). This completes the solution. 


The result of this example may also be obtained by using (b) of Example 4.1.3. To 
this end, (b) of Example 4.1.3 should be combined with the stress—displacement relation, 
Equation 4.1.9. 


Example 4.1.6 


Show that if the components 5; (i = 1,2, 3) of a stress tensor field § corresponding to 
zero body forces are given by 


X3 


B= > Sai + Wi 
Sis day ot (a) 


where W; are harmonic, then 5; satisfies the equation 


1 
S; —— § i =0 b 
Bakke + kk,i3 (b) 
Solution 
From (a) we obtain 
5 ee (0) 
i AG : aa,i x aa,il i 
3, Dap py (36a 3Saayik Kk 
Sis,kk = —=—— (2855 Sai Sai WU; d 
3,kk d+ S 3kSaa,ik + X3Saaikk) + Vinkk (d) 


The last term in (d) is equal to zero because W; is harmonic, and (d) reduces to 


1 1 
Si Nr akg = Saaii’ + IS ee See x Saaii — 0) e 
Bik + 82+ 5Gay® sik (e) 


Since S is a stress tensor corresponding to zero body forces, its trace is harmonic, see (d) 
in Example 4.1.5. This means that the third term in (e) vanishes, and (e) reduces to (b). 
This completes the solution. 
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FIGURE 4.1. Components of a stress vector S;; on the boundary of a semispace. 


Note: In Example 4.1.6 the representation of stress components S;3 in the form of (a) allows 
us to express the stress vector on the boundary plane x; = 0 of a semispace x; > 0, see 
Figure 4.1, in terms of harmonic functions because 


Sis|x3=0 = Wi}x,=0 (4.1.38) 


Since S,q is harmonic, S$; is expressed in terms of four harmonic functions Sy, Y;, V2, V3. 
These functions are restricted by the equilibrium equation 


Si3; = 0 (4.1.39) 


which, by (c), is equivalent to the equation 


1 


Wii ST aapigs care Ae Sua =0 4.1.40 
= OCasuye ( ) 


Example 4.1.7 


Show that a stress tensor S of homogeneous isotropic elastostatics corresponding to zero 
body forces may be represented by the formula 


1 


where H is a harmonic symmetric second-order tensor field, that is 


VH=0, H=H’ (b) 


Solution 


Tensor S satisfies the stress compatibility equation 


1 
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This equation implies that 


V7(trS) =0 


To show that S as given by (a) satisfies (c) we write (a), (c), and (d) in components: 


1 
Sy = GT XS a,j Saas) + Hy 
age) mea 


1 
Si ae. Saa ee 0) 
ii,kk + 1 +v JW 


Soak =0 


Next, computing the gradient of (e) we obtain 


Sik ona (Sie Saa, + XjSaa, jk 


1 
AC. +) 
ae Sit Saa,i oF XjSaaik) ae Hix 


This leads to the Laplacian of S in the form 


Sinkk = (26 i¢Saa, jk + 28) S.aa,ik 


AA +) 
+ XiS.aa, jkk + XjSaa,ikk) + Ayre 
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(i) 


Hence, from (b) written in components, and (g), we see that the stress tensor S given by 


(e) satisfies (f). 
This completes the solution. 


Notes: 


(1) The representation (a) in Example 4.1.7 is a generalization of the representation 
(a) in Example 4.1.6. As opposed to (a) in Example 4.1.6 it contains six harmonic 
scalar functions H,; = H,; (i, j = 1,2,3) and one harmonic scalar function Sya. 
This means that S is expressed in terms of seven harmonic functions. Since S must 


also satisfy the equilibrium equation in the form 


Si,j =9 (4.1.41) 
the harmonic functions are subject to the constraints, see (h) in Example 4.1.7 with 
k=j 

1 
a eS ne Sua Sa 3Saa,i Sai Hi; j= 0) 4. 1.42 
Tay ee ae ode) 


Since by (g) from Example 4.1.7 the second term in 4.1.42 vanishes, this equation 


reduces to 


Ad +0) 


(4S cai + X¢Saa,ix) + Hy; = 0 (4.1.43) 
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x. 


al 
Siz 


FIGURE 4.2 Vectors S;;, S;2, and S;; on the boundary of a pyramid. 


(2) The representation (a) in Example 4.1.7 may be useful in solving a stress boundary 
value problem for a homogeneous isotropic elastic pyramid shown in Figure 4.2, 
where S;, Si2, and S;3 are prescribed surface loads on the planes x, = 0, x. = 0, 
and x; = 0, respectively. For the surface load on the plane x, = 0 we have 


re ao Ghia One (4.1.44) 
Thus 
Sui], =o a Hi|,, 0 
Sila = ea XS aa,1 err + Hp | 2 (4.1.45) 
Ssi].,0 7 a X3Saa,t es + Hai, 9 


We observe, therefore, that the normal load on the plane x, = 0 is expressed by the 
harmonic function 4, only, while shear loads on the plane x, =0 are expressed 
both by the harmonic components of tensor H and by the harmonic function S$... 

Similar representations of the boundary conditions on the planes x. = O and 
x3 = 0 are obtained by using (e) of Example 4.1.7. 


Example 4.1.8 
Given a stress field 5; = 5,(x) of the form 

Si(X) =AjeXat+ Sp i, j,a=1,2,3 (a) 
where Aj, are constants, Aj, = Ajia, s = Si = constant, and A;,,, = 0. Show that for a 


homogeneous isotropic simply connected body B subject to zero body forces, the stress 
field 5;,(x) given by (a) satisfies the equilibrium equation 
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$;,; = 0 on B (b) 


and a displacement vector u; = u;(x) corresponding to 5; = Sj(x) and satisfying the 
condition u; = u;(0) = O takes the form 


1 1 v 1 
uj(X) = Exe + 2m | (Aw _ Au) XaXb — eo (Arr a 5 Anta) (c) 
where 
ie, Soin oh, d) 
a Deh! ee At 
Solution 


Applying the div operator to (a) and using the condition A;,, = 0 we find that (b) holds 
true. To obtain (c) we note that the strain field E, corresponding to 5; takes the form 


1 v 
Ej => 2 (si —= 58s) 


1 7" De ge 1 v 
~ On (s: - 5) + on (Ai 7 Ams) io 
It follows from (d) and (e) that 


curlcurlE=0 oF €jpg€rsEqs,pr = O (f) 


Hence, E given by (e) satisfies the compatibility relation (f) and, because of Equa- 
tions 3.1.53 and 3.1.54, we obtain 


u(x) = | Ujly,» dy, (g) 


where 
Ujly, x) = Egy) + xk — Ye LEG Cy) — Exily)] (h) 


and the line integral in (g) is path independent. Substitution of (e) into (g) yields 


x 


r 1 v 
u(x) = J Bey a otf J (Avy. = aA) dy; 


Xo 


1 ¢ 
+o5 Jos — yBindy; (i) 
where 
Vv = 
Bix = Aik Agi eee (Apprdi A ppidk) (j) 
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Next, we select a point xo = 0, and chose for the integration path, a straight line joining 
points 0 and x. Then 


Xx=at, 0<t<t (k) 


where a is a constant vector parallel to the straight line of the integration path, and to is 
selected in such a way that x € B. Thus, we obtain 


y=at, Ox<xt<xt (I) 
and 
dy; = ajdt (m) 


and the line integrals in (i) may be computed using the formulas 


fay = fade =at =x 
Xo 0 


x t t 

J yedy; = J astajd = adj J tdt 

Xo 0 0 

1 1 
=> 5 (at) (aj) => piu (n) 
and 
x t 
1 1 

ike _ yy; — Jo — at ajdt = XKXj — pia = pau (0) 
Xo 0 


Substituting (n) and (0) into (i) we arrive at (c), where Ej is given by (d). Also, we check 
that u; = u;(0) = 0. 
This completes the solution. 


Note: It is easy to show that by taking the symmetric gradient of (c) we have 
(uj; + uji)/2 = Ej, where Ej is given by (e). This proves that (c) is a displacement 
field corresponding to the stress field of the form (a). Also, we note that any other dis- 
placement corresponding to the stress (a) differs from (c) by the rigid rotation of the form 
u; (x) = Wix,, where Wx = —W;; is a constant skew tensor. 


4.1.2 FIELD EQUATIONS OF THERMOELASTOSTATICS WITH PRESCRIBED TEMPERATURE 


In this section, we develop the displacement-temperature and the stress—temperature field 
equations of thermoelastostatics for an isotropic body. These equations are generalizations 
of Equation (a) of Example 4.1.1 and Equations 4.1.36 and 4.1.37, and will be derived 
assuming that the temperature change T is a prescribed field on B. 

To derive the displacement—temperature equations of equilibrium for this case we recall, 
see Equations 4.1.1, 4.1.2, and 3.3.125, the strain—displacement relation 


E=Vu (4.1.46) 
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the equations of equilibrium 
divS+b=0, S=S’ (4.1.47) 
and the stress—strain—temperature relation 
S = 2uE + A(rE)1 — GA+4+2W)aT1 (4.1.48) 


By eliminating E and S from these equations, that is, substituting Equation 4.1.46 into 
Equation 4.1.48 and Equation 4.1.48 into Equation 4.1.47, we arrive at the following 
displacement—temperature field equation 


uV'ut (A+) Vdivu) — 3A+2WaVT+b=0 (4.1.49) 


To obtain the stress-temperature compatibility equations of thermoelastostatics, we proceed 
in the following way. 
First, we write Equation 4.1.49 in components, 


Muige + (A+ Mukai = YT — di (4.1.50) 
where 
y = BAF 2p) (4.1.51) 
Using the relation 4.1.46 written in components 
QE = Ui + Uji (4.1.52) 


the Equation 4.1.50, after differentiation with respect to x; and taking the symmetric part 
of both sides with respect to indexes i and j, is transformed to 


ME ya +A + WE = VTi — Di.j (4.1.53) 


Now, let us recall the strain—stress—temperature relation, see Equation 3.3.126, 


xr 
2hE; = Sij a 3.4 On Sano; + 2a dij (4.1.54) 


3A + 


Taking the trace of this equation, we obtain 


2 
2uEK = ear Sie + 60T (4.1.55) 


Next, we substitute E, from Equation 4.1.54 and E, from Equation 4.1.55 into 
Equation 4.1.53, and arrive at 


2(A + W) Sy 


Si Sai I me ee 
jak Ty 7) uate) WoT 


S, aa,kk 
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Taking the trace of Equation 4.1.56, we obtain 


4u(3A + 2a 3A 4+ 2 
Sas —____——— T —— hx, =0 4.1.57 
kk + ea kk Dp kk ( ) 


Substituting Sea from Equation 4.1.57 into Equation 4.1.56 yields 


2(A + 3A +2 
Sif. + UsBa Sua al 2a @ + eee Tai) 


30+ 2u A+2u 
a 
eae by 454 + 2bG,) = 0 (4.1.58) 


Using the table of relations between elasticity constants provided in the front matter, we 
note the equalities 


2A+p) 1 3A+2u  1t+v 
oe Lh ASO Lea 
Xx v E 


oS a Dee 
con. Toa oo = daee 


(4.1.59) 


Finally, substitution of relations 4.1.59 into Equation 4.1.58 provides the stress—temperature 
compatibility equations of thermoelastostatics for an isotropic body 


eee ere ee Py ta” Tady 
ij,kk l+v aa, ij l+v a7] ice kk P ij 


Vv 
+ i bg Si + 2bi.,;) = 0 (4.1.60) 


Equations 4.1.47 and 4.1.60, written in direct notation, yield the stress—temperature field 
equations for an isotropic body 


divS+b=0, S=S’ (4.1.61) 
1 Ea 1 
VS + vers) +O ( ne yf ) 
1+ 1+ l-—v 
a: — (div b)1 + 2Vb =0 (4.1.62) 
—v 


We note that the displacement-temperature equation 4.1.49 and the stress—temperature 
equations 4.1.61 and 4.1.62 are complete in the following sense: 


(a) Completeness of the displacement—temperature equation 4.1.49 


Let u be a solution to Equation 4.1.49, and define E in terms of u by 
Equation 4.1.46, and S by Equation 4.1.48. Then the triple [u, E,S] satisfies 
Equations 4.1.46 through 4.1.48. 
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(b) Completeness of the stresstemperature equations 4.1.61 and 4.1.62 


If S satisfies Equations 4.1.61 and 4.1.62, then the corresponding strain E defined 
by Equation 4.1.54 satisfies the equation of compatibility. So, if B is simply 
connected, there is a displacement field u that satisfies the strain—displacement 
relation 4.1.46. As a result, the triple [u, E, S] satisfies Equations 4.1.46 through 
4.1.48. 


Also, it is easy to see that if T = const, Equations 4.1.49 and 4.1.62 reduce to 
the displacement and stress field equations, respectively, of isothermal isotropic 
elastostatics, see Equation (a) in Example 4.1.1 and Equation 4.1.37. 


Example 4.1.9 


Show that if b=0 then a particular solution of thermoelastostatics for a homogeneous 
isotropic body takes the form 


u=V¢ (a) 
E=VV¢ (b) 
S = 2u(VVo — V’¢1) (c) 


where ¢ is a scalar field that satisfies Poisson’s equation 


V’o=mT (d) 
with 
m= = (e) 
Solution 


The displacement-temperature field equation of thermoelastostatics with zero body 
force takes the form, see Equation 4.1.49, 


wVut (A+ p)V(divu) — GA+2u)aVT =0 (f) 
Substituting (a) into this equation we arrive at 
V[(A + 2u)V'*b — 3A +2)aT] = 0 (g) 
Dividing this equation by A + 2 and considering that (see Equation 4.1.59) 


3A+ 2 1+ 


= (h) 
A+ 2p l-v 


we find that if @ is a solution to (d) then u given by (a) satisfies the displacement— 
temperature equation (f). To obtain (b) we substitute (a) into Equation 4.1.46. Finally, 
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to obtain $ in the form of (c), we use Equation 4.1.48, in which E is given by (b), and 
obtain 


S = 2uVV¢ +AV'¢1 — 3A4 2u)aTI1 (i) 
Since by (d) 
(A+ 2yW)V?o = BA 4+ 2p)aT j) 


therefore Equations (i) and (j) imply that $ is given by (c). 
This completes the solution. 


Notes: 


(1) The particular solution given in this example plays an important role in solving 
boundary value problems of thermoelastostatics for an isotropic body. The function 
¢ is called the thermoelastostatic displacement potential [3].* 

(2) Poisson’s equation (d) possesses a solution in the form of a Newtonian potential 
in which the density of the potential is determined by a prescribed temperature 


change T 
T 
$(x) = a Fea du(é) (4.1.63) 
where 
R(x, é) = |x -—&| xeB (4.1.64) 


In the case of a nucleus of thermoelastic strain, which is defined by 
E* = aT) 6(x — &*) (4.1.65) 


where Ty is a constant temperature change, and 5(x — &*) is a three-dimensional 
Dirac delta function,’ with &* being a fixed point belonging to B, the temperature 
field T is given by T = T)d(x — &*) and the formula 4.1.63 reduces to 


mT» 1 


OE ae RGED 


(4.1.66) 


This equation allows us to calculate in closed forms the displacement, strain, and 
stress corresponding to a nucleus of thermoelastic strain in an infinite solid. 


* See the application of Goodier’s thermoelastic displacement potential in solutions of various problems in [2]. 
* See the description of the Dirac delta function in Section 2.3.4. 
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Example 4.1.10 


Assume that a temperature change T in an infinite isotropic elastic space is given by the 
formula 


T=T() =TpH(a—-d (a) 


where 
To is a positive constant 
H = H(x) is the Heaviside function defined by Equation 2.3.53 


Moreover, in (a) r is a radial coordinate in a spherical coordinate system (r, 6, g), and 
a is a positive constant. 

Equation (a) means that the temperature change T is constant inside a solid sphere of 
radius r = a, and it vanishes outside of the sphere. 

Show that a solution $(r) to Poisson’s equation (d) in Example 4.1.9 that satisfies the 
conditions 


(i) | (Q)| < co 
(ii) @(r) and ¢ (r) are continuous functions across r = a 
(iil) @(co) =O 
is given by 
= ma’To r 2a 
o =-— (3 <)Hea n+ He a| (b) 


with m given in Example 4.1.9. 
Hint. The Laplace operator for a spherically symmetric problem is of the form 


Vv? 


= 0? 2 
~ or r 


0 
or 
Solution 


First, we prove that $(r) given by (b) satisfies Poisson’s equation (d) of Example 4.1.9 in 
the form 


V°¢ = MTyH(a — r) (d) 


We check first that this equation is satisfied inside the sphere, 0 < r < a. To this end, 
we apply the operator V? given by (c) (in this example) to @(r) given by (b) for r < a, 


and obtain 
2 
Vose ue aa ( =)| = mT (e) 


6 a r a? 


Hence, function ¢ given by (b) satisfies Poisson’s equation (d) of Example 4.1.9 for r < a. 
To see what equation is satisfied by @ outside of the sphere we note that from (b) 


2 FD 
ee Pele forr>a (f) 
6 r 


oO =- 
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and from this equation we obtain 
1 2. <2 1 
Vis ma? To la+7 (-=)]- (g) 


Therefore, we have proved that @ given by (b) satisfies (d) of Example 4.1.9 for r > a. 
To show that @ satisfies conditions (i)—-(iii) we note that condition (i) is satisfied 
because from (b) follows 


2 
6:25 (h) 
and condition (iii) is satisfied because in view of (b) we have 
= ma?T, 1 : 
o(n = ae forr>a (i) 
Hence, 
o(co) =0 (j) 
As for condition (ii), we compute the first derivative of @(r) and obtain 
; ma’To 2r 2a 
(N= 6 Zz H(a—r) H(r a| (k) 
From (b) follows 
2 2 
eae ges oe = (l) 
3 3 
Hence, 
o(a— 0) = d(a+ 0) = ofa) (m) 


which means that the function @ is continuous across r = a. 
To prove the continuity of ¢ () across r = a, we use (k) and obtain 


malo 


oa-H=—, PCE a eee 


Hence, ¢ is a continuous function across r = a. 
This completes the solution. 


Notes: 


(1) A constant temperature change of the sphere does not produce an infinite value of 
a solution to Poisson’s equation at the center x = 0. This explains condition (i). 

(2) A constant temperature change on a sphere of finite radius r = a does produce a 
vanishing solution at infinity. This explains condition (iii). 

(3) Condition (4i) ensures that a radial displacement corresponding to ¢ is a continuous 
function across r = a. 


Example 4.1.11 


Find the radial displacement u, and thermal stresses S,,, Seg, and S,, Corresponding to 
the distribution of the temperature change T given in the previous example. 
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Solution 


Equations (a) and (c) in Example 4.1.9 transformed to a spherical symmetry are 


_ ag 
u;, = ey (a) 
5 (5¢ _ mT) (b) 
iv. * ag or 
oe 2 2u( oe mr) (c) 
r or 


Hence, by using ¢ from (b) in Example 4.1.10, we arrive at 


3 
Te [Hea N+ 2 He a| (d) 
3 P 
4 a 
Se umt,| Ha - + SH a)| (e) 
4 a 
So = Sw =—3 umTo| H(a-—n — a H(r —a) (f) 
This completes the solution. oO 
Note: Equations (d) and (e) imply that 
u,(a+ 0) —u,(a —0) = 0 (4.1.67) 
S,.(a + 0) — S,,(a — 0) = 0 (4.1.68) 
while (f) leads to the discontinuity formula 
def 8 
[Seo](a@) = Sea(a + 0) — Sep(a — 0) = 3 mT (4.1.69) 


This means that radial displacement and radial stress are continuous across r = a, while 
hoop stresses Spg and S,, reveal a discontinuity at r = a of the magnitude (8/3) mT. 

This simple example shows that a discontinuity of a temperature field may produce a 
thermal stress discontinuity in an elastic body. 


Example 4.1.12 


Show that if S is a stress field of the homogeneous isotropic thermoelastostatics 
corresponding to zero body forces, then S satisfies the tensor equation 


V’[V°S — 2um(VVT — V°T1)] =0 (a) 


where m is defined by (e) in Example 4.1.9. 
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Solution 
Letting b; = 0 in Equation 4.1.58 we get 


2(A + pL) 


Sipkk + 
uae teas 2m 


3 
Suay + 2ua(Ty + 


Taking the trace of this equation, we obtain (see also Equation 4.1.57, with b; = 0) 


4u(3A + 2p) 
aA 
Jk hte aT KK (c) 


Now, if the Laplace operator is applied to (b), and (c) is used, we arrive at 


2+) 4uGA+ 2p) 


Si aa T ij 
eS aig Dew or A 
3A +2 
2 T ia AS T aaOij = 0 d 
+ pa Jj + a Qu kk :) (d) 
Since 
A+ 3X42 
2 — 8u : H) = —2u (e) 
A+ 2 A+2u 
then (d) reduces to the form 
[Sip 4k ~ 2um(T — T x5y) Jaa =0 f) 


where m is defined by (e) of Example 4.1.9. And this relation, when written in direct 
notation, is identical to (a). This completes the solution. 


Note: From (a) it follows that if the temperature change T is harmonic, that is 
V’T=0 onB (4.1.70) 
then S is a biharmonic tensor field, that is 
V’V’S =0 (4.1.71) 
Consider a more general case, when T satisfies Poisson’s equation 


W 
WT = _2 where 2 =— (4.1.72) 

K K k 
Here W is the internal heat generated per unit volume per unit time, and Q is called the 
prescribed heat supply field, while k denotes the thermal conductivity, and « means the 


thermal diffusivity. Then (a) reduces to 
VVS = —2u ” (VVO-V?01) (4.1.73) 
K 


For an infinite thermoelastic body with prescribed Q, integration of this equation leads 
directly to the determination of the stress tensor S. 
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4.1.3, CONCEPT OF AN ELASTIC STATE: ENERGY AND RECIPROCAL THEOREMS 


To make further development of the theory more comprehensive and consistent, and maybe 
more elegant and easier to grasp, we introduce the concept of an elastic state. This concept is 
based on the notion of an admissible state, which is defined as an ordered array of functions 
s = [u,E,S] such that u is an admissible displacement, E is a symmetric second-order 
strain tensor field, and S is an admissible stress field, see Section 3.2.4, and the fields u, E, 
and S do not have to be related. 

If we define addition of two admissible states s and’s by 


s+3=[u+t,E+E,$+S§] (4.1.74) 
and scalar multiplication of s by a scalar 7 as 
ns = [nu, nE, 7S] (4.1.75) 


then the set of all admissible states may be identified with a vector space. Thus, elements 


of this vector space are identified as s,‘s, s, and so on. 

An ordered array of functions s = [u, E,S] is called an elastic state corresponding to 
the body force b if s is an admissible state and the functions u, E, and S satisfy the system 
of fundamental field equations of elastostatics: 


1 
= 5 (Vu+ Vu’) (4.1.76) 
divS+b=0 (4.1.77) 
S = C[E] (4.1.78) 


We will also use a concept of an external force system for s. This is defined as a pair [b, s] 
where 


s=Sn (4.1.79) 


with n being an outward unit vector normal to dB. 

With these definitions we now formulate the principle of superposition of elastic states. 
If s = [u,E,S] and ‘s s = [u, E, S] are elastic states corresponding to the external force 
systems [b, s] and [b, ‘s], respectively, and a and b are scalars, then alu, kK, S] + b[u, E, Sli is 
an elastic state corresponding to the external force system a[b, s] + bib, ‘S], where 


alb, s] + b[b,3] — [ab + bb, as + BS] (4.1.80) 


The proof of the principle of superposition is based on the definition of an elastic state 
associated with linear partial differential equations 4.1.76 and 4.1.78. 

With the definitions introduced earlier in this section, Theorem of work expended 
presented in Section 3.2.4 leads to the following 


Theorem of Work and Energy. If s = [u, E,S] is an elastic state corresponding to the 
external force system [b, s] then 


fs-uda+ [b-udv=2Uc{E} (4.1.81) 
B 


0B 
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where U-{E} is the total strain energy of body B, see Equation 3.3.93, 
1 
UctE) = 5 fr -C[E] dv (4.1.82) 
B 


Proof: Since s is an elastic state, then Equations 4.1.76 and 4.1.77 are satisfied, and this 
implies that the assumptions of the theorem of work expended, see Section 3.2.4, hold true. 
Hence, Equation 3.2.132 is satisfied, or 


[s-uda+ [b-udv=[S-Edv (4.1.83) 
B B 


0B 


Recalling again that s is an elastic state, which means, in particular, that Equation 4.1.78 is 
satisfied, Equation 4.1.83 yields 


fs-uda+ [b-udv= | E-C(E] dv (4.1.84) 
B B 


0B 


This equation, jointly with Equation 4.1.82 implies Equation 4.1.81. This completes the 
proof. 


The theorem asserts that the work done by an external force system is equal to double 
the total strain energy. 


Example 4.1.13 


Show that if C is positive definite, then for any elastic state s the work done by external 
forces is nonnegative and vanishes only if the displacement field is a rigid body motion. 


Solution 


Since C is positive definite, E-C[E]>0, and by Equation 4.1.82 Uc{E}>0, and this 
implies that the work done by external forces is nonnegative. Now we are to show that 
if Uc{E} = 0, then u associated with E is a rigid body motion. To this end we note that the 
positive definiteness of C, together with the condition that Uc{E} = 0, implies that E = 0 
on B. The latter condition, together with Equation 4.1.76, leads to the conclusion that 
u is a rigid body motion, see Example 3.1.6. This completes the solution. 


Example 4.1.14 


Let s be an elastic state with a positive definite tensor C, and corresponding to zero 
body forces. Assume also that u-s = 0 on dB. Show that s takes the form 


s=[u,0,0] (a) 


where u is a rigid motion. 
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Solution 


By Equation 4.1.84 and from the assumptions that b = 0 and u-s = 0 on @B it follows 
that 


JE- CIE] dv=0 (b) 
B 
This together with the positive definiteness of C and the definition of an elastic state 
implies that 
E=S=0 (c) 


Finally, using the results of the previous example, we note that equation E = 0 in (c) 
implies that u is a rigid body motion. This completes the solution. 


The concept of an elastic state corresponding to an external force system allows us to 
formulate another important theorem that is called the Betti reciprocal theorem. 


The Betti Reciprocal Theorem. Let the elasticity tensor C be symmetric, and let 
s=[u,E,S] and ¥=[0,E,S] (4.1.85) 


be elastic states corresponding to external force systems [b, s] and [b, 5], respectively. Then 
the following reciprocity relation holds 


[s-Ydat+ [b-tidv=[¥-udat [b-udv 
OB B OB B 


= [S-Edv=[8-Edv (4.1.86) 
B B 
Proof: Since C is symmetric, and s and’‘s are elastic states, then 
S-E=E-C[E]=E-C[E]=E-S (4.1.87) 


Hence, by integrating Equation 4.1.87 over B we arrive at the last equality in Equation 4.1.86. 
Next, by the theorem of work expended, of Section 3.2.4, where u is replaced by u and 
E is replaced by E we have 


fs-dat+[b-tdv={S8-Edv (4.1.88) 
0B B B 
In a similar way, by the same theorem, 
[¥-uda+ [b-udv=[S-Edv (4.1.89) 
0B B B 


Since the RHS of Equations 4.1.88 and 4.1.89 are equal by Equation 4.1.87, Equa- 
tions 4.1.88 and 4.1.89 imply the first equality in Equation 4.1.86. This completes the 
proof. 
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S$) S82 


FIGURE 4.3. Two systems of concentrated boundary forces acting on B. 


This theorem may be specialized for the case of a body B acted upon by two systems of 
concentrated forces, each applied at different points on its boundary. Let the forces of the 
first system be denoted by {s;} and the forces of the second system by {s.}, b= 1, 23.05. 
Next, let u;, E;, and S; be, respectively, the displacement, strain, and stress produced by 
s; at any point x € B. Similarly, let u,, E,, and S, denote, respectively, the displacement, 
strain, and stress produced by s, at x € B. Since there are no body forces acting on B, from 
Equation 4.1.86 follows 


N N 
VJs u da=)~|s, u; da 
i=1 0B i=1 0B 
N N 
= >°JS)-E dv=>°[S;- Eau (4.1.90) 
i=l B i=l B 


The concentrated forces s; and S,, as well as points of application of these forces, are 
shown in Figure 4.3. The displacements u,; and u, in Equation 4.1.90 are the boundary 
displacements produced by the forces s; and s., respectively. 

Since s; and s, are concentrated forces acting on 0B 


fs -u, da = §,(i) -u,(i) (4.1.91) 


OB 
and 


fs -u; da = (i) -u(d) (4.1.92) 


0B 


Therefore, the first part of Equation 4.1.90 reduces to 
N N 
Yo sili) ui) = Ds,(7) - ui) (4.1.93) 
i=l i=1 


In the case of N = 2, shown in Figure 4.3, we obtain 


s:(1) -u, (1) +. $2(2) - w)(2.) = s,(1) - (1) +92’) - (2) (4.1.94) 
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In this equation u, (1) is the boundary displacement at point 1 due to the force s,(1), and 
u,(2) is the boundary displacement at point 2 due to s,(2). Similar interpretation is given 
to primed quantities in Equations 4.1.91 through 4.1.94. 

If N = 1, Equation 4.1.93 asserts that work done by s,(1) on the displacement u, (1) is 
equal to work done by s; (1) onu,(1). 


Example 4.1.15 


ws ieee ~(1) 
Given an anisotropic infinite elastic body. Let b — denote a concentrated force that acts 
at a point x = & in the x, direction and is represented in components by 


b® = 5-86, (i =1,2,3) (a) 


where 6 = 6(x) is the Dirac delta function in £?. Such a force will produce a displacement 
field that depends on both x and &, and this displacement will be denoted by 


Gu OG 8) (b) 


Let u; = u;(x) be a displacement field produced by a body force b = b(x) where 
x € Qc FB sob is distributed on bounded region Q of the three-dimensional space. 
Assume also that both the elastic states corresponding to the body force b and the elastic 


ns ; PN Pease 
state Ss corresponding tob — vanish at infinity. 
By using Equation 4.1.86 show that 


ur(x) = J W(x, &)bi(E) du(é) (c) 
Q 
where 
du(é) = dé, dé, dé; (d) 
Solution 
Equation 4.1.86 in which B is the whole space £’, and the elastic states s ands“? = ‘5 


vanish at infinity, reduces to 
f b-@ dug) = { b” udu) (e) 
B=P B=B3 


Substituting Equations (a) and (b) into Equation (e), and recalling that b is distributed 
over region Q only, and writing in components, we find 


J BiG VG" (x, &) du) = f 3 — 8)5, us() vie) (f) 
Q B 


Hence, by using the filtering property of the Dirac delta function 


[o.e} 


J 50-8) F(&) dé = foo (g) 


—0o 


where f is an arbitrary function, we arrive at formula (c). This completes the solution. 
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Note: A direct consequence of this example is the formula 


U(X) = jm (x, §) bi(€) du(&) (4.1.95) 
Q 
where 
i? = GP |, &) (4.1.96) 


is the displacement field produced at point x of an infinite anisotropic elastic body by a 
concentrated force b™, which acts at x = & along the x, direction. 


Example 4.1.16 


Let B denote a bounded region of F? occupied by an anisotropic nonhomogeneous 
elastic solid, and let s = [u,E,S] denote an elastic state on B corresponding to an 


external force system [b, s]. Let $5 = ae Se (k = 1, 2,3), denote an elastic state 
on B corresponding to an external force system [5(x — &)e,, 0], where 6 = 5(x — &) is the 
three-dimensional Dirac delta function, e, is a unit vector along x, axis, and x, & € B. 
Use the reciprocal relation 4.1.86 to show that 


u(x) = { s(€) G(x, €)dalé) 


aB 


+ x) 0 (x, €)du(é) for x € B (a) 
B 


Solution 


Note that 
n=0 forxedB andk=1,2,3 (b) 


Hence, substituting the force system [b, 3] = [5(x — &)e;,, 0] into the relation 4.1.86, and 
taking into account the fact that 5 depends on x and &, which means that’s = $(x, €), we 
obtain 


J 50x = Be, -uE)dv(e) = f 8G) - G(x, Bare) 
B 


aB 


+ { bE) G(x, dug) (c) 
B 


Finally, using the filtering property of the Dirac delta function we obtain Equation (a). 
This completes the solution. 


Note: The formula (a) provides the displacement field u on B if the fields b and s are 
prescribed on B and 0B, respectively. Since for an arbitrary nonhomogeneous anisotropic 
elastic body, the task of finding an analytical form of uw” = u(x, &) is rather hopeless, 
therefore Equation (a) has a theoretical value only. 
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(a) (b) 
FIGURE 4.4 A cantilever beam subject to a moment M) at the free end (a) and to a force P at the 
free end (b). 


OA, 
XA 


Example 4.1.17 


Given a cantilever beam of length £ with the moment of inertia of the cross section / 
and Young’s modulus of the material £, subject to a moment Mp at the free end, see 
Figure 4.4. From the strength of materials theory we know that the deflection of the free 
end of this beam is 


_ Moe? 
~~ DFI 


(a) 


Using the Betti reciprocal theorem find the rotation angle g of the free end of the 
beam when a force P is applied at its end. 


Solution 


From the Betti reciprocal theorem follows 


PS = Mop (b) 
Therefore, 
Po APE ie 
daa emery 7 


This completes the solution. 


Example 4.1.18 


An ordered array of functions s = [u, E, S] is called a thermoelastic state corresponding 
to an external force-temperature system [b, s, T] if s is an admissible state and the func- 
tions u, E, and S satisfy the field equations of thermoelastostatics (see Equations 4.1.76 
through 4.1.78 in which Equation 4.1.78 is replaced by § = C[E] + TM) 


E= : (Vu+ Vu’) 


divS+b=0 (a) 
S=C[E]+7M 
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Here, T is a temperature change field, and M represents the stress—temperature tensor 
field (see Equation 3.3.110). Prove the following generalization of the isothermal the- 
orem of work and energy. If s = [u, E,s] is a thermoelastic state corresponding to the 
external force-temperature system [b,s, T] then 


fs-uda+ [b-udv— [7TM-Edu= { E-C[E]dv (b) 
B B B 


0B 


Solution 


Multiplication of Equations (a), and (a); by u and E, respectively, in the dot sense, and 
using Equation (a),, leads to 


u-divS+u-b=0 (c) 
and 
(Yu) -S=E-C[E] + 7M-E (d) 


Next, by integrating Equations (c) and (d) over B, and using the divergence theorem we 
obtain, respectively, 


— { (Vu) -Sdv+ fu-sda+ fu-bdv=0 (e) 
B 0B B 


and 


Wu) -Sdo= [ E-ClE]dv+ [ TM- Edo (f) 
B B B 


Finally, by eliminating the integral f,(Vu) -S dv from Equations (e) and (f), we obtain (b). 
This completes the solution. 


Example 4.1.19 


a 


Prove the following thermoelastic reciprocal theorem. Let s=[u, E,$] and 5=[u, 
be thermoelastic states corresponding to the external force-temperature systems [b, 
and [b,5, S, ar respectively. Then 


ES 
s, T] 


[s-tida+ [b-tidv—{ TM-Edv 
B B 


0B 


= [3-uda+ [b-udv— [7M-Edv (a) 
0B B B 


Solution 


Since s ands are thermoelastic states corresponding to the external force-temperature 
systems [b, s, 7] and [b, S, Ss, far respectively, therefore, using the definition of s ands from 
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Example 4.1.18, and proceeding similarly to the proof of isothermal Betti reciprocal 
theorem (see Equation 4.1.86), we obtain 


f&-bdv+ fd-sda—{TM-Edu= [E-ClE|dv (b) 
0B B B 


B 


and 


fu-bdv+ fu-Sda— [7M-Edu= | E-ClEldv (c) 
0B B B 


B 


Hence, using the symmetry of the elasticity tensor C, and eliminating the integral 


J, E- C[E] dv from Equations (b) and (c), we arrive at Equation (a). This completes the 
solution. 


4.1.4 FORMULATION OF BOUNDARY VALUE PROBLEMS 


The most general boundary value problem of elastostatics is a mixed problem. By a mixed 
boundary value problem of elastostatics, we mean the problem of finding an elastic state 
s = [u,E,S] corresponding to a body force b and satisfying the following boundary 
conditions: the displacement condition 


u=uU ondB, (4.1.97) 


and the load condition, also called the traction condition 


s=Sn=s ondB, (4.1.98) 
where 
0B, UdOB, = 0B (4.1.99) 
and 
0B, N 0B, = 9 (4.1.100) 


with 0B denoting the boundary of body B. In Equations 4.1.97 and 4.1.98 vectors U@ ands 
are prescribed functions. 

An elastic state s that satisfies the boundary conditions 4.1.97 and 4.1.98 is called a 
solution to the mixed problem. 

If 0B, = @, the mixed problem becomes a displacement boundary value problem. 

If 0B; = @, the mixed problem becomes a traction boundary value problem. 

The three boundary value problems we have just introduced will be called, in short, the 
mixed, displacement, and traction problems, respectively. The following definitions will 
also be useful. 


(1) A displacement field corresponding to a solution to a mixed problem is a vector 
field u with the property that there are symmetric tensor fields E and S such that 
s =[u, E, S] is a solution to the mixed problem. 
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(2) A stress field corresponding to a solution to a mixed problem is a tensor field S 
with the property that there are u and E such that s = [u, E, S] is a solution to the 
mixed problem. 

(3) An analogous definition may be stated for a strain field corresponding to a solution 
to a mixed problem. 


The importance of definitions (1) and (2) is seen when the mixed problem is characterized 
in terms of displacements and stresses, respectively. Definition (3) is of lesser importance 
in applications. 

The displacement equation of equilibrium, see Equation 4.1.5, and the stress equations 
of elastostatics, see Equations 4.1.14 and 4.1.15, will now be used to characterize a mixed 
problem in terms of displacements and stresses, respectively. 


Theorem 1 (Mixed Problem in Terms of Displacements) 


A vector field u corresponds to a solution to the mixed problem if and only if 


divC[ Vu]+b=0 onB (4.1.101) 
u=uU_ ondB, (4.1.102) 

C[ VuJn=s on dB, (4.1.103) 

= 


Proof: We are to show that 


(a) If u is a displacement field corresponding to a solution to the mixed problem, u 
satisfies Equations 4.1.101 through 4.1.103 

(b) If u satisfies Equations 4.1.101 through 4.1.103, then u corresponds to a solution 
to the mixed problem 


Proof of part (a). Since u corresponds to a solution to the mixed problem, there exist 
E = Vu and S given by S = C[Vu] such that s = [u, E, S] is an elastic state subject to the 
conditions 4.1.97 and 4.1.98. By the definition of an elastic state, s satisfies Equations 4.1.76 
through 4.1.78. Thus, eliminating S and E from Equations 4.1.76 through 4.1.78 and 
from the boundary condition 4.1.98 we arrive at Equations 4.1.101 through 4.1.103. This 
completes the proof of part (a). 


Proof of part (b). If u is a solution to Equations 4.1.101 through 4.1.103, then if we define 
E by E = Vu and S by S = C[Vul], we find from Equation 4.1.101 that the equilibrium 
equation is satisfied in the form 

divS+b=0 onB (4.1.104) 


and from Equation 4.1.103 we observe that this equation reduces to 


Sn=$ on dB, (4.1.105) 
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Hence, s = [u,E,S] is a solution to the mixed problem. Thus, u corresponds to a solu- 
tion to the mixed problem. This completes the proof of part (b), as well as the proof of 
Theorem 1. 


In other words, Theorem 1 implies that solving Equations 4.1.101 through 4.1.103 is 
equivalent to finding a solution to the mixed problem. 


Theorem 2 (Mixed Problem in Terms of Stresses) 


Let body B be simply connected. A tensor field S corresponds to a solution to the mixed 
problem if and only if 


divS+b=0 onB (4.1.106) 
curlcurl K[S] =0 onB (4.1.107) 
u[S] =u on 0B, (4.1.108) 
Sn=S on dB; (4.1.109) 


where u[S] is a stress-dependent vector field on 0B, defined by the line integral 


ulS] = | Uy,x) dy (4.1.110) 
XO 


in which Xp is an arbitrary point on 0B, and the integrand U is given in components by 


U;(y,x) = Ei(y) + Ok — YE jy) — Ex i(y)] (4.1.111) 


and 


Ej(y) = KiSuy) (4.1.112) 


with Kj, being components of K. 
The proof of this theorem is based on two observations. 


(1) The stress equations of elastostatics for a simply connected body B have the form 
4.1.106 and 4.1.107, see Equations 4.1.14 and 4.1.15. 

(2) In the boundary condition given by Equation 4.1.108, we equate a stress-dependent 
displacement that is a solution to the equation 


VYu=—K[S] onB (4.1.113) 


to a field U prescribed on 0B,. The function u that satisfies Equation 4.1.113 
and is restricted to 0B, is given by Equations 4.1.110 through 4.1.112 obtained 
in Section 3.1.3, see Equations 3.1.53 and 3.1.54 in which Ej is replaced by 
Equation 4.1.112. 

The proof may be completed by using observations (1) and (2) and proceeding 
in a way similar to that of the proof of Theorem 1. P| 


Notes: For a homogeneous isotropic body, a description of the mixed problem reads as 
follows: 
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(1) In terms of displacements, a vector field u corresponds to a solution of the mixed 


problem if and only if 
uVeut (A+ p)Vidivu) +b=0 onB (4.1.114) 
u=uU_ ondoB, (4.1.115) 
u(Vu-+ Vu’ )n+ A(divu)n =S on dB; (4.1.116) 


(2) In terms of stresses, a tensor field S corresponds to a solution of the mixed problem 
if and only if 


divS+b=0 onB (4.1.117) 
1 1 zs 
V’S + —— VV(trS) + —— (divb)1+2Vb=0 onB (4.1.118) 
l+uv l-—v 


u[S] =f on aB, (4.1.119) 
Sn=$ ondB> (4.1.120) 


Here u[S] is defined by Equations 4.1.110 through 4.1.112 in which 
I+ v 
Ki = OE (5i5j1 + 5id;n) — E SiOx (4.1.121) 


This formula for K;; comes from the strain—stress relation for an isotropic body, 
see Equation 3.3.61, that is, the relation 


Ey = KioSu (4.1.122) 


If Equation 4.1.121 is substituted into Equation 4.1.122 we obtain Equation 3.3.61. 


We note that Theorems 1 and 2 lead to the following natural formulation of the 
displacement problem and the traction problem, respectively. 


(1) The displacement problem: A vector field u corresponds to a solution to the 
displacement problem if and only if 


divC[Vu] +b=90 onB (4.1.123) 
u=u ondB (4.1.124) 


(2) The traction problem: A tensor field S corresponds to a solution to the traction 
problem if and only if 


divS+b=0 onB (4.1.125) 
curlcurl K[S] =0 onB (4.1.126) 
Sn=s ondB (4.1.127) 
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For an isotropic homogeneous body, the natural formulations 
of the displacement and traction problems are obtained by replac- 
ing in Equation 4.1.123 and in Equation 4.1.126 tensors C and K 
by their isotropic representations. As a result, Equations 4.1.123 
and 4.1.126 take the form of Equations 4.1.114 and 4.1.118, 
respectively. 

An example of a traction problem is the problem of an elastic 
solid sphere under two concentrated loads, shown in Figure 4.5. 

In this problem, the boundary load s is axially symmetric, and 
FIGURE 4.5 A sphere the concentrated forces are received as limits of continuously 
acted upon by two con-_ distributed normal loads acting on the upper and lower halves of 
centrated forces. the spherical surface [4]. 


4.1.5 UNIQUENESS 


The boundary value problems formulated in Section 4.1.4 are well posed in the following 
sense. First, they possess a solution in a class of functions. Second, a solution to any of these 
boundary value problems is unique in a class of functions. Third, solutions are continuously 
dependent on data. 

The existence of solutions and the continuous dependence on data are not discussed 
in this book.* By data in the boundary value problems, we mean the prescribed tensor of 
elasticity C and the prescribed array of functions {b, 0, s}. 

In the following, we will prove the uniqueness of solutions of the boundary value 
problems. We formulate the uniqueness theorem for the mixed problem. 


Uniqueness Theorem for the Mixed Problem. If the elasticity tensor C is positive definite, 


then any two solutions of the mixed problem are equal to within a rigid displacement. If 
0B, 4 Y then a rigid displacement vanishes. 


Proof. Let s = [u,E,S] and’s = [u, E, S] be two solutions of the mixed problem, and 
s*=s—3=[u’,E’,S*]=[u—t,E—E,S—S§] (4.1.128) 


By the principle of superposition, see Equation 4.1.80, s* is an elastic state corresponding 
to zero body forces and zero boundary data, that is, 


u’=0 ondB, (4.1.129) 
s*=S*n=0 ondB, (4.1.130) 

From these boundary conditions it follows that 
u*-s*=0 ondB (4.1.131) 


Using the solution presented in Example 4.1.14 in which s is replaced by s* we conclude 
that s* takes the form 


* The existence and continuous dependence on data in theory of linear elasticity is to be found in [5]. 
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s* = [u,0,0] (4.1.132) 


where u is a rigid body motion. This proves the first part of the theorem. 
To prove the second part, we take three noncolinear points on 0B,. Since at each of 
these three points the condition u* = 0 is satisfied, and by Equation 4.1.132 u* =u, then 
(0) _ 
u”’ =0. 


Notes: 


(1) From the definition of a displacement problem and from the uniqueness theorem, 
it follows that a solution to the displacement problem is unique. Thus, there exists 
only one elastic state s=[u,E,S] corresponding to the body force b and the 
boundary displacement U. 

(2) A solution to the traction problem is unique to within a rigid body motion, which 
means that this solution is to be identified with an elastic state s=[u, E,S], 
corresponding to b and‘s, in which u is determined to within a rigid body motion 
while E and S are determined in a unique way. 


4.2. INITIAL-BOUNDARY VALUE PROBLEMS OF ELASTODYNAMICS 


4.2.1 FIELD EQUATIONS 


In this section we discuss the geometric relations, the equation of motion, and the constitu- 

tive relation for a linear elastic body in which the displacement vector field u, strain tensor 

field E, and stress tensor field S depend on the position vector x € B and on the time t. 
The geometric relation is of the same form as in elastostatics, see Equation 4.1.1, 


E=Vu= ; (Vu + Vu’) (4.2.1) 
The equations of motion take the form, see Equations 3.2.24 and 3.2.31, 
divS+b=pii S=S’ (4.2.2) 
The stress—strain relation is, see Equation 4.1.3, 
S = C[E] (4.2.3) 
The system of field equations 4.2.1 through 4.2.3 may be viewed as a generalization 
and parameterization of that of elastostatics given by Equations 4.1.1 through 4.1.3 in the 


following sense: 


(1) The inertia term pu is included in Equation 4.2.2. 
(2) The functions u, E, S and the body force b are now functions of time t. 


With regard to the density o and the elasticity tensor C, we assume that they depend on 
x only. Therefore, the relation 4.2.3 describes an instantaneous response of the body to an 
applied load. 
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_ Finally, Equations 4.2.1 through 4.2.3 are to be satisfied on the Cartesian product 
Bx [0, 00). 
By eliminating E and S from Equations 4.2.1 through 4.2.3 we arrive at the displacement 
equation of motion 
div C[Vu] + b = pu (4.2.4) 
In components Equation 4.2.4 reads 


(Cyutis),j + bi = pit; (4.2.5) 


Equation 4.2.4 is complete in the following sense: If u is a solution of Equation 4.2.4, then 
the strain tensor E follows from Equation 4.2.1 and the stress tensor S follows from the 
equation 


S = C[Vu] (4.2.6) 
So, finding a solution [u, E, S] to Equations 4.2.1 through 4.2.3 may be reduced to finding 
a field u that satisfies Equation 4.2.4. 


Next, dividing the first of Equations 4.2.2 by p and operating on the resulting equation 
with the symmetric gradient V and using the strain—displacement relation 4.2.1, we obtain 


V [op | divS+b)] = Vi =E (4.2.7) 
If we assume that the tensor C is invertible, so that the relation 4.2.6 may be written as 
E = K[S] (4.2.8) 


where K is the compliance tensor field, then from 4.2.7 we arrive at the stress equation of 
motion [6] 


V [p7! (div S)] — K[S] = —B (4.2.9) 
where 
B=V(p'b) (4.2.10) 


Obviously, B is a prescribed second-order symmetric tensor field if b and p are prescribed. 
In components Equations 4.2.9 and 4.2.10 read, respectively, 


(07 'Sti.n),) — Std = —B; (4.2.11) 
By = (e"'ba).p (4.2.12) 
Notes: 


(1) The stress equation of motion 4.2.9 is obtained by elimination of displacement u 
and strain tensor E from Equations 4.2.1 through 4.2.3. 
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(2) In Equations 4.2.11 and 4.2.12 the parentheses on the indexes i and j indicate the 
symmetric part of a tensor with indexes i and j, see Equation 2.1.28. 


A completeness problem for Equation 4.2.9 will be discussed later. At present, we give 
the displacement equation of motion and the stress equation of motion for an isotropic 
homogeneous body. 

If the elasticity tensor C and the compliance tensor K describe a homogeneous isotropic 
body, then from Equations 4.2.4 and 4.2.9 we obtain, respectively, 


Displacement equation of motion 
uV-ut (A+ w)V(divu) +b = pil (4.2.13) 


Stress equation of motion 


V(divS) — oF E (tr S| ——Vb (4.2.14) 


30 +2u 


In components, Equations 4.2.13 and 4.2.14 take the form, respectively, 
Mui ge + (A+ Wyuna + 0; = pu (4.2.15) 


and 


p [« Xr se 
Scikkjy — Dy (8 = 3a +2 Su) = —bi.j (4.2.16) 


The displacement equation of motion 4.2.13 is called Navier’s equation of motion. It 
is widely used in the analysis of elastic wave propagation. While Navier’s equation of 
motion was published approximately 175 years ago, the stress equation of motion 4.2.9 
was proposed only about 45 years ago. 

If the inertia term pu in Navier’s equation 4.2.13 vanishes, the equation reduces to 
the displacement equation of equilibrium of elastostatics, Equation 4.1.114. Also, for a 
general anisotropic body the displacement equation of motion, Equation 4.2.4, reduces 
to the displacement equation of equilibrium, Equation 4.1.123, if the inertia term pu in 
Equation 4.2.4 is ignored. There is no such correspondence between the stress equation of 
motion 4.2.9 and the stress equations of elastostatics, Equations 4.1.125 and 4.1.126. The 
reason is that in the elastostatics and for a simply connected body, the stress field equations 
consist of the three scalar equations of equilibrium Equation 4.1.125, and six scalar stress 
compatibility conditions, Equation 4.1.126, while the stress equation of elastodynamics in 
the form of a single tensor equation 4.2.9 consists of six scalar equations only. A theorem 
that a stress tensor of elastodynamics is characterized by this single equation 4.2.9 will 
be stated later when we come to the formulations of initial-boundary value problems of 
elastodynamics. 

Returning to Navier’s equation 4.2.13, which is valid for an isotropic body, we derive a 
number of properties of a solution to this equation. 

First, we discuss the so-called irrotational and isochoric motions. By using the vector 
identity, see (b) in Example 4.1.2, 


V-u = Vdivu — curlcurlu (4.2.17) 
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we note that Equation 4.2.13 may be reduced to the form 
(A + 2)V divu — wcurlcurlu + b = pt (4.2.18) 


Now, if we introduce the so-called irrotational velocity c, and isochoric velocity c. by 


means of the formulas 
A+2 
eee cess aire ya ge (4.2.19) 
p p 


b 
ciV divu — ccurlcurlu+ — = ii (4.2.20) 
p 


Equation 4.2.18 reduces to 


If uw > OandaA +2 > 0, see Equation 3.3.103, then c; and c, are real valued numbers. 
Using the velocities c, and c. we define the two wave operators 


eat e  aie 1,2 4.2.21 
eo v= a ap a= i, ( Le ) 
Since 
x A+2 : 
+u At H-1=(2) 1 (4.2.22) 
[ b C2 
Navier’s equation 4.2.13 may also be written as 
c.\° b 
2p (2) = 1] rcav u+—=0 (4.2.23) 
C2 Mb 


To explain the terms irrotational velocity and isochoric velocity we take for now that 
b = 0, and first assume that a motion u is subject to the constraint 


curlu = 0 (4.2.24) 
Since, by Equation 4.2.17 
V(divu) = V’u (4.2.25) 


so, from Equation 4.2.18, with b = 0, we get 


ju=0 (4.2.26) 


Hence, a curl-free field u corresponding to zero body force satisfies the wave equation with 
velocity c,, and this explains why c;, is called irrotational velocity. 


216 The Mathematical Theory of Elasticity, Second Edition 


To show that cy is associated with an isochoric motion, that is, with a motion without 
change of volume, we assume that u satisfies the condition, see 3.1.19 through 3.1.21, 


divu =0 (4.2.27) 


Then from Equation 4.2.23, with b = 0, follows 


su=0 (4.2.28) 


which shows that an isochoric displacement field u propagates with velocity c,. Therefore, 
for an isotropic body a curl-free motion and a divergence-free motion comply with the 
wave equations with irrotational and isochoric velocities, respectively. 

Next, we show that if b = 0, then 


idivu = 0 (4.2.29) 


Scurlu = 0 (4.2.30) 


Equation 4.2.29 is obtained from Equation 4.2.18, with b = 0, after we apply to it the 
operator div and use the identities: 


div V(divu) = V?(divu) (4.2.31) 
and 
div curl curlu = 0 (4.2.32) 
In components, Equations 4.2.31 and 4.2.32 read 


Ux, kii = (Ux, &) ii (4.2.33) 
E jab EbjkUk, jai = O (4.2.34) 


On the LHS of 4.2.34 we multiply a skew tensor with indexes i and a by a symmetric tensor 
with indexes i and a, and such a product vanishes. 

Equation 4.2.30 is obtained by applying the operator curl to Equation 4.2.23, with b = 0, 
and using the identity curl V(divu) = 0. 

Since divu is a dilatation, Equation 4.2.29 means that the dilatation satisfies a wave 
equation with velocity cy. 

Also, Equation 4.2.30 implies that the vector field 


1 
o= 5 curlu (4.2.35) 


which represents a rotation field, satisfies a wave equation with velocity co. 
Now we show that for a homogeneous isotropic body a stress tensor field S, in addition 
to Equation 4.2.14, satisfies also the following 
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Dynamic stress compatibility equation of Beltrami—Michell type 


Oh i. 4 
1647204 overs + Sat 
3A + 2 cy cy J 3A 42 
where 
F —2Vb divb)1 
Toe 


In components Equations 4.2.36 and 4.2.37 read, respectively, 


2(A + w) i. a a 

2 

Sg = 

290 3 On wt (3 2) ain 


and 


A 
Fy = b,; + bj, + ean didi 


(rS)1+F =0 


Sa5y + Fj = 0 
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(4.2.36) 


(4.2.37) 


(4.2.38) 


(4.2.39) 


To obtain Equation 4.2.38 we differentiate Navier’s equation 4.2.15 with respect to x; 
and take the symmetric part of the result with respect to the indexes i and j and arrive at 


MUG, jyik + (A+ LUE + DG) = PUG; 
Now, since 
Ui, = Ej 


and 


1 A 
Ey = — | 83 — =——— Saad y 
Qu 3A + 2 
from Equation 4.2.40 we obtain 


‘ rf (i + ji) 
ij Bie Oy aa’ ij BA +2 aa, ij 
akk 


p 


—= | Si — ——— S«adiz | + 2G.) = 0 
m iy 3A +2 i|+ Gf 


Taking the trace of this equation yields 


3A +2 
: Sea + cle aad aa = 
A+ 2 
or 
ieee 3A +2 
Saakk = 2 Saa 2 a is baa 


Cy A+ 2m 


(4.2.40) 


(4.2.41) 


(4.2.42) 


(4.2.43) 


(4.2.44) 


(4.2.45) 
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Substitution of Equation 4.2.45 into Equation 4.2.43 results in Equation 4.2.38. This 
completes the derivation of Equation 4.2.36. 

If S is independent of time, then Equation 4.2.36 reduces to the Beltrami—Michell 
stress compatibility equation of elastostatics, that is, Equation 4.1.37, in which v is to be 
substituted by A/[2(A + j)]. See also Equation 4.1.62 in which we let T = 0. 

Applying the operator 07 to Equation 4.2.38 we arrive at the nonhomogeneous biwave 
equation for Sj; 


7 03S; = My (4.2.46) 


where 


— 2A4+ p) 


<= bea ib) = OAT 
a] he is TY 1 (bij + ii) ye aed) yi 2 “7; ( ) 
while receiving Equation 4.2.46 we used the identity 
1 [02 
= 0 ( =) 4.2.48 
imci+ (4-3) ze — 
Equation 4.2.46 written in direct notation reads 
105 S=M (4.2.49) 
where 
2(r s A 
= ee) VV (div b) — 207 (Vb) — 5 (div b)1 (4.2.50) 
A+ 2p A+ 2 


If body force b is divergence free and its symmetric gradient vanishes, then it follows 
from Equation 4.2.47 or Equation 4.2.50 that the stress field S satisfies the homogeneous 
biwave equation 


105 S=0 (4.2.51) 


Also, in this case, by Equation 4.2.45 we obtain 


i (tS) = 0 (4.2.52) 


Equations 4.2.36 and 4.2.49 are necessary field equations to be satisfied by a stress field 
S corresponding to a prescribed body force field b. In general, they are not sufficient to 
find a stress field S corresponding to a solution to an initial-boundary value problem of 
elastodynamics for an isotropic body. These equations may be useful in solving a problem 
for an infinite elastic body or in finding a class of admissible stress fields of isotropic 
elastodynamics. 


Formulation of Problems of Elasticity 219 


Example 4.2.1 
Let [u, E, S] be a triple of functions satisfying field equations 4.2.1, 4.2.2, and 4.2.3 with 


b = 0. We define the total energy per unit volume e and the energy flux vector q, 
respectively, by 


e= 5 E-CIE)+ 5 pit (a) 
q=—Su (b) 
Show that the following local form of balance of energy holds true: 
é=-—divq (c) 
We note that the first term on the RHS of (a) represents the strain elastic energy per unit 


volume, see Equation 3.3.90, while the second term stands for the kinetic energy per 
unit volume. 


Solution 


We differentiate (a) with respect to time and use the symmetry of tensor C, to obtain 


é= ; (E- C[E] +E- C[E]) + pu-ii 
=E.C[E]+ pu-ii (d) 
Since the constitutive equation 4.2.3 is to be satisfied, which means that 
S = C[E] (e) 
we reduce (d) to the form 
é=E-S+4+pu-ii (f) 
Next, by applying the divergence operator to (b), we obtain 
div q = — div(Su) (g) 
or in components 
Gis = — (Sie), = — (Sik Ue + Sine.) (h) 


Since § satisfies the equations of motion 4.2.2, with b = 0, and the geometric relation 
4.2.1 is satisfied, (h) may be written in direct notation as 


—divq= pii-u+S-é i) 


By comparing (f) and (i) we arrive at the resulting equation (c). This completes the 
solution. 
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Note: Equation (c) has the same form as that of the first law of thermodynamics for a rigid 
heat conductor with zero heat supply if the function e and the vector field q are identified 
with the conductor’s internal energy and the heat flux vector, respectively [7]. 


Example 4.2.2 


Show that if u satisfies Navier’s equation 4.2.13, then the corresponding stress tensor 
S also satisfies the dynamic stress compatibility equation of Beltrami-Michell type, 
Equation 4.2.36. 


Solution 


We assume that S is given by the stress-strain relation 


Si = 2 Ej + Eady (a) 
where 
Fy = Uap (b) 
and u,; satisfies Navier’s equation 
MUj kk + (A + Uk ki +.B) = pt (c) 


To show that 5; satisfies Equation 4.2.38, which is equivalent to Equation 4.2.36, we 
write Equation 4.2.38 in the form of Equation 4.2.43. Equation 4.2.43, by virtue of 
Equations 4.2.42 and 4.2.41 which are equivalent to (a) and (b), respectively, takes the 
form of Equation 4.2.40, which can be rewritten as 


Vip = 9 (d) 

where 
Vi = MU ink + (A+ W)UK Ki + Dj — pit; (e) 
Now, by virtue of (c) v; = 0, (d) is satisfied. Hence, 5; satisfies the dynamic stress 


compatibility equation of Beltrami—Michell type, Equation 4.2.38, provided 5; complies 
with (a) through (c). This completes the solution. 


Example 4.2.3 


Let b; = 0, and let 5; be a solution to the dynamic stress compatibility equation of 
Beltrami—Michell type, Equation 4.2.38 with F; = 0, 


20+ p) | i 
Qe hog a eh Go 00 
an a ay wit (2 Fy aC Eo FT a) 


subject to the condition 


ee 
= Su =0 (b) 


Si 
C3 
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where 
1 
22 Fear (c) 
Also, suppose that 5; satisfies the homogeneous initial conditions 
S,(x,0)=0, 5,(x,0)=0 xeB (d) 
and define a vector field u; by the formula 
ie 
u;= 5 Je — 1)Sy; dt (e) 
Show that u; satisfies Navier’s equation (c) of Example 4.2.2 with b; = 0. 
Solution 
The differentiation of (a) with respect to x; yields 
2 Sis + ear Stig + (= =) 3A 7 2h Siti = 0 6 
We note also that (a) with i = j/ = a reduces to Equation 4.2.44 with b, = 0, that is, 
2 $..=0 (g) 
From this equation, after differentiating it with respect to x;, we obtain 
Skk, ji = = cy (h) 
Cy 


Next, by differentiating (b) with respect to x; and after a suitable change of dummy 
indexes, we obtain 


Li <5 : 
Sab,bai = = Skk,i (i) 
C3 


Equation (h) may be reduced by virtue of (i) to the form 


2 
Cc 
Skk, iii = (2) Sab,bai (j) 


So, if we substitute Sy, j from (j) and Si from (i) into (f), we obtain 


A+ ML 
5 Sig t+ Wee Sab,bai = O (k) 


Now, let us rewrite the vector equation (e) in a compact form 


uj = p't* Sy) (I) 
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where * stands for the convolution product on the time axis, see Equation 2.3.27. It 
follows from (I) that 


Ug pts Sess (m) 
and 

Uaai = p' t* Sab bai (n) 
Also, let us rewrite (k) in an expanded form 


Wy 4 A+ pu 
Si jaa Si j D5 ai 0 oO 
ii ia a ii b,b (0) 


and note that by the homogeneous initial conditions (d) 
p tes =p be 55, = Uj (p) 


To show that this equation holds true we observe that for an arbitrary function f(t) such 
that f(0) = f(0) = O, we have 


Applying the operator p~'tx to (0), and using (n) and (p), we arrive at Navier’s equation, 
see Equation 4.2.23 with b = 0, 


A+ 
ip 


Uaai = 0 r) 


This completes the solution. 


Notes: 


(1) This example shows that a suitable restricted solution S$; to the dynamic stress 
compatibility equation of Beltrami—Michell type, see (a), generates a vector field 
u;, by (e), that satisfies Navier’s equation. It is easy to see, by taking the trace of 
the stress equation of motion, see Equation 4.2.16 with b; = 0, that the restriction 
imposed on Sj in the example, see (b), is equivalent to the trace of the stress 
equation of motion in the form of Equation 4.2.16 with b; = 0. 

(2) It is to be shown in the discussion of initial-boundary value problems of elastody- 
namics that (e), extended to nonhomogeneous initial displacement and velocity, 
generates a displacement field provided a stress tensor of elastodynamics is known. 


4.2.2 FlELD EQUATIONS OF DYNAMIC THEORY OF THERMAL STRESSES 


For a homogeneous isotropic body, a dynamic theory of thermal stresses is described by 
the following system of field equations: 
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The strain—displacement relation 


E=Vu (4.2.53) 
the equation of motion 
divS+b=pi, S=S’ (4.2.54) 
the stress—strain—temperature relation 
S = 2uE+A(rE)1 — GA+4+2W)aT1 (4.2.55) 


Here u, E, and S represent the displacement, strain, and stress fields, respectively, and they 
depend on both x and ¢ with x € B and t > 0. The vector field b represents the body force, 
which also depends on x and f, ¢ is a constant density, and yz and A are Lamé constants. 
Finally, T is a temperature change that satisfies the parabolic heat conduction equation 


be 
WVT--T= _2 (4.2.56) 
K K 


where Q = Q(x, ft) denotes a heat supply field, and « is the thermal diffusivity, 
k 
k= — (4.2.57) 


with & representing heat conductivity, o meaning density, and c being specific heat at 
constant volume. Note that Q/k =W/k, where W stands for the internal heat generation 
per unit volume per unit time. We note the dimensions: [Q] = K/s and [W] =N/(m’s). 


Equations 4.2.53 through 4.2.55 reduce to the field equations 4.1.16 through 4.1.18 of 
thermoelastostatics if the fields u, E, and S, as well as b and T, are time independent. 

Similarly as in the case of thermoelastostatics, T is a solution to the heat conduction 
equation 4.2.56. Once such a solution is found, the term (3A + 2j1)a7T1 in Equation 4.2.55 
is known. 

In the following, we present the displacement—temperature and stress—temperature fields 
equations of the dynamic theory. To derive the first type of these equations we eliminate 
E and S from Equations 4.2.53 through 4.2.55 and arrive at the dynamic displacement— 
temperature field equation 


uV-u+t (A+ pw) V(divu) — (32 + 2w)aVT + b = pii (4.2.58) 


The stress—temperature field equation of the dynamic theory is found by eliminating u 
and E from Equations 4.2.53 through 4.2.55. To this end, we rewrite Equation 4.2.55 in an 
equivalent form, see Equation 3.3.126, 


1 


E= 5 
| 34+ 2 


(tr s)1| +aT1 (4.2.59) 
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Next, operating on Equation 4.2.54 with the symmetric gradient V and using the strain— 
displacement relation 4.2.53, we obtain 


VidivS +b) = pVii = pE (4.2.60) 


This equation together with Equation 4.2.59 lead to the stress—temperature field equation of 
the dynamic theory. Namely, substitution of E from Equation 4.2.59 into Equation 4.2.60 
results in 


en o ls 
Vidivs) — © |§—~—*_ 
NE) 5 E 3A + 2m 


(tr S| = —B (4.2.61) 


where 
B= Vb+ p71 (4.2.62) 


We may observe that Equations 4.2.58 and 4.2.61 reduce to the displacement and stress 
equations of isothermal elastodynamics, Equations 4.2.13 and 4.2.14, respectively, if T = 0. 
Also, it follows from Equations 4.2.58 and 4.2.61 that the appearance of time-dependent 
temperature change T accounts for an additional term of body force type in these equations. 

Proceeding along the lines appropriate to isothermal elastodynamics, see Section 4.2.1, 
we may show that a stress tensor field S of the dynamic theory, in addition to Equation 4.2.61, 
also satisfies the following stress compatibility equation of Beltrami—Michell type 


2(A + pL) 1 1 " ee 
2 
Gp oo See vvis = trS)1+F=0 4.2.63 
BO agree + (3 =) Mage C28) 
where 
F =2Vb div b)1 
eae 
Soi oS SVE aG 
Duel VE Ey Se Se rl 4.2.64 
= ua © ep ) oy ae Cee) 


By applying to Equation 4.2.63 the wave operator 17 it may also be shown that 


3 {0; S—m[2u(VVT — V°T1) + pT1]} =M (4.2.65) 
where M is defined by Equation 4.2.50, and m is given in Example 4.1.8, 


_ 3A+2p 


= 4.2.66 
eae ee) 


A derivation of Equations 4.2.63 and 4.2.65 is similar to that of Equations 4.2.36 and 4.2.49 
of isothermal elastodynamics, and will not be given. 
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Notes: 


(1) Equations 4.2.63 and 4.2.65 reduce to Equations 4.2.36 and 4.2.49, respectively, 
ifT =0. 

(2) If b = 0, Equations 4.2.63 and 4.2.65 reduce to those of a dynamic theory of 
thermal stresses without body forces [8]. 


Example 4.2.4 


Show that if b = 0 then a particular solution to the dynamic theory of thermal stresses 
for a homogeneous isotropic body takes the form 


u=V¢@ (a) 
E=VVo (b) 
S = 2u(VVo — V°$1) + pd (c) 


where @ is a time-dependent scalar field that satisfies the nonhomogeneous wave 
equation 


7 osm (d) 
where 
— 3A+2p (e) 
~ A+2u 
Solution 


We start from the displacement-temperature field equation, see Equation 4.2.58 with 
b=0, 


uV2u-+ (A+ 2) V(divu) — 3A +2)aVT = pil (f) 
Substituting into this equation the displacement u from (a), we write 
V [A+ 2w)V*> — pg] = BA + 2u)aVT (g) 
Since the function @ satisfies (d), (g) is also satisfied. Therefore, u given by (a) satisfies 
the displacement-temperature equation (f) provided (d) is satisfied. 

Substitution of (a) into the strain—displacement equation 4.2.53 yields (b). Also, (b) 
together with Equation 4.2.55 and (d) imply that S is given by (c). To show this, we 
substitute (b) into Equation 4.2.55 and obtain 

S = 2uVVO4AV*O1 — GA+2py)aTI1 (h) 


Now, from (d), which we write in the form 


(A+2u)V'°¢ — pb = GA + 2m)aT (i) 


226 The Mathematical Theory of Elasticity, Second Edition 


we find 


AV?b = pb — 2uV°o + (A+ 2u)aT j) 


Substituting (j) into (h) results in (c). This completes the solution. 


Notes: 


(1) The function ¢ in this example is often called the dynamic thermoelastic displace- 
ment potential. The particular solution, (a) through (c), plays an important role in 
reducing a solution of a problem of the dynamic theory of thermal stresses to a 
solution of an isotropic isothermal elastodynamics. 

(2) If b=0 then M=0, see Equation 4.2.65, and Equation 4.2.65 reduces to 


3 {0; S—m [2u(VVT — V’T1) + pT1]} =0 (4.2.67) 


By substituting S from (c) into 4.2.67 we find that this equation is satisfied provided 
¢ satisfies (d). 

(3) If T satisfies the parabolic heat conduction equation 4.2.56 then ¢ is a solution of 
the equation 

5 m 


(DoS a0 (4.2.68) 


where Q/« = W/k, and D7, is a parabolic operator with diffusivity « defined by 
D.=V? — = — (4.2.69) 


Equation 4.2.68 is obtained by applying to (d) the operator Dj. and using the fact 
that T satisfies Equation 4.2.56. 

(4) For an infinite isotropic body subject to a temperature field T that satisfies the 
heat conduction equation 4.2.56, a stress field S may be obtained directly by the 
integration of the stress equation 


Doe Gs—- tlt L352 - 
| D,S= F [2u(VVO — V°O1) + eO1) (4.2.70) 


in which Q is a prescribed function. If S and Q are time independent, then 
Equation 4.2.70 reduces to Equation 4.1.73 of a steady-state thermoelasticity. 
(5) The wave equation (d) has a solution in the form of a so-called retarded potential 


m i T(é&,t — R/c) 


CO oF RG&E) 


Rs<cjt 


du(é) (4.2.71) 


In this formula, R is the distance between the points x and &, and the integration is 
over a ball of radius R = c,t with its center at x. We may show that the function @ 
given by Equation 4.2.71 satisfies the homogeneous initial conditions 


$(x,0) = $(x, 0) = 0 (4.2.72) 
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4.2.3, CONCEPT OF AN ELASTIC PROCESS: ENERGY AND RECIPROCAL THEOREMS 


A concept of an elastic process is based on that of an admissible process. By an admissible 
process we mean an array of functions p = [u, E, S] in which u is an admissible motion, E 
is asymmetric tensor field, and S is an admissible stress field, see Section 3.2.4. 

Similarly as in the case of an admissible state of elastostatics, see Section 4.1.3, a set 
of all admissible processes may be identified with a vector space if we define addition and 
scalar multiplication in the way we did for admissible states. In particular, if p and p are 
two different admissible processes, and w is a scalar, then 


p’=p+p=([u+t,E+E,$+S] (4.2.73) 
and 
Pi = ©p = [ou, vE, oS] (4.2.74) 
are admissible processes. 


Anelastic process corresponding to a body force b is defined as an admissible process p = 
[u, E,S] that complies with the fundamental system of field equations of elastodynamics: 


as 1 
E=Vu= 5 (Vu+ Vu’) (4.2.75) 
divS+b=pi, S=S’ (4.2.76) 
S = C[E] (4.2.77) 


Similarly as in elastostatics, the surface load field s is defined by 
s(x, t) = S(x, n(x) (4.2.78) 


and a pair [s, b] is called an external force system for p. We observe that in linear elasto- 
dynamics the normal vector to 0B is time independent, n= n(x). Associated with an elastic 
process p is the kinetic energy of body B, see Equation 3.2.135, 


Kyat { pw dv (4.2.79) 
5 12. 
B 
and the strain energy of body B, see Equation 3.3.93, 


U(t) = Uc{E} = fr -C[E] dv (4.2.80) 
B 


NLR 


A function 
U(t) = K(t) + U(t) (4.2.81) 


is called the total energy of B at time t. 
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By differentiation of Equation 4.2.81 with respect to time and using Equations 4.2.79 
and 4.2.80 in which C is assumed to be symmetric, we obtain 


W=K+5[@-CHI+E- CED dv 
B 


=K+[{E-CE]dv=K+[E-Sdv (4.2.82) 
B B 


The second term in the latter formula is called the stress power, see Equation 3.2.136, 


PW) = [S-Edv (4.2.83) 
B 


Hence, the formula 4.2.82 means that the rate of change of the total energy equals the sum 
of the rate of the kinetic energy and the stress power, 


U=K+P (4.2.84) 
By the theorem of power expended, see Equation 3.2.137, 


U={s-tda+ {bade (4.2.85) 
OB B 


Therefore, the rate of change of the total energy equals the rate at which work is done by 
the surface and body forces. A direct consequence of Equation 4.2.85 is the following. 


Theorem: Let C be symmetric and let p = [u, E, S] be an elastic process corresponding to 
an external force system [s, b]. Also, it is assumed that 


b=0 onB and s-u=O onodB (4.2.86) 
Then the total energy is constant 
Ui =UO) t>=0 (4.2.87) 


Proof. From Equation 4.2.85 and the assumptions 4.2.86 we get 


U(t) =0 (4.2.88) 


Integrating Equation 4.2.88 we arrive at Equation 4.2.87. This completes the proof. 


We close this section with Graffi’s reciprocal theorem, which is a counterpart of Betti’s 
reciprocal theorem of elastostatics. 
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Graffi’s Reciprocal Theorem. Let [u,E,S] be an elastic process corresponding to the 
external force system [s,b] and to the initial data [Uo, Uo]. Let [u, E,S] be another elas- 
tic process corresponding to [s,b] and to [Uo, Wo]. Then the following integral relations 
hold true: 


ix [sxidat [fxtdusix [S*xuda+ [feudv (4.2.89) 
B B 


0B 0B 


[SE dv=[SxEdv (4.2.90) 
B B 


[sxiida+ | bxiidv+ | p(uy-ti+ ty -@) dv 
B B 


0B 
= [Sxudat [bxudut | po: A+ ii -w) dv (4.2.91) 
0B B B 
Here, 
i=i()=t t>0 (4.2.92) 


and f and f are pseudo-body forces corresponding to [u, E, S] and to [u, E, S], respectively, 
defined by 


f(x, t) =ix* b(x,t) + e [uo(x) + mMo(x)] (4.2.93) 

f(x, 1) =i* b(x,1) + p [Uo(x) + Aig(x)] (4.2.94) 
Proof: By the reciprocal theorem given in Section 3.2.5, Equations 3.2.167 and 3.2.168 
hold true. Therefore, to prove Equations 4.2.89 through 4.2.91 it is sufficient to prove that 
Equation 4.2.90 holds true. To this end, we note that by symmetry of C and by the definition 
of an elastic process, we have 


S*xE=E*S=Ex CE] =E*C[E] =ExS (4.2.95) 


Note that by symmetry of C, see Equation 3.3.8, 
t 
E « C[E] = f Eo,r — rt) -C[E(x,t)] dt 
0 
t 
= | E@,1)- CIE, 1— a] dr 
0 
t 
= f Eq,r —T)-C[E(, t)] dt = Ex C[E] (4.2.96) 
0 


Hence, by integrating Equation 4.2.95 over B we arrive at Equation 4.2.90. This completes 
the proof. 
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Note: If the initial data are homogeneous for both processes, then Equation 4.2.91 reduces to 


[sxtida+ [bxtidv= [Seudat [beudv (4.2.97) 
B B 


0B 0B 


Example 4.2.5 


In this example we show an application of Equation 4.2.97 when $s corresponds to an 
instantaneous concentrated force acting in an infinite elastic body, and s corresponds 
to a time-dependent body force b distributed over a bounded region Q of an infinite 
body. Let 


5 = (8,F°,$°) (k =1,2,3) (a) 


. ; “ih, 
be an elastic process corresponding to an instantaneous concentrated force b — acting 
at a point & and at time z in an infinite elastic body E?, that is, 


bY” = 4x —)8(t-— He, (b) 


where 
e, is a unit vector along the x, axis 
5(x—&) and 6(t—r) are three-dimensional and one-dimensional Dirac delta functions, 
respectively 


(ky FW ~(k) 
gE 


Then, the functions u ,and$§~ depend on x, &, t and 1, in particular 


a =~ —€t—71) (0) 


Show that a displacement field u = u(x, f) associated with the elastic process s = 
[u, E, S] and corresponding to body forces b = b(x, t) distributed over Q is in components 
given by 


U(X, t) = f foe, rt) -@ « — & t — rt) dr du(é) (d) 
Q 0 


Solution 


We apply the reciprocity relation 4.2.97 when B = E?. Since the concentrated force 
b = and body force vector field b distributed over Q should not produce stresses at 
infinity, surface integrals in Equation 4.2.97 restricted to E* vanish, and the equation 
reduces to 


fb" wu dug) = [bxil® dug) (e) 
B B 
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Writing this equation in an expanded form, and using (b) and (c), we get 
f fu, 2) 3 — §)80— re, drdué) 
BO 


= J Joe, t) 0 (x — & t— 1) drdu(é) (f) 
Q 0 


Hence, by using the filtering property of the Dirac delta function 


J 60 = BFE) du) = Foo) (g) 
B 
and 
foe —oge) dt = g(t) (h) 
0 
we write from (f) 


e, u(x,t) = J foe, t) U(x — & t— t) drdu(é) i) 
Q 0 


This is identical to the formula (d), and the solution is completed. 


4.2.4 FORMULATION OF INITIAL-BOUNDARY VALUE PROBLEMS 


In an initial-boundary value problem, the data consist not only of a boundary load and body 
forces but also of initial data. In a classical formulation the initial data are imposed on the 
displacement vector and the velocity vector, and in most textbooks on wave propagation in 
elastic solids such initial data are postulated. Recently, other formulations were proposed, 
in which the initial data are imposed on stress and stress rate tensor fields. This amounts to 
a study of elastic waves in a body with initial tensorial incompatibilities in the sense that 
compatibility equations are not satisfied initially by strain and strain-rate tensor fields. In 
this section the problems covering both types of initial conditions will be discussed. 

To begin with a classical type of an initial-boundary value problem, we assume that the 
displacement field u = u(x, f) associated with an elastic process corresponding to a body 
force b, see Section 4.2.3, satisfies the initial conditions 


u(x,0) = up(x), u(x,0) = U(x), xEB (4.2.98) 


where Uo(x) and Uo(x) are prescribed fields. Also, we assume the following boundary 
conditions associated with the process: 
the displacement condition 


u=wu_ on dB, x [0,0) (4.2.99) 
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the traction condition 


s=Sn=S on dB; x [0,0) (4.2.100) 
where 
0B, U 0B, = 0B (4.2.101) 
and 
0B, 1 0B, = G (4.2.102) 


and U and are prescribed vector fields. 

A mixed initial-boundary value problem is a problem in which we are to find an elastic 
process that complies with the initial conditions given by Equation 4.2.98 and the mixed 
boundary conditions given by Equations 4.2.99 and 4.2.100. 

By a solution to the mixed boundary value problem, we mean an elastic process that 
satisfies Equations 4.2.98 through 4.2.100. 

If 0B, = @, the mixed initial-boundary value problem becomes a displacement initial— 
boundary value problem, and if 0B,;=@ it becomes a traction initial-boundary value 
problem. In short, these problems will be called the mixed, displacement, and traction 
problems of elastodynamics. Since all these problems may be formulated either in terms 
of displacements or in terms of stresses, we introduce the definition of a displacement 
field corresponding to a solution to a mixed problem, and the definition of a stress field 
corresponding to a solution to a mixed problem, in a way analogous to the definitions (1) 
and (2) in Section 4.1.4. 

With these definitions we formulate three theorems of which the first characterizes a 
mixed problem in terms of displacements, the second describes a traction problem in terms 
of stresses, and the third deals with a mixed problem in terms of stresses. 


Theorem 1 (Mixed Problem in Terms of Displacements) 


A vector field u corresponds to a solution to a mixed problem of elastodynamics if and 
only if 


divC [Vu] + b= pti on Bx [0,0) (4.2.103) 
u(x,0) = up(x), U(x,0) = U(x) xeEB (4.2.104) 
u=u_ on dB, x [0,o) (4.2.105) 
C[Vu]Jn=S on dB, x [0, 00) (4.2.106) 


The proof of this theorem is analogous to that of Theorem 1 of Section 4.1.4 and is based on 
recovering of a strain tensor E and the stress tensor S from a displacement u that satisfies 
Equations 4.2.103 through 4.2.106 by employing the geometric and constitutive relations, 
respectively. 7 
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Theorem 2 (Traction Problem in Terms of Stresses) 


A tensor S corresponds to a solution to a traction problem of elastodynamics if and only if 


V [e7! GdivS)] — K[$] =—B_ on B x [0, 00) (4.2.107) 
S(x,0) = C[Vuo], S(x,0) = C[Vuo] on B (4.2.108) 
Sn=s on 0B x [0,0) (4.2.109) 


In Equation 4.2.107, 


B= V(p"'b) (4.2.110) 


Proof: The proof consists of two parts: 


(a) We assume that s=[u,E,S] is a solution to a traction initial-boundary value 
problem and show that S satisfies Equations 4.2.107 through 4.2.109. 

(b) We assume that S satisfies Equations 4.2.107 through 4.2.109 and show that there 
is a displacement vector u and an associated strain tensor E, such that the triple 
s = [u, E, S] is an elastic process corresponding to the traction boundary condition, 
Equation 4.2.109, and the displacement initial data, Equation 4.2.98. 


Proof of part (a). Since s is an elastic process corresponding to a body force b and dis- 
placement initial conditions 4.2.98, and it complies with the boundary condition 4.2.109, 
by eliminating u and E from Equations 4.2.75 through 4.2.77 we arrive at Equation 4.2.107 
with B given by Equation 4.2.110, see also Equations 4.2.9 through 4.2.10. To complete 
the proof of part (a) it is, therefore, sufficient to show that S satisfies the initial conditions 


4.2.108. With this in mind, we apply the gradient operator to initial conditions 4.2.98, and 
obtain 


Vu(x, 0) = Vuo(x), Vu(x,0) = Vuo(x) (4.2.111) 
Since the constitutive equation in the form 
S(x, 7) = C [Vu(x, 4] (4.2.112) 
is to hold also at t = 0 then 
S(x, 0) = C [Vu(x, 0)] (4.2.113) 
Differentiation of Equation 4.2.112 with respect to ¢ and letting t = 0, yields 


S(x,0) = C [Vucx, 0)] (4.2.114) 
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Hence, from Equations 4.2.111 through 4.2.114 we arrive at initial data for S and S: 
S(x,0) = C [Vuo(x)],  S(x,0) = € [Vito(x)] (4.2.115) 


This completes the proof of part (a). 


Proof of part (b). Let S satisfy Equations 4.2.107 through 4.2.109 and define a displacement 
u and the tensor E by the relations, see Equations 3.2.141 and 3.2.144, 


u=p' (ixdivS +f) (4.2.116) 
E = K[{S] (4.2.117) 
In Equation 4.2.116, f is the pseudo-body force field 
f(x, t) = 1 * b(x, ft) + e(x)[Up(x) + Mo (x)] (4.2.118) 
and 
i=i(t)=t (4.2.119) 
Since Equation 4.2.116 is to be satisfied on B x [0,00), by Theorem of Section 3.2.5 
u, S, and b satisfy the equations of motion, Equation 4.2.76, subject to the displacement 
initial condition 4.2.98. To complete the proof of part (b) we need to show that the strain— 
displacement relations, Equation 4.2.75, are satisfied. By virtue of Equations 4.2.107, 
4.2.110, and 4.2.117, we obtain 
V [o! divS + b)] =E (4.2.120) 
Also, differentiating Equation 4.2.116 twice with respect to t we write 
ii= p_' (divS +b) (4.2.121) 
Hence, substituting Equation 4.2.121 into Equation 4.2.120 we get 


Vi=E (4.2.122) 


Since u satisfies the initial conditions 4.2.98, it follows from Equation 4.2.117 and its time 
derivative, and from the initial conditions satisfied by S, see Equation 4.2.108, that 


E(x,0) = Vu(x,0), E(x, 0) = Vax, 0) (4.2.123) 


Therefore, integrating Equation 4.2.122 twice with respect to ¢ and using the initial 
conditions 4.2.123 we arrive at the strain—displacement equation 


E=Vu_ onBx [0,c) (4.2.124) 


This completes the proof of part (b) of the theorem. 
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Notes: 


(1) The tensorial initial data in Theorem 2 are generated by the initial displacement 
and initial velocity fields through the constitutive relation of elastodynamics. They 
imply that the initial strain Eo and initial strain rate Ey both satisfy the compatibility 
condition, see Equation 3.1.47, 


curlcurl Ej = 0, curl curl Eo =0 (4.2.125) 
since 
E, = Vuo, Eo = Vulo (4.2.126) 


(2) A generalization of Theorem 2 may be formulated so that the initial stress and 
initial stress rate are arbitrarily prescribed symmetric tensor fields. The associated 
initial strain and initial strain rate fields following from the constitutive relations, 
in general, do not satisfy the compatibility conditions. Such a generalized theorem 
describes then an elastic process with incompatible initial data, that is, an elastic 
process of elastodynamics of a body with continuously distributed defects. Later 
we will discuss well-posedness of the generalized problem. 


Example 4.2.6 


Suppose that a homogeneous isotropic infinite elastic body is subject to the initial stress 
Sx) of a compact support 


— [28154 + AdylP(%1) 


for |xi| <a, |x2| < 00, |x3| < 00 (a) 


where A and yz are the Lamé moduli, a is a positive constant, and y = g(x) is the 
function defined by 


0 for —0o < x; < —a 
Xy 
1+— for—a<x, <0 
g(x) = he (b) 
1 
1—— forO0<x,;<a 
a 
0 fora<x,<o 


The associated strain field E© (x) is then given by 
E} (X) = 8151) 90) 
for |x;| <a, |xX2| < 00, |x3| < co (c) 
Show that $ (x) satisfies the equilibrium equation 


divS®? +b=0 (d) 


236 The Mathematical Theory of Elasticity, Second Edition 
on except for the planes x, = —a, x; = 0, and x; = +a, where 
b= [bi, 0, oy’ (e) 


and 


0 for—o <x, <—a 


A+2u|—-1 for—a<x, <0 


by (x1) = (f) 
+1 forO<x,; <a 
O fora<x,;<©c 
Also, show that the body possesses “defects” on the planes x; = —a, x; = O and x, = +a, 


and a defect on the plane x; = 0 is represented by the jump 
u,(0—0)—u,(0+0)=a (g) 


where u; = U;(x;) is a displacement in the x; direction corresponding to the strain E© (x). 


Solution 


To show that $ satisfies Equation (d) we substitute $© and b from Equations (a) and (e), 
respectively, into LHS of Equation (d) and check that Equation (d) is satisfied provided 
x1 # —a,X, £0, and x; a. Next, we note that g = y(x;) is continuous everywhere on 
the x; axis, but g’(x;) does not exist on the planes x;=—a, x;=0, and x; =a. This 
implies that E (x) does not satisfy the compatibility condition 


curl curl E(x) = 0 


for x; = —a, x; =0, x; = +a (h) 


Therefore, the body possesses “defects” on these planes. To describe a defect on the 
plane x; = 0 we use the strain—displacement relation 


0 ; 
EP) = = = 9%), bil < 00 (i) 
Oxy 
Assuming that 
u;(—a) = u, (+a) = 0 (j) 
and integrating Equation (i) we find 
0 for —0o < x; < —a 
2 
alana ee for—a<x, <0 
ui) = 4 28 2 (k) 


a 
a ie forO <x, <a 


0 fora<x, <o 
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Hence, we obtain 


u,(0—0)—u,(0+0) =a I) 


This completes the solution. 


Theorem 3 (Mixed Problem in Terms of Stresses) 


A tensor field S corresponds to a solution to a mixed problem of elastodynamics if and 
only if 


V [p! G*divS +f)]—K[S]=0 on B x [0,00) (4.2.127) 
p | (ixdivS+f)=U on @B, x [0,00) (4.2.128) 

Sn =Ss on 0B; x [0, 00) (4.2.129) 

ry 


Proof. We use the following equivalent definition of a solution to the mixed problem of 
elastodynamics: p = [u, E, S] is a solution to the mixed problem if and only if 


E=Vu_ onB x [0,00) (4.2.130) 
p '(ixdivS+f)=u_ onB x [0,o) (4.2.131) 
S=C[E] onB x [0,00) (4.2.132) 
and 
u=wu_ on dB, x [0,0) (4.2.133) 
Sn=s on dB; x [0,0) (4.2.134) 


To show that this definition is equivalent to that given at the beginning of this section, it 
is sufficient to observe that by Theorem of Section 3.2.5 the integro-differential equation 
4.2.131 is satisfied if and only ifu, S, and b satisfy the equations of motion, Equations 4.2.76, 
and the initial conditions 4.2.98. Obviously, the definition given by Equations 4.2.130 
through 4.2.134 means that a solution to the mixed problem of elastodynamics satisfies a 
system of integro-differential equations 4.2.130 through 4.2.132 subject to the boundary 
conditions 4.2.133 and 4.2.134 only, that is, the initial data have been incorporated into the 
field equations. 
To prove Theorem 3 itself, using the new definition, we need to show that: 


(a) If p = [u,E,S] is a solution of the mixed problem of elastodynamics, then S 
satisfies Equations 4.2.127 through 4.2.129. 

(b) If S is a solution to Equations 4.2.127 through 4.2.129, then there is a vector field 
u and a tensor field E such that the triple [u, E, S] complies with Equations 4.2.130 
through 4.2.134. 


Proof of (a). Since p=[u,E,S] is a solution to the mixed problem, p satisfies 
Equations 4.2.130 through 4.2.134. Writing down Equation 4.2.132 in the equivalent form 


E = K[S] (4.2.135) 
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and eliminating u and E from Equations 4.2.130, 4.2.131, and 4.2.135, we arrive at Equa- 
tion 4.2.127. Hence, to complete proof of part (a) we need to show that S satisfies the 
boundary condition given by Equation 4.2.128. To this end we note that Equation 4.2.131 
restricted to 0B, x [0, 00) together with the displacement boundary condition 4.2.133 imply 
Equation 4.2.128. This completes proof of part (a) of Theorem 3. 


Proof of (b). Let S be a solution to Equations 4.2.127 through 4.2.129, and define u and 
E by 


u=p' (ixdivS+f) onB x [0,0) (4.2.136) 

and 
E=K[S] on B x [0, coo) (4.2.137) 
Then, from Equations 4.2.127, 4.2.136, and 4.2.137, it follows that Equations 4.2.130 
through 4.2.132 are satisfied. Also, since Equation 4.2.136 restricted to 0B, x [0, 00) 
together with the boundary condition 4.2.128 imply the boundary condition 4.2.133, 


the triple [u, E, S] satisfies Equations 4.2.130 through 4.2.134. This completes the proof 
of (b). 


Notes: 


(1) The equivalent definition of a solution to the mixed problem, see Equations 4.2.130 
through 4.2.134, and the characterization of the solution in terms of stresses 
(Theorem 3) play an important role in formulation of the variational principles of 
elastodynamics to be discussed in Chapter 6. 

(2) Theorems 1 through 3 hold true for the elastic processes that are sufficiently 
smooth on B x [0, oo), for example in Theorem 2 the tensor field S is to be of class 
C?? on B x [0,00). The symbol C?? stands for a class of functions f = f(x, f) 
that possess the partial derivatives with respect x and ¢ up to the second order, and 
these derivatives are continuous. 


Example 4.2.7 


Let S be a solution to the initial value problem. Find a symmetric second-order tensor 
field S = S(x, t) on E° x [0, 00) that satisfies the field equation 


V [o-! (div$)] — K[$]=—A_ on F? x [0, 00) (a) 
subject to the initial conditions 
S(x, 0) = So(x),  S(x,0) =So(x) xe (b) 
Here 


Sy and $y are arbitrary symmetric tensor fields on E? 
A is a prescribed symmetric tensor field on E? x [0, 00) 
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Show that S is a solution to the problem described by (a) and (b) if and only if $ is a 
solution to the integro-differential equation 


V [o | @*div$)] — K[S] =—B* on F x [0, 00) (c) 
where 


BY =i xA+K[S, + tSo] (d) 


Solution 


We apply the Laplace transform to (a) and using (b) we obtain 


¥ [o~! div$)] — K[p?S — pS» — $9] = —A (e) 


By dividing (e) by p* and taking the inverse Laplace transform we arrive at (c) since 


c{ =t and c{*| =1 
p p 


This completes the solution. 


=> 
= 


Notes: 


(1) The initial value problem in this example is a generalization of the initial-boundary 
value problem of Theorem 2, see Equations 4.2.107 through 4.2.110, in the fol- 
lowing sense. If A is of the form of B given by Equation 4.2.110 but extended to 
E? x [0, 0) and the initial tensor fields Sp and So in (b) are restricted to those given 
by Equation 4.2.108 but extended to E°, then the initial value problem described 
by (a) and (b) reduces to that of Theorem 2 formulated for E°. 

(2) In this example, the initial value problem described by (a) and (b) has been replaced 
by an equivalent problem of finding a solution to an integro-differential equation 
(c) in which the arbitrary initial tensor field data are incorporated. Equation (c) 
may be dealt with by using an associated variational principle to be discussed later. 

(3) The initial value problem stated by (a) and (b) with arbitrary symmetric tensor A 
on E? x [0, 00) and arbitrary symmetric tensors Sy and So on E? describes stress 
waves in an infinite elastic body with continuously distributed defects; see Note 
(2) given after Theorem 2. 


Example 4.2.8 
A pure traction problem of nonhomogeneous anisotropic dynamic theory of thermal 
stresses is formulated in the following way. Find a symmetric second-order tensor field 


S = S(x,t) on B x [0, 00) that satisfies the field equation 


V [o ‘(divs + b)] — K[S$—§,]=0 on B x [0, 00) (a) 
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subject to the initial conditions 


S(x, 0) = S(x,0)=0 onB (b) 
S4(x, 0) = $,4(x,0) =O onB (c) 

and the traction boundary condition 
Sn=s on dB x [0,0) (d) 
In Equation (a) $4 = $,4(x, t) is an actuation stress tensor field that is defined in terms of 
a time-dependent temperature field 6 = 6(x, t) and the stress—temperature tensor field 

M = M(x) (see Section 3.3.5) by 

S,(x,t)} =@M_> onB x [0, 00) (e) 
and in Equation (d) Sis a prescribed vector field. In addition to Equations (a) through (e), 


let us define an auxiliary isothermal problem as follows. Find a symmetric second-order 
tensor field S; = S;(x, t) on B x [0, 00) that satisfies the equations 


V [o! div$; +b)] —K[§;]=0 on B x [0, 00) (f) 
S; (x, 0) =$;(x,0) =0 onB (g) 

and 
Sin =$; on dB x [0, 00) (h) 

where 

$ =S on dB x [0,0) (i) 

and 
V (o"'by) = V (p-'b) + K[S4] on B x [0, 00) (j) 


Show that the following body force analogy for the transient thermal stresses holds true 
[9]. A unique solution $ = S(x, f) to the pure stress problem of dynamic theory of thermal 
stresses given by Equations (a) through (e) can be obtained by finding a unique solution 
S; = S;(x, t) to the isothermal pure stress problem given by Equations (f) through (j). 


Solution 


By subtracting Equation (f) from Equation (a) and using Equation (j) we write 
¥[o ‘(divS)] — KIS] =0 on B x [0, 00) (k) 
where 


S(x, t) = S(x, t) — §;(x, tf) on B x [0, 00) (I) 
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Also, by using Equations (b), (d), (h), and (i), we obtain 
S(x, 0) =S(x,0)=0 onB (m) 
and 
Sn=0 on 2B x [0, 00) (n) 


Next, it follows from Equations (k) through (n) that S(x, t) = 0 on B x [0,00) (see 
Theorem 2 of Section 4.2.5). Therefore, S(x, t) = S;(x, t) on B x [0, 00). This completes 
the solution. 


Notes: 


(1) The body force analogy for the traction problem can be extended to include a 
mixed initial-boundary value problem of the uncoupled dynamic thermoelasticity 
characterized in terms of stresses. Such an extension is given in [9], where it 
is shown that for the mixed problem the nonisothermal transient stresses can be 
identified with a solution to an isothermal transient stress problem, while the 
associated displacements are different. 

(2) The body force analogy in the uncoupled dynamic thermoelasticity may be used to 
control dynamic shape of structures by thermal actuation (see, for example, [9]). 


4.2.5 UNIQUENESS 


We consider two uniqueness theorems: (1) for a classical mixed initial boundary value 
problem, and (2) for a nonconventional initial-boundary value problem that describes an 
elastic body with continuously distributed defects. 


Theorem 1: If the density field o(x) is positive, and the elasticity tensor C is symmetric 
and positive definite, then the mixed problem of elastodynamics has at most one solution. m= 


Proof: Let p=[u, E,S] denote a difference between two solutions, then p corresponds to 
vanishing body forces, and the following initial and boundary conditions 


u(x,0) =0, u(x,0)=0 xeEB (4.2.138) 
u=0 onodB, x [0,c«) (4.2.139) 
Sn=0 on dB; x [0, 00) (4.2.140) 


The first of initial conditions 4.2.138 implies that 


E(x, 0) = 0 (4.2.141) 
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Also, it follows from the boundary conditions 4.2.139 and 4.2.140 that 
u-s=0 ondB x [0,0) (4.2.142) 


where s = Sn. Therefore, using the Theorem of Section 4.2.3 in which b = 0 on B x [0, 00) 
and the condition 4.2.142 is satisfied, we arrive at the conclusion, see Equation 4.2.87, 


u(t) =U) t>0 (4.2.143) 


where 


u(t) = 5 flow +E-ClE]] dv (4.2.144) 
B 
Now, by virtue of the second of initial conditions 4.2.138 and from Equation 4.2.141, we 
write 
Uu(O) = 0 (4.2.145) 
Hence, from Equation 4.2.143 
U(it)=0 ¢t>0 (4.2.146) 
Since p > 0 and C is positive definite, Equation 4.2.146 implies that 
u=0 and E=0 onB~x [0,0o) (4.2.147) 


Integrating with respect to f the first of these equations and using the first of initial conditions 
4.2.138, we obtain 


u=0_ onB x [0, 00) (4.2.148) 


This result together with the strain—displacement relation implies that the second of 
Equations 4.2.147 is also satisfied. This completes the proof. 


Note: We recall that in elastostatics a traction boundary value problem has a solution that 
is unique to within a rigid body motion. On the other hand, Theorem 1 implies that in 
elastodynamics a displacement initial-boundary value problem as well as a traction initial— 
boundary value problem possess at most one solution. The uniqueness of the traction 
problem of elastodynamics follows from prescribed initial data and smoothness of the 
solution in the space-time domain. 

The following theorem covers a nonconventional traction initial-boundary value problem 
in terms of stresses. In such a problem the data are determined by arbitrary symmetric tensor 
fields and by a prescribed traction field on the whole boundary of body B. 


Theorem 2: Let S be a solution to the following initial-boundary value problem: Find a 
symmetric second-order tensor field S on B x [0, 00) that satisfies the field equation 


V (pe! divS) —K[S] = —-A_ on B x [0, 00) (4.2.149) 
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the initial conditions 
S(x,0) = So(x), S(x,0) =So(x) xe B (4.2.150) 
and the boundary condition 
Sn=s on 0B x [0,0) (4.2.151) 


Here 
A is an arbitrary symmetric second-order tensor field prescribed on B x [0, oo) 
So and So are prescribed symmetric tensor fields on B 


Sis a prescribed vector field on 0B x [0, 00). Also, o and K stand for the density and the 
compliance tensor field on B, respectively. Then the problem described by Equations 4.2.149 
through 4.2.151 has at most one solution. 7 


Proof. Due to linearity of Equations 4.2.149 through 4.2.151 it is sufficient to show that 
a solution to the problem corresponding to the homogeneous data vanishes. In other words, 
we are to show that the field equation 


V (pe! divS) —K[S]=0 on B x [0, 00) (4.2.152) 


subject to the conditions 


S(x,0) =S(x,0)=0 onB (4.2.153) 
Sn=0 on dB x [0,00) (4.2.154) 

implies that 
S=0 onBx [0,o) (4.2.155) 


Proof. Writing Equation 4.2.152 in components yields 
(07'S), — tS =0 (4.2.156) 
Multiplying this relation by Si we get 
SiO 'Sik.t),j = tS Std =0 (4.2.157) 


In Equation 4.2.157, parentheses on indexes i and j are not present since S is symmetric, 
Sj; = S;;, and for any second-order tensor 77; 


Next, we reduce Equation 4.2.157 to the form 


(S07 'Sik. tj = Sii,j0 Sick a3 KyaSgSu =0 (4.2.159) 
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The boundary condition 4.2.154, written in components, is 

Sjnj =O on 0B x [0, 00) (4.2.160) 
and this, due to the fact that n; is time independent, implies that 

Sn; =0 on dB x [0, 00) (4.2.161) 


Now, integrating Equation 4.2.159 over B, and using the divergence theorem, we obtain 
: Z ld _ sabe 
J 8m po! Sux da 5 = J p7 Si Sick dv — J Kinda =0 (4.2.162) 


Because of the symmetry of the tensor K and by virtue of the homogeneous boundary 
condition 4.2.161, it follows that Equation 4.2.162 reduces to 
ld sen fs 
7H f (07! Si, pSige + KieSSw) dv = 0 (4.2.163) 
B 


Integrating this equation with respect to time from 0 to ¢ and using the initial conditions 
4.2.153, in particular the conditions 


Sii,(X,0) =0, Sj(x,0) = 0 (4.2.164) 
we find 


J (07! SijSice + KinadiSu) dv =0 (4.2.165) 


B 


Since p > 0 and K is positive definite 
S;;=0, S;=0 onB x [0,00) (4.2.166) 


Using again the first of initial conditions 4.2.153, after integrating the second equation of 
4.2.166, we arrive at 


S;=0O on B x [0, 00) (4.2.167) 


This equation implies that the first equation of 4.2.166 is also satisfied, and this completes 
the proof of the theorem. 


Notes: 


(1) The initial—-boundary value problem of this theorem generalizes that of Theorem 
2 of Section 4.2.4 on the traction problem in terms of stresses in the following 
sense. If A is identified with tensor B given by Equation 4.2.110, and the tensors 
Sp and Sp are identified by Equations 4.2.108, then this problem indeed reduces to 
that of Theorem 2. 

(2) In the case when A is arbitrary, the problem stated by Equations 4.2.149 through 
4.2.151 describes stress waves in an elastic body with time dependent contin- 
uously distributed defects [10]. In this case, by applying curl curl operator to 
Equation 4.2.149 and using the relation E = K[S], we obtain 


curl curl V (p7! divS) = 0 (4.2.168) 
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and 
curl curl E = curl curl A (4.2.169) 


If the RHS of Equation 4.2.169 is not zero, there are time-dependent continuously 
distributed defects over the body B and for t > 0. 

(3) If A = 0 and Sy and Sp are arbitrary symmetric tensor fields, the problem stated 
by Equations 4.2.149 through 4.2.151 describes an elastodynamic problem of a 
body with initially distributed defects. 


Example 4.2.9 


Show that if the boundary 9B of a body B is traction free for every time t > 0, the initial 
displacement field up and the initial velocity Up vanish on B, and if V(b/p) is skew, then 
S = 0o0nB x [0, 00), and u = / * (b/p) represents a rigid body motion. 


Solution 


From Theorem 2 of Section 4.2.4 and from the assumptions in this example it follows 
that S satisfies the homogeneous field equation, see Equation 4.2.107 with B = 0, the 
homogeneous initial conditions 4.2.108, see Equation 4.2.108 with up = 0 and Up = 0, 
and the homogeneous boundary condition 4.2.109. Hence, by the uniqueness theorem, 
Theorem 2, Equations 4.2.152 through 4.2.155, § = 0 on Bx [0, 00). On the other hand, 
by the formulas 4.2.116 through 4.2.118 u = i * (b/p). Since by Equation 4.2.117 the 
strain field E corresponding to u vanishes, u = / * (b/p) must be a rigid body motion. 
This completes the solution. 


Notes: 


(1) The result of this example describes a rigid body motion that is exclusive for 
elastodynamics. 

(2) The solution presented has been obtained apparently for the first time by a pure 
stress treatment of elastodynamics. The result has not been derived in the literature 
by the conventional displacement method of elastodynamics. 


To conclude this section we note that a mixed initial-boundary problem of classical elas- 
todynamics and that of elastodynamics with continuously distributed defects may possess 
at most one solution. To prove that these two types of problems are well-posed one needs 
also to prove the existence of solutions to these problems as well as to show continuous 
dependence of solutions on data in a suitable class of functions. In this book, we do not 
consider these two issues. 


PROBLEMS 


4.1 For a homogeneous isotropic elastic body occupying a region B C E? subject to 
zero body forces, the displacement equation of equilibrium takes the form [see, 
Example 4.1.1, Equation (b) with b = 0] 
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4.2 


4.3 


4.4 
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Veut+ Vidivu) =0 onB (a) 


1—2v 


where v is Poisson’s ratio. 
Show that if u = u(x) is a solution to Equation (a) then u also satisfies the equation 


2 x = 
V fet a iv) =0 onB (b) 


An alternative form of Equation (a) in Problem 4.1 reads [see Example 4.1.2, 
Equation (a) with b = 0] 


V(div u) — 


—2v 
curlcurlu=0 onB (a) 
v 


Show that if u = u(x) is a solution to Equation (a) then 


J [toivu? + = 


B 


2v és 
(curlu)~ | du 
v 


; 1 —2v 
= fu-[aivayn + = * curt) x a] da (b) 
0B 


where n is the unit outward normal vector field on 0B. 


Hint: Multiply Equation (a) by u in the dot product sense, integrate the result over B, 
and use the divergence theorem. 


Note: Since —1 < v < 1/2 [see Example 3.3.9, Equation (a)], then Equation (b) implies 
that a displacement boundary value problem of homogeneous isotropic elastostatics 
may have at most one solution. 

Show that for a homogeneous isotropic infinite elastic body subject to a temperature 
change T = 7(x) its volume change is represented by the formula 


tr E(x) = 


1 
a aT(x) forxe E° (a) 
—v 


where v and q@ denote Poisson’s ratio and coefficient of thermal expansion, 
respectively. 


Hint: Apply the reciprocal relation (a) from Example 4.1.19 to the exter- 
nal force-temperature systems [b,s,7]=[0,0,7] and [b,s, T|= = [0,0, d(x —§)] 
on E°. Also note that_for an isotropic body M=-— (3A+2y)a1 and trE= 
[3A +2pu)/(A+2p)] aT. 

Let Assume Jy to be a constant temperature, and let a; (i = 1,2,3) be positive 
constants of the length dimension. Show that for a homogeneous isotropic infinite 
elastic body subject to the temperature change 


T(x) = TolH (x + a,) — HQ — a;)] x [HX + a2) — H(x2 — ap)] 
x [H(x3 + a3) — H(x3 — as)] (a) 


where H(x) denotes the Heaviside function defined in Section 2.3.4, the stress 
components S;; are represented by the formula 
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Si(X) = Ap J dé J J dé; x 3E0E 
[Qt — £1)? + Ga — &)" + 03 — 8)" 
+ 416, dé, i dé, i dE38 (1 — &1)8X2 — &2)35 (x3 — &3) 
Ba? ekg ae 
where 
Ae ~~ ~ ; 
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(b) 


(c) 


Also, show that the integrals on the RHS of Equation (b) can be calculated in terms 


of elementary functions, and for the exterior of the parallelepiped 
Ii] < ai, |x| <a, [x3] < a3 
we obtain 


(x3 + a3 + 74142-3) 3 — a3 + 741-243) 

(3 — a3 + 1ai4043) 3 + 3 + r41-2-3) 

. (%3 — a3 + r1.42.43) G3 +3 + aed 
Gat a3 4 Pape 3) Og = ag F943) 


S12 = Ayia] 


Gag Bra 943) P= Oe ri) 
(1 — 4 + 4243) Gy +1 + 142-3) 
Gy =) + ero 93) Oh a + al 
Qa Fay theo 4s) Or — a + Ps) 


S93 => Ao In 


(%2 + ao + 741-243) G2 — a2 + 7142.43) 
(ey — Gy + 414043) Oo + ay + P1243) 
(2 — 2 + Pi142-3) G2 ta. t+ a) 
oF A Tia9 3) O09 Ti -3) 


S31 => Ao In 


and 


Ce aug an (= | oe (= | 
11 — 440 =. (3,45 = a aes ore, 


X) — A "41-2.-3 X1 — A 141-243 
_) (%2 —@2 3+ 43 _) (%2 — a2 x3 — a3 
~tan! (BIS BES ‘tan. > | ———.- 
X1 — GQ, 141.42.-3 XN, — GQ) 74142.43 


oe (= +a, x3 +43 ) eae (= +d) x3— a3 ) 


xX, +a, r_i-2-3 xX, +a, r_1-2.43 


_) (%2 -—@2 34+ 43 _) (%2 —@2 %3— a3 
+ tan! (BOO BAS San 
Xp +, 7142-3 Xp +4, 71.42.43 


(d) 


(f) 


(g) 


(h) 


248 The Mathematical Theory of Elasticity, Second Edition 


er tan (3 +a; x) +a, ) ance (= +a; x) —a, ) 


X2 — Az _1.42.-3 X2 — Ag 141.42.-3 
1 [(%3-— 4 H+ ay 1 [(%3— 4 x1 — ay 
-tan! (SHS ATA ata} | 
Xz — a2 1142.43 Xq — A2 "4142.43 


ee (= + a3 x; +a, ) eee (2 +a; x; —a, ) 


X2 + dy T_1-2-3 X2 + dy 412-3 
1 [(%3— a M+ ay _| [%3-— 4 xX -— ay . 
+ tan! (2=* es an | (i) 
X2 + dy 11-243 X2 + Az 141-243 
(Ma %2+a (Fa x2 - a 
S33 = Ag an fe —tan7! { ——— ——— 
X3 — 43 V_},-2.43 X3 — 43 1142.43 
1 (%1-— 4 X2+a, 1 ({%1- 4 %2-— a, 
—tan! ( A TE raat (eee cel 
X%3 — 43 141-243 X%3 — 43 1741.42.43 


ee (= +a, %%+a) ) egal (= +a, X.— a ) 


x3 + 43 T_1,-2.-3 x3 + 43 T_1.42,-3 

1 ({*%1-— 4 2+) 1 ({%1-— %2- a ; 

+ an! (BOO BA ee i ee ei (j) 
x3 + 43 T41-2,-3 X3 + 43 141.42.-3 


raigoa3 = [01 Fai)? + G2 Far)? + (03 F a3)7]'” (k) 


where 


Note that Equation (f) follows from Equation (e) by the transformation of indices 
1-2, 2-3, 3->1 

and Equation (g) follows from Equation (f) by the transformation of indices 
2>3, 3-1 1-2 

Also, Equation (i) follows from Equation (h) by the transformation of indices 
1-2, 2-3, 3->1 

and Equation (j) follows from Equation (i) by the transformation of indices 
2>3, 3-1, 1-2. 


Hint: To find S$). use the formula 


du 
ea eee 2 2 
J ean (ut vi +a") (l) 
and to calculate $,, take advantage of the formulas 
f du il u an 
(Veta) CMe +a 
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4.5 


and 
i du = 1 ee (“| (n) 
W+h)Ve+a bla —b bVw? + a 
where a and b are constants subject to the conditions 
a#0, b#0, |a| > |d| (0) 
Let u = u(x, £) be a solution of the vector wave equation 
vu- i ou__t on B x (0, 00) (a) 
subject to the initial conditions 
u(x,0) = uo(x), u(x,0) = U(x) onB (b) 


where f = f(x, f) is a prescribed vector field on B x [0, 00); and ug(x) and W(x) are 
prescribed vector fields on B; and c > 0. 
Also, let u = U(x, f) be a solution of the vector wave equation 


loa  f 
I~ = 
Ne a ga =o on B x (0, 00) (c) 
subject to the conditions 
T(x, 0) = tio(x), o(x,0) = to(x) on B (d) 


where f = f(x, t) A f(x,1), Up(K) # up(x), and Ug (x) # U(x) are prescribed 
functions on B x [0, 00), B, and B, respectively. Show that the following reciprocal 
relation holds true 


1 os ee ‘ ~w au 
= J (w+ +u-tiy +a ii) du+ Jus 5, da 
B OB 
1 ~ ~ . aw os ou 
= | (Wf+i- ty +t- up) dvt fix — da (e) 
B dB dn 


C2 


where * represents the inner convolutional product, that is, for any two vector fields 
a = a(x, 7) and b = b(x, ft) on B x [0, 00) 


axb= | a(x,r—r)-b(x,r) dr (f) 
0 
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Let U = Ux, t) be a symmetric second-order tensor field that satisfies the wave 
equation 
1a? \=.F 
2 oa 
(v -35)t=-5 on B x (0, oo) (a) 


subject to the initial conditions 
U(x, 0) = Up (x), UG, 0) = Uo(x) on B (b) 


where F = F(x, t), Up (x), and Uo(x) are prescribed symmetric second-order tensor 
fields on B x [0, 00), B, and B, respectively. Let u = u(x, f) be a solution to Equa- 
tions (a) and (b) of Problem 4.5. 

Show that 


amet [aren 
B 


where for any tensor field T = T(x, t) on B x (0, 00) and for any vector field v = v(x, f) 
on B x [0, 0) 


Txv= fT, t — t)v(x, t) dt (d) 
0 


Let G = G(x, &;f) be a symmetric second-order tensor field that satisfies the wave 
equation 


‘*G=-15(x—8)6() forxe FE’, &eE*,t>0 (a) 
subject to the homogeneous initial conditions 
G(x,é:0)=0, G(x,é;0)=0 forxeE’,&€E (b) 


where 


0° 1 0? 
2 = 
1 Pra _ a an (k = 1,2,3) (c) 


Show that a solution u to Equations (a) and (b) of Problem 4.5 admits the integral 
representation 


ux.) = f (G#f+ Guy + Gin) doe) 
B 


ou OG 
[ena da(é) (d) 
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4.8 


4.9 


Hint: Apply the reciprocal relation (c) of Problem 4.6 in which F /c? =18(x — &)8(t) 
and U = G(x, &; 2). 
Show that a unique solution to Equations (a) and (b) of Problem 4.7 takes the form 


ee GY Aa Sat 
Gixsin = (1 ja (a) 


and, hence, reduce Equation (d) from Problem 4.7 to the Poisson—Kirchhoff integral 
representation 


1 f(é,r-—|x— a 
u(x, t) = ram | . ee du) + = [t Mxer(to) 
B 
: 1 1 ou 
+ Mout + Fe | Ly (Et = Ix 81/c) 
a 1 
SUG EB) El 
1 0 ou 
clx — €] E x61] E (.6= ix—E1/0)|} dag) (b) 


where for any vector field v=v(x) on BCE? the symbol M,,;(v) represents the 
mean value of v over the spherical surface with a center at x and of radius ct, that is, 


Qn 5a 
1 ; 
Mye(v) = re jae )a8 sin @ 


X V(x, + ctsin 9 cos g, x2 + ctsin@ sing, x3; + ctcos@) (c) 


and we adopt the convention that all relevant quantities vanish for negative time 
arguments. 


Note: If B = E? andf = 0 on E® x [0, 00) then Equation (b) reduces to the form 


0 
u(x, t) — at [t Mxer(Uo) | + t Mx.c:(Uo) (d) 


Let G* = G* (x, &; t) be a solution to the initial-boundary value problem: 


1G* = —15(x— &)S(f) forx, & € B, r>0 (a) 
G*(x,é;0)=0, G*(x,é;0)=0 forx,& eB (b) 


and 


G*(x,é:) =0 forxe dB, t>0,& eB (c) 
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and let u = u(x, ft) be a solution to the initial—-boundary value problem 


5 f 
ju=—-> on B x (0, 00) (d) 

Cc 
u(x, 0) = up(x), u(x,0) = U(x) onB (e) 
u(x, ft) = g(x,t) on dB x [0,00) (f) 


where the functions f, Uo, Uo, and g are prescribed. Use the representation formula (d) 
of Problem 4.7 to show that 


1 ; 
u(x, f) = rm {@ * f + G*up + G*Uy) dv(é) 
B 


dG* 
-{ (= : s) da(&) (g) 
0B a 


4.10 A tensor field S corresponds to the solution of a traction problem of classical 
elastodynamics if and only if 


V(o ‘div S) — K[S] = —B_ on B x (0,00) (a) 
S(x,0) = S (x), S(x,0) =S (x) onB (b) 
Sn=8 on dB x [0,0) (c) 


[see Theorem 3 of Section 4.2.4 in which B is expressed in terms of a body force b, 
and S® and S are defined in terms of two vector fields]. 

A tensor field S corresponding to an external load [B, 8, SS] is said to be of 
o-type if S satisfies Equations (a) through (c) with an arbitrary symmetric second- 
order tensor field B and arbitrary symmetric initial tensor fields S© and S®, not 
necessarily related to the data of classic elastodynamics. Show that if S and S are two 
different tensorial fields of o-type corresponding to the external loads [B, 8, S 5] 


wow (0) A 
and [B,S®,S ,s], respectively, then the following reciprocal relation holds true 


~ ~ F (0) ro 
J |Bxs +8®.K[S]+S8 -Kisi} du+ { p\GivS) * (Sn) da 
0B 


B 
= |B «S$ +8. K[S]+$. KIS)| dv+ { p"\div8)* Gn)da (4) 
B 0B 
4.11 Let se = Sr (x, €; 7) be a solution of the following equation 


ner ss 
(e Sik i = Kip =0 
forxe E°,& € E*, t>0, i,j,k,1=1,2,3 (a) 


Formulation of Problems of Elasticity 253 


4.12 


subject to the initial conditions 
Si (x, 850) =0, SH? (x, &:0) = Cyd (x — 8) 
forx € E°, & € E’; i,j,k,1 = 1,2,3 (b) 


where Kj; denotes the components of the compliance tensor K, and Cj; stands for 
the components of elasticity tensor C, that is, 


CijtKeimn = 5¢im8nj) (c) 
Let $;, = S,(x, t) be a solution of the equation 
(0 'Si%).) — KiwSu =0 forx € B, t > 0 (d) 
subject to the homogeneous initial conditions 
S,(x,0) =0, S,(x,0)=0 forxeB (e) 
and the boundary condition 
Sn; = 5; on dB x [0, 00) (f) 


Use the reciprocal relation (d) of Problem 4.10 to show that 
Siu (X, t) = [e (Sin * Sin, — Si ** oo) da&) (g) 
0B 


Note: Equation (g) provides a solution to the traction initial-boundary value prob- 
lem of classical elastodynamics if the field S;,,,, on 0B x [0,00) is found from an 
associated integral equation on 0B x [0, 00). The idea of solving a traction problem 
of elastodynamics in terms of displacements through an associated boundary integral 
equation is due to V. D. Kupradze [11]. 

Consider the pure stress initial-boundary value problem of linear elastodynamics for 
a homogeneous isotropic incompressible elastic body B (see Equation 4.2.16 with 
ju >0 and A—> ov). Find a tensor field S = S(x,t) on B x [0, 00) that satisfies the 
equation 


V(div$) — | E = scr] ——Vb onBx (0,00) (a) 
subject to the initial conditions 
S(x,0) = So(x), S(x,0) =So(x) on B (b) 
and the traction boundary condition 
Sn=s on 0B x [0,00) (c) 


Here, b,s, So, and So are prescribed functions (u > 0, > 0). 
Show that the problem (a) through (c) may have at most one solution [12]. 
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Variational Formulation of 
Elastostatics 


A solution to a boundary value problem of elastostatics is shown in this chapter to be an 
array of functions at which a functional attains an extremum. The variational formulation 
includes the principle of minimum potential energy, the principle of minimum comple- 
mentary energy, the Hu—Washizu principle, as well as the compatibility-related principle 
for a traction problem. The chapter contains a number of worked examples in which 
the Rayleigh—Ritz method is used for finding a minimum of a functional. Included are 
end-of-chapter problems with solutions provided in the Solutions Manual. 


5.1 MINIMUM PRINCIPLES 


5.1.1. THE PRINCIPLE OF MINIMUM POTENTIAL ENERGY 


For a general anisotropic elastic body, we recall the concept of the strain energy and of the 
stress energy. 
By the strain energy of a body B, we mean the integral, see Equation 3.3.93, 


Uc{E} = ; fr -C[E] dv (5.1.1) 
B 


and by the stress energy of a body B we mean, see Equation 3.3.96, 


US )= ; fs -K[S] du (5.1.2) 
B 


Here E and S are the strain and the stress tensor fields, respectively, and C and K stand for 
the elasticity and compliance fourth-order tensor fields, respectively. It is assumed that both 
C and K are symmetric and positive definite on B, and K = C™'. Since the stress-strain 
relation is postulated in the form S = C[F], therefore, see Equation 3.3.97, 


Ux{S} = Uc{E} (5.1.3) 
Before formulating the principle of minimum potential energy, we introduce a concept 
of a kinematically admissible state. 
By a kinematically admissible state, we mean an admissible state s=[u,E,S] that 
satisfies 
(1) The strain—displacement relation 


E=Vu onB (5.1.4) 
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(2) The stress-strain relation 

S=C[E] onB (5.1.5) 
(3) The displacement boundary condition 

u=u _ ondB, (5.1.6) 


Although in this definition nothing is said of the traction boundary condition on dB), the 
minimum principle we are to formulate is related to a mixed boundary value problem. 


(1) The Principle of Minimum Potential Energy. Let R be the set of all kinematically 
admissible states. Define a functional* F = F{-} on R by 


F{s} = Uc{E} — [ b-udv— [ B-uda (5.1.7) 
B aBy 
for every s = [u, E,S] € R. Let s be a solution to the mixed problem. Then 


F{s} < F{s} foreverys eR (5.1.8) 


and the equality holds true if s and’s differ by a rigid displacement. 

In Equation 5.1.7 b is a prescribed body force field on B, ands stands for a prescribed sur- 
face load on 0B, which appears in the definition of a mixed problem, see Equations 4.1.101 
through 4.1.103. 


Proof. We take two arbitrary elements s and ‘5 belonging to R, and denote their 
difference by s’ 


s=3-5 (5.1.9) 


Since R is a vector space, see Section 4.1.3, then s’ is also an admissible state, and in view 
of Equations 5.1.4 through 5.1.6 


E’=Vu onB (5.1.10) 
S'=C[E] onB (5.1.11) 
u=0 ondB, (5.1.12) 
Here, 

w=t-u, EF =E-E, S'=S-S (5.1.13) 

Next, we are to show that 
Uc{E} — U-{E} = Uc{E} + fs -E’ dv (5.1.14) 

B 


* A function F = F{-} defined on a set of functions R is called a functional. 
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In order to do this, we use the definition of the strain energy, see Equations 5.1.1 and 5.1.13, 
to obtain 


1 ~~ 1 ! , 
U-{B} = 5 ft CIB] du= 5 ie +E)- CE’ +E] do 
B B 
= U¢{E} + U-{E} + fr - CE] dv (5.1.15) 
B 


Since the stress—strain relation is to be observed in the form 
S = C[E] (5.1.16) 
then Equation 5.1.15 implies that 


U-{E} = Uc{E’} + Uc{E} + fr Sdv (5.1.17) 
B 


This completes the proof of Equation 5.1.14. 
Since 


SyEj = Siu, = (Sit;).; = Sci. (5.1.18) 


then by integrating Equation 5.1.18 over B and using the divergence theorem we write 


[E'-Sdv= f (Sn) -u! da — | (divS)-w dv (5.1.19) 
B 0B B 


Hence, Equation 5.1.17 may be reduced to the form 


U-{E} — Uc{E} = U-{E} + fs: uw’ da— [Gx S)-u' dv (5.1.20) 


0B2 


In obtaining Equation 5.1.20 we have also used the fact that u’ = 0 on 0B). 
Using the definition of the functional F given in Equation 5.1.7, we obtain 


AG) = UAE) = er aidv— ik ii da (5.1.21) 


0B) 


Subtracting Equation 5.1.7 from Equation 5.1.21, and using Equation 5.1.20, we get 


F(3} — F{s} = Uc{E} + fs: u ae ue w dv 


dBy 


ae dv [%- de Pt udv+ {%- uda (5.1.22) 


oB2 oB2 


258 The Mathematical Theory of Elasticity, Second Edition 


Since u — u = wu’, Equation 5.1.22 reduces to 


F{s} — F{s} = Uc{E} — { divs +b)-u' dv+ Kc —s)-u'da (5.1.23) 
B 


0B2 


Therefore, since s is a solution to the mixed problem, the second and third terms on the 
RHS of Equation 5.1.23 vanish, and 


F{s} — F{s} = Uc{E} (5.1.24) 


From this relation and from the positive definiteness of C, which also means that the strain 
energy is nonnegative, it follows that 


F{s}— F{s} => 0 (5.1.25) 


which is the same as Equation 5.1.8. Hence, to complete the proof of the principle we 
need to show that the equality in Equation 5.1.25 holds true if s ands differ by a rigid 
displacement. To this end we note that, by Equation 5.1.24, the equation 


F{s} = F{s} (5.1.26) 
means that 
Uc{E} = 0 (5.1.27) 
Equation 5.1.27 together with the positive definiteness of C imply that 
EF’ =E-E=0 (5.1.28) 


This relation together with the statement given in Example 3.1.6 implies that s and’s differ 
by a rigid displacement. This completes the proof of the principle. 


Note: The principle of minimum potential energy asserts that the difference between the 
strain energy and the work done by the body force and surface traction, defined over a set 
of kinematically admissible states, attains a minimum at a solution to the mixed problem. 
Hence, a direct method of calculus of variations may be used in conjunction with this 
principle to obtain an approximate solution to the mixed problem. 


Example 5.1.1 


Let R; denote a set of admissible displacement fields that satisfy the boundary condition 
5.1.6, and define a functional F, {-} on R; by the formula 


Fitu) => f vu) - crv) du—[b-udv— {$-uda (a) 
B B 


aB, 


for every ue Rj. 
Show that if u corresponds to a solution to the mixed problem, then 


F,{u} < F,{u} for everyu eR (b) 
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Solution 


Since u corresponds to a solution to the mixed problem, from the definitions of R and 
R,, where R is defined in the principle of minimum potential energy, it follows that 
u € R, implies that s = [u, E, S] € R, so the conditions 5.1.4 through 5.1.6 are satisfied. 
Hence, substituting Equation 5.1.4 into Equation 5.1.7, we note that the functional 
F{s} given by Equation 5.1.7 reduces to the functional F,{u} given by (a). Therefore, 
it follows from Equation 5.1.8 that the inequality (b) is satisfied. This completes the 
solution. 


Note: The functional F, = F\{u} in this example depends on a vector field u only, as 
opposed to the functional F = F{s} where s stands for a triple of functions s = [u, E, S]. 
This is a reason why in applications most often the functional F\{-} is used. 


5.1.2 THE RAYLEIGH—RITZ METHOD 


This method allows to find an approximate solution to the mixed problem by minimizing 
the functional F, introduced by (a) in Example 5.1.1. 

We assume that the displacement field u corresponding to a solution to the mixed problem 
may be approximated by 


N 
uxu” =a" +) °a,f, onB (5.1.29) 
n=1 
where 1? is a function on B such that 
a” <7 on dB, (5.1.30) 


and U is a prescribed vector field in the mixed problem, and f,, stands for a set of given 
functions on B that vanish on 0B,, that is, 


f,=0 ondB, (5.1.31) 


In addition, a, are unknown constants to be determined from the condition that F; attains a 
minimum. Finally, N is a prescribed number of functions f,, to be used in the approximation. 
Substitution of Equation 5.1.29 into (a) of Example 5.1.1 yields 


N 
F\{u™} = F, {a + Yatl 
n=1 


NIle 


N N 
fo(ae + Yas, . c| (a + Yat.) | dv 
B n=1 n=1 
N N 
= [b- (a” a Yat) du— ik (a” 4 Yas) da (5.1.32) 
B n=1 


n=l aBo 
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Using the symmetry of C, we write Equation 5.1.32 in an expanded form: 


N N 
Fi{u™} = F, fa} + ; J ave) aC b cet) dv 
B k=1 


n=1 


N N 
ah {Xacvu) -C[VE,] du— { Lab -f, dv 
B n=l B n=1 


N 
— a,s-f, da (5.1.33) 
[oe 


dB n=l 
Now, introduce the following notations: 


= { vf, -C[VE£,] dv (5.1.34) 
B 


by = [{((VO) -CLVh]—b-f}dv— [ 3-£, da (5.1.35) 
B 


0B) 


Then using the fact that 


N N 
C bs aot) = S > a ClVfr] (5.1.36) 
k=1 k=1 


we reduce Equation 5.1.33 to the form 


N 


1 N 
Fifa} = F, fa} + ; AnkAnde + ye, bn (5.1.37) 


n,k=1 n=1 


Note that due to symmetry and positive definiteness of the tensor C, the matrix [A,,;] is also 
symmetric and positive definite, and this implies that 


ij 1 N N 
5 E Yau = S > Awa (5.1.38) 
i nk=1 k=1 


where i=1,2,...,N. Obviously, F,{u®} is a quadratic function of the parameters a,, 
dz,..., Ay, SO if we introduce the notation 

F\{u™} = g(a, a@,...,ay) (5.1.39) 
then the necessary condition for the function g = g(a), a@,...,ay) to attain a minimum 


takes the form 


a 
x Gide cc SO PSN (5.1.40) 
qj 
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Since F, {uw} does not depend on a;,..., ay, Equation 5.1.40, in view of Equations 5.1.37 
through 5.1.39, reads 


N 
So Awa =-—b, i=1,2,...,N (5.1.41) 
k=1 


Due to the symmetry and positive definiteness of the matrix [A,,], the system of linear 
algebraic equations 5.1.41 has a unique solution. Hence, this solution provides a unique 
approximation of the displacement field corresponding to a solution to the mixed problem 
in the form of Equation 5.1.29. 

It may be shown that this approximation provides the displacement of which the magni- 
tude is generally smaller than that of the displacement corresponding to the exact solution 
to the mixed problem. If N — oo the approximate displacement u™ converges to the 
displacement corresponding to the exact solution. 


Example 5.1.2 


The deflection w = w(x) of an elastic beam of length € which is simply supported at its 
ends and subject to a concentrated force P at x = — (0 < & < £) satisfies the differential 
equation 


d*w 
El aa =PS(x—&) O<x<é (a) 

subject to the boundary conditions 
w(0) = w"(0) = w(é) = w"(£) = 0 (b) 


where 
E is Young’s modulus 
/ is the moment of inertia of a cross section A of the beam (see Figure 5.1) 


The boundary conditions (b) assert that displacements and bending moments at the 
ends of the beam are zero. 


x 


on : 


FIGURE 5.1 Simply supported beam subject to a concentrated force. 
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(i) Prove the following principle of minimum potential energy for the problem (a)—(b). 
Let R; be a set of functions w = w(x) on [0, €] that satisfy the boundary conditions 
(b), and define a functional F,{-} on R; by 


2 1 L d2w 2 ie 
Fw) = 5 Ff ( a ) dx P { 6q- E)w(x)dx (c) 
0 (0) 


for every w € R,. Let w be a solution to the problem (a)—(b). Then 
Fi{w} < Film for every We Ry (d) 


(ii) Using the Rayleigh-Ritz method leading to a minimum of the functional F,{-} on R, 


show that 
w(x) = 3 a,W(x), OSX<E (e) 
n=l 
where 
ass ae ss w,(x) = sin(nzx/€) n=1,2,3,.... (f) 
Solution 


Proof of (i) is similar to that of the minimum principle in Example 5.1.1, and can be 
safely omitted. 

To show (ii) we note that w,(x) € R; forn = 1,2,3,..., and by substituting (e) into 
(c) we obtain 


e es 2 
(a1, ay, a3,...) = Fy {w} = ref 9 (SF) 09 | dx 
0 


n=1 


—PY°a,w,() (g) 
n=1 
Next, by differentiating (g) with respect to a, (k = 1,2,3,...), we write 
ap ale nx \2 kn \? 
i= ei] yo an (+) w,(X) (+) w(x) dx — Pwy(é) (h) 
Since 
r e 
J wow) dk = 5 Bn (i) 
10) 


therefore the equation 
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takes the form 


a\* _ ka 
Ela, ( ; ) Psin ms =0 (k) 
or 
_2PO 1 kag i 
Ak = Fit Ke OIG 


Hence, a minimum of the functional Fi{} on R, is attained at the function w = w(x) 
defined by Equations (e) and (f). This completes the solution. 


Note: 
Since [1] 
oo 4 
uA 
a m 
= nt 90 ” 
therefore the deflection of a beam shown in Figure 5.1 satisfies the inequality 
Pe 
|w(x)| < Caer ay O<x<é (n) 


5.1.3. THE PRINCIPLE OF MINIMUM COMPLEMENTARY ENERGY 


This principle deals with a minimum of a functional related to the mixed problem, but 
expressed in terms of stresses. To formulate this principle we introduce a concept of a 
statically admissible stress field. By such a field we mean a symmetric second-order tensor 
field S that satisfies 


(1) The equation of equilibrium 

divS+b=0 onB (5.1.42) 
(2) The traction boundary condition 

s=Sn=s ond, (5.1.43) 


(II) The Principle of Minimum Complementary Energy. Let P denote a set of all statically 
admissible stress fields, and let G = G{-} be a functional on P defined by 


G{S} = Ux{S} — i s-ada (5.1.44) 


aBy 


for every S € P. 
If S is a stress field corresponding to a solution to the mixed problem, then 


G{S} < G{S} foreveryS ¢ P (5.1.45) 


264 The Mathematical Theory of Elasticity, Second Edition 


and the equality holds if S = S. Here Ux{S} is the stress energy of B defined by 
Equation 5.1.2, and U stands for a prescribed displacement on 0B, in the mixed problem. 


Proof. Let S be a stress field corresponding to a solution to the mixed problem, and let Ss 
be an arbitrary element of P, and define the difference 


s'=-S-—S (5.1.46) 


Since S € P, Se P, then S’ € P, and this implies in view of Equations 5.1.42 and 5.1.43 
that 


divS’'=0 onB (5.1.47) 
and 
s =Sn=0 ondB, (5.1.48) 


Next, by the definition of Ux{S}, see Equation 5.1.2, 


Ux{S} = ; fs -K[S] dv (5.1.49) 
B 


Hence, calculating U {S} according to this formula, by virtue of Equation 5.1.46 we obtain 
~ 1 
Ux(S} = UxtS' + 8} = 5 | (S'+8)- KIS’ +S] dv 
B 
= Ux{S'} + { S'- KIS] dv + Uc{S) (5.1.50) 
B 


Since S is a stress field corresponding to a solution to the mixed problem 
E = K[S] = Vu (5.1.51) 
therefore, the second term on the RHS of Equation 5.1.50 can be written as 


fs -K[S] dv = fs (Vu) dv= fu. (S’n) da — f iv S')-udv (5.1.52) 
B B B 


0B 
Equation 5.1.52 has been obtained by using the identity 
8’. (Vu) = Siu, = (Su), — Si, ui (5.1.53) 


and the divergence theorem. 
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Next, since S'’ satisfies Equations 5.1.47 and 5.1.48, Equations 5.1.50 and 5.1.52 
imply that 


Ux{S} — Ux{S} = Ux{S'} + if u-s’ da (5.1.54) 


aBy 
Now, computing the difference G{S} — G{S}, and using Equation 5.1.54, we get 


G{S} — G{S} = Ux{S'} + fu-s da — [ 3-fda+ [ s-uda (5.1.55) 


oBy oBy oBy 


Thus, since s’ + s ='s, see Equation 5.1.46, and u is the displacement field corresponding 
to a solution to the mixed problem, then 


u=u_ ondB, (5.1.56) 


and the surface integral on the RHS of Equation 5.1.55, which is a sum of three surface 
integrals over 0B,, vanishes, and Equation 5.1.55 reduces to 


G{S} — G{S} = Ux{S} (5.1.57) 

Hence, since the tensor K is positive definite, it follows from Equation 5.1.57 that 
G{S} > G{S}_ for every S e P (5.1.58) 
We note that the equality sign in Equation 5.1.58 together with the relation 5.1.57 imply that 
Ux{S} =0 (5.1.59) 


So, appealing again to the positive definiteness of K, from Equations 5.1.59 and 5.1.46, 
we write 


S’-S-—S=0 (5.1.60) 


This completes the proof of the principle. 


Notes: 


(1) The principle restricted to a traction problem (0B, =O) asserts that the stress 
energy of a body subject to the boundary condition 


s=s ondB (5.1.61) 
attains a minimum over the set of all statically admissible stress fields. 


(2) The concept of the complementary strain energy was introduced by Equa- 
tion 3.3.72. 
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(3) An approximate stress field S of a traction problem may be obtained by finding 
a minimum of the stress energy Ux{S®}, where 


N 
5M ~5™ 4a S > aSi on B (5.1.62) 
k=1 


In this equation the stress field S“ is selected in such a way that it satisfies the 
equilibrium equation 


divS™ +b=0 onB (5.1.63) 
subject to the condition 
Sn =F ondB (5.1.64) 


and S; is to satisfy the homogeneous equilibrium equation 


divS,;=90 ondB (5.1.65) 
and the traction free boundary condition 
Sn=0 ondB (5.1.66) 


Obviously, S is statically admissible stress field that contains unknown coeffi- 
cients a, (k=1,2,...,N). These coefficients are obtained from the condition of a 
minimum of the function 


Ug{S™} = w(ay,G2,...,Gy) (5.1.67) 
in the form 
3 
OF 0 F210 (5.1.68) 
Od, 


Similarly as in Section 5.1.2, Equation 5.1.68 represents a system of linear alge- 
braic equations for a, with a unique solution. Finding all a, amounts to finding the 
approximate solution to the traction problem in a form of Equation 5.1.62. 


Example 5.1.3 


Consider a generalized plane stress traction problem of homogeneous isotropic isother- 
mal elastostatics with zero body forces in a region Co of (x1, X2) plane (see Section 8.1.1). 
For such a problem a stress field S,, does not depend of elasticity constants, and the 
stress energy to be minimized may be simplified by equating Poisson’s ratio to zero [see 
Equations (a) and (b) in Problem 5.1 taken at v = OJ, that is, we let 


= 1 ae 
UxtS} = 7 J SupSupca (a) 


Co 
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where Sug = Spa (@, 8 = 1,2) are the components of the stress tensor $ corresponding 
to a solution $ = [u, E, S] of the traction problem, and is the shear modulus. Let P be 
a set of all statically admissible stress fields, that is, S € P if and only if 


divS=0 onG, Sn=S8 on aC, (b) 


where $ is a boundary load in the traction problem. Then the two-dimensional principle 
of minimum complementary energy holds true. If § is the stress field corresponding to a 
solution of the traction problem, then 


Ux{S} < Ux {S$} for every SeP (c) 


and the equality holds if § = S. 


Solution 


The proof of this principle is similar to that of Principle (Il) for the three-dimensional 
case, and can be safely omitted. 


Example 5.1.4 


Use the Rayleigh-Ritz method to find the stress field § corresponding to an approximate 
solution of the generalized plane stress traction problem of homogeneous isotropic 
isothermal elastostatics for a rectangular region subject to a boundary parabolic tension 
shown in Figure 5.2. 


Solution 


The region of plate is described by the inequalities 


IXi] <a, |X2| < a2 (a) 


FIGURE 5.2 Rectangular plate under parabolic tension. 
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and the boundary conditions take the form 


S99(x1, a2) = Sy2(X%1, a2) = 0 for Xi] < ay 


= Gy. (b) 
$11 (ay, X2) = So (2) »  Sia(#ai,X2) =O for |x2| < ag 


2 


where Sy is a positive constant of the stress dimension. 

To find the stress field $ corresponding to an approximate solution of the problem we 
use the two-dimensional principle of minimum complementary energy from Example 
5.1.3. The set P is defined as a set of tensors § of the form 


$= s +48” (c) 


where @ is a dimensionless parameter, and the tensor fields $® and $“ satisfy the 
conditions, respectively, 


divS® =0_ for |x;| < ay, |X2| < a (d) 
(0. 0 
ie = ie =0 for Ix1| < aj,X2 = Hap 
2 (e) 
x: 
(0 2 0) 
so = (2) , Ay =0 for x; = ma}, |X| <a) 
ay 
and 
divS =0_ for |x;| < aj, |X2| < a (f) 
5 = SY =0 for Ix1| < aj,X2 = Hap ( 
§ 
Ss — SS = 0 for X1 = ma, Ixo| < ay 


With such a choice of $® and S$", the tensor $ is a statically admissible stress field, 
and § represents an approximate stress tensor corresponding to a solution of the traction 
problem if the function 


ay ag 


Ux{S} = i | [§-Sdride =v¥@ (h) 


a, —az 
attains a minimum at a particular value of the parameter a. 


Substituting § from Equation (c) into Equation (h), and differentiating the result with 
respect to a we find that the only solution of the equation 


y'(a) =0 (i) 
takes the form 


ie ite §© . SM dx, dx, 
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To obtain §® and S$ we let 
Sup = Fg + Sap V FO (k) 
50) = — FO) + bap VFO ( 
where F® and F are functions of the Airy type (see Example 3.2.9). Then Equations (d) 


and (f) are satisfied identically, and we need to find F® and F"” in such a way that the 
boundary conditions (e) and (g) are satisfied. To this end we let 


So 
FO — xX (m) 
Vasc 
and 
S 
PO = aa (x; ~ ary (x; = cag (n) 
1,42. 


Substitution of (m) and (n) into (k) and (1), respectively, leads to 


2 
5 = pO as, ( 
11 22 0 a (o) 


(0) _ (0) __ (0) __ (0) __ 
S59 = Fi =0, Siz =—-Fiy =0 


SP = FQ) = 450 Sy 34-1) 
11 22, a ae 
2 2 2 2 
ar x Xx 
Sy Shp aS 34-1)(4-1 (p) 
22 /11 0 ay ae a 
ay x1 X2 x? x2 
Sip = —F) = -16S 1) ( +1 
” o *\ar) \ar) \ar) \ai a} 


and it follows from Equations (0) and (p) that $ and $“ satisfy the boundary conditions 
(e) and (g), respectively. Finally, substituting Equations (0) and (p) into Equation (j), and 
performing the integrations, we arrive at 


-1 
Paae bsca a,\" 256 | a) \" 64 : 
= Th eee Cage Nae) a7 4 
For a square plate a, = a, = a, and we receive a = —0.04253. In this case the stress 
components $11, 522, and S;2, calculated from Equations (c), (0), and (p), take the forms 


~ X2\? xi ae 

s1=55|(%) - 0.1702 (3 1) 33-1 

= x? x3 : 

5x9 = —0.1702 So (32-1) (3- ) (r) 
foe a XxX X2 xi x5 

31. = 0.68055, (“*) (#) (3 1) (2 1 


and 
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0.32 


FIGURE 5.3 Plot of Si, (0,x>) and Si.) for [x2| < 1. Because of symmetry, only the right half 


is shown. 


If we introduce the dimensionless variables 


then Equations (r) reduce to the form 


S11 =% — 0.1702 (@ — 1)’ (3% -1) 
Sop = 0.1702 (3%? — 1) (@ — 1)’ (s) 
Siz = 0.6805%1% (7 — 1) (% - 1) 


In particular, we obtain 
$10, 0) = $(0,0) = 0.1702, $,2(0,0) = 0 


and 2 
$11(0,%) = 0.1702 + 0.48942 


A graph of the functions $11 (0,%) and $,(1,%>) for [%| <1 is shown in Figure 5.3. 


5.1.4 THE PRINCIPLE OF MINIMUM COMPLEMENTARY ENERGY FOR NONISOTHERMAL 


ELASTICITY 


To extend the result of the previous section to the case of a body subject to both an external 
mechanical load and prescribed temperature change, we recall the fundamental system of 
field equations for such a body. Assuming that the body is anisotropic with regard to both 
mechanical and thermal properties, the system consists of: 
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(1) The strain—displacement relation 
EK = Vu (5.1.69) 
(2) The equation of equilibrium 
divS+b=0 (5.1.70) 
(3) the constitutive relation, see Equation 3.3.110, 
S = C[E] + ™ (5.1.71) 


Here, u,E,S,C,b have the same meaning as in isothermal elasticity, M is the stress— 
temperature tensor, and T is the temperature change. If we introduce the notations 


b =b+div(TM) (5.1.72) 
Ss’ =S—T™ (5.1.73) 
s =s—TMn (5.1.74) 


then Equations 5.1.69 through 5.1.71 may be written as 


E=Vu (5.1.75) 
divS’ +b =—0 (5.1.76) 
S’ = C[E] (5.1.77) 


Hence, the system of fundamental field equations of nonisothermal elastostatics from 
which a triple [u, E,S] subject to suitable boundary conditions is to be found has been 
reduced to the system 5.1.75 through 5.1.77, which is of the same form as that of an 
isothermal elastostatics. As a consequence, a number of results of isothermal elastostatics 
may be used to obtain solutions to problems of nonisothermal elastostatics. In particular, 
let s’ = [u, E, S’] be a solution to Equations 5.1.75 through 5.1.77, subject to the traction 
boundary condition 


s)=—-TMn ondB (5.1.78) 


Then a solution s =[u, E,S] to the nonisothermal field equations 5.1.69 through 5.1.71 
subject to the condition 


s=0 ondodB (5.1.79) 
takes the form 
s =[u,E,S’+ 7M] (5.1.80) 


A body force analogy may be formulated as follows: Let [u, E,S] be a thermoelastic 
state corresponding to the body force b and temperature change 7. Let b and S’ be given 
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by Equations 5.1.72 and 5.1.73, respectively. Then [u, E,S’] satisfies Equations 5.1.75 
through 5.1.77. Conversely, let [u, E, S’] be a solution to Equations 5.1.75 through 5.1.77. 
If S and b are defined by Equations 5.1.73 and 5.1.72, respectively, then [u, E,S] is a 
thermoelastic state corresponding to the body force b and the temperature change T. 

The first part of this analogy has already been proved. To prove the converse state- 
ment we need to reverse the steps, by passing from Equations 5.1.75 through 5.1.77 to 
Equations 5.1.69 through 5.1.71 using Equations 5.1.72 through 5.1.74. 

The body force analogy asserts that [u, E,S] is a thermoelastic state corresponding to 
the body force b and the temperature change T if and only if [u, E,S’] is an elastic state 
corresponding to the body force b. 

Using this analogy we may formulate an extension of the theorem on minimum of 
complementary energy given in Section 5.1.3 to include the temperature change T. 


The Extended Principle of Minimum Complementary Energy. Let P denote a set of all 
statically admissible stress fields, and let G7 = G;{-} be a functional on P defined by 


Gr{S} = Ux{S} — f s' ida (5.1.81) 


OB, 
for every S ¢€ P. 


IfS is a stress field corresponding to a solution to the mixed problem of thermoelasticity, 
then 


Gr{S} < Gr{S} for every SeP (5.1.82) 


and the equality holds true if S = S. 


Proof: The proof of the extended principle of minimum complementary energy is similar 
to that given in Section 5.1.3. 


Notes: 
(1) We observe that the RHS of Equation 5.1.81 depends on S. Indeed, by virtue of 
Equations 5.1.72 through 5.1.74 


Ux{S'} — f s’ ida = Ux{S — TM} — Kc —TMn) - tt da (5.1.83) 


aBy aBy 


(2) The RHS of Equation 5.1.83 may be simplified significantly if we note that the 
temperature change 7 and the stress—temperature tensor M are prescribed, and 
that the tensor K is symmetric. Moreover, we recall that, see Equation 3.3.113, 


A = —K[M] (5.1.84) 
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where A is the thermal expansion tensor. To obtain the simplified formula, we first 
note that by the symmetry of K, we have 


Ux{S — TM} = ; fs — TM) - K[S — TM] dv 
B 
= Ux{S} + Ug{TM)} + fs -K[—TM] dv (5.1.85) 
B 


Hence, by Equations 5.1.81, 5.1.84, and 5.1.85 we obtain 


Gr{S} = Ux{S} + {7s -Adv— f s-ada+G” (5.1.86) 
B 


oBy 
where 


G® = Ug{TM} + J T(Mn) - da (5.1.87) 


aBy 


Since G° is entirely expressed in terms of the data of the mixed problem, then 
in the functional G,; that occurs in the Extended principle the term G® may be 
ignored, and G; be replaced by G;. where 


G{S} = Uc{S} + [ TS-Adv— { s-tda (5.1.88) 
B 


aBy 


(3) In the case of a traction free boundary, often encountered in problems of ther- 
moelasticity, the surface integral in Equation 5.1.88 vanishes, and the extended 
principle may be used effectively to obtain an approximate solution to the traction 
problem by means of the Rayleigh—Ritz method. 


Example 5.1.5 


Formulate a two-dimensional extended principle of minimum complementary energy 
for a thin elastic sheet subject to a temperature field T = T(x;, x2) (see Section 8.1.2). 
Assume that the sheet occupies a region Cy of (x,, X,) plane, its boundary dC, is traction- 
free, and the temperature satisfies Poisson’s equation 


WT=-— onG (a) 

subject to the boundary condition 
T=0 ondG (b) 
Note that Q(x, X2)/K = W(x, X2)/k, where Q(x;, X2) is a prescribed heat supply field, 


W stands for the internal heat generated per unit volume per unit time, « denotes the 
thermal diffusivity, and k means the thermal conductivity. 
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Solution 


A two-dimensional counterpart of the functional 5.1.88 for a homogeneous isotropic 
thin elastic sheet takes the form 


a 1 oA ts: = my Bs 
GB = 7 J [SueSu = a Cn) da+ a [T5,,da (c) 
Co Co 


where 
S = S(x;, x2) is the stress tensor field on C, 
u,v, and @ stand for the shear modulus, Poisson’s ratio, and coefficient of thermal 
expansion, respectively 


The functional G*{-} is defined on a set P of the stress fields that satisfy the conditions 
divS=0 onG, Sn=O0 ondC (d) 


and the two-dimensional extended principle reads: 

Let P denote a set of all stress fields that satisfy Equations (d), and let Gi = G*{-} be 
a functional on P defined by Equation (c) for every S ¢ P. If § is the stress field corre- 
sponding to a solution of the traction problem of thermoelasticity with the temperature 
T = 7(x1,X2), then 


G{S} < G*{S} for every $ € P (e) 


and the equality holds true if § = S. 
Proof of this principle is similar to that of the three-dimensional one, and is omitted 
here. This completes the solution. 


Example 5.1.6 


Let F = F(x,, x.) be an Airy stress function that generates the stress § corresponding to a 
solution of the traction problem of thermoelasticity discussed in Example 5.1.5, that is, 


Su = Sap VF — Fg on Co (a) 
and 


Supp => 0) on dC (b) 


Let P, be a set of all functions F on Cy that satisfy the boundary condition 


(5u8V2F — Fag) Ng =O onadCo (c) 
or, alternatively, 
és oF 
F=0, —=0 ondG (d) 
an 
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Define a functional G = GE} on Pr by 

a ] 2p2 o 

CIF = 5 J (w?F)2da — : J QFda (e) 

Co Co 
for every F € Pr. Show that if F generates § that corresponds to a solution of the traction 
problem then 
G{F} < C{F} for every F € P; (f) 


and the equality holds true if F = F. 


Solution 


First, we note that if FeP, then § generated by F belongs to the set P of Example 5.1.5. 
Therefore, substituting $ given by 


Sup = Sap VF = F ap (g) 


into Equation (c) of Example 5.1.5, we receive 


G:5} = me umaen, | (VF) -20 +) FirFx - ay) da 
TF 
ee e), T V?Fda (h) 
Next, we show that 
J FuFn —F,) da =0 (i) 
Co 
and 
| TV*Fda = -* J QFda (j) 
Co Co 


To show that (i) holds true, we note that 
FuiFa — Py = Fudn + Fd = Fidta)e — FiStae (k) 
Since S$, satisfies the conditions 
Scag =0 onG, Swale =0 ondacG (I) 
therefore, integrating Equation (k) over Cy, using the divergence theorem, and the 


conditions (|) we obtain the relation (i). 
Note that the identity 


Paks = fee = FigS33 + Fissi = CF iSou) a = F355u3 (m) 


together with the conditions (I) leads also to Equation (i). 
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To prove that (j) holds true we note that 
TE aC vada He Ey Ag Dit yk (n) 


Hence, integrating Equation (n) over Co, using the divergence theorem, and taking into 
account Equation (a) from Example 5.1.5 as well as the conditions (d), we receive 
Equation (j). Finally, if we note that 


4u(1 +v) =2E (0) 


then, by virtue of Equations (i) and (j), the functional (h) on P is equivalent to the 
functional (e) on P;; and if F generates the stress § corresponding to a solution of the 
traction problem of thermoelasticity then the inequality (f) holds true. This completes 
the solution. 


Example 5.1.7 


Using the Rayleigh—Ritz method, leading to a minimum of the functional G{-} of Exam- 
ple 5.1.6, show that the stress § corresponding to an approximate solution of the traction 
problem of thermoelasticity for a thin rectangular plate, |x;| < a1, |x2| <a2, subject to a 
concentrated heat source of intensity Qo at x; = x, = 0, and kept at a zero temperature 
on its boundary, takes the form (see Figure 5.4) 


Pom; : 
Si => u (=) [ COS 7 (x1 a)| cos ue Ce _— a2) 
ay ag 


4A \a 
Fy (a\° A 18 
Sa ( ) cos —(x; — a1) I cos —(x> 2)| (a) 
4 ay ay a2 
= F A TU a a) TE 
Sip = 2 ( ) ( ) sin (X; — a;) SIN —(X) — ao) 
4 \a, ay ay ay 
where 
Fo a AQoaE aja3 (b) 
4° wx 3at + 2a?a3 + 3a 
ee Sy) = Sy=0 
a 51, =S12=0 
5q1=S})=0 
> 
man 
= T=0 


Sy9=Sy=0 


FIGURE 5.4 _ A rectangular plate subject to a concentrated heat source Qy at its center, and kept at 
a zero boundary temperature. 
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In particular, for a thin square plate when a; = a) = a we obtain 
S11 = So [1 — cos 7 (x, = a)| cos F (x) —a) 
a a 
S59 = So COS * x a) [1 cos (x a)| (c) 
a a 
fa IE _o1 
Si = —So sin —(xX; — a) sin —(x) — a) 
a a 
where Sy = Qoa@E/27*k. 
Solution 
The functional Gf} of Example 5.1.6 takes now the form 
ae 7 1 ay a ae a ay a 
C{F} = J J (V2F)2dx,dx, — a. J QFdx, dx, (d) 
where F € Pr, and Q = Qyd(x;) d(x). 
An approximate solution to the problem is obtained if we let 
F(X1,X2) = Fog) W 2) (e) 
where 
x 2 
Q(X) = [sin 5M -a)| (f) 
2a, 
2 
on 
W(%)) = sin 2a, = 2)| (g) 


and Fy is an unknown parameter to be determined by the Rayleigh—Ritz method. To 
prove this, we first note that F € P- since 


oF 
F(4a1, X2) = 0, ay tat X2) =O, |X2| < a2 
1 
(h) 
oF 
F(x;, a.) =0, =—(X,4a2) =0, [xi] < ay 
OX 


Next, by computing V’F, we receive 


VF= cos — (x; — a;) | 1 — cos —(X%) — ap) 
4 ay ay a2 
IT : ua IT 
+ ( ) COS — (xX — ao) [ cos — (Xx; »]| (i) 
ay ay ay 


Finally, substituting Equations (e) and (i) into RHS of Equation (d), and taking into 
account the filtrating property of the Dirac delta function, we obtain 


Gira oF (ast hontet 4 308) = SO SCE 
l= 35 16 a (3a} + 2aja; + a3) — —Qo 0 = G(Fo) (j) 


278 The Mathematical Theory of Elasticity, Second Edition 


It follows from Equation (j) that the function G = G(Fo) attains a minimum at the only 
root of the equation 


G'(Fo) =0 (k) 


and this root is given by Equation (b). Therefore, substituting F from Equation (e) into 
the relations 


Su =F, Son =F ay Sin = —Fin l) 


we arrive at Equations (a) and (b). This completes the solution. 


5.2. VARIATIONAL PRINCIPLES 


In Sections 5.1.1 through 5.1.4, we formulated (1D) the Principle of minimum potential energy 
and (II) the Principle of minimum complementary energy and in each of these principles a 
functional is defined on a set of admissible states subject to suitable constraints. 

In (1), the admissible states are to be kinematically admissible, which means that a state 
satisfies the strain—displacement relation, the stress—strain relation, and the displacement 
boundary condition. 

In (II), the admissible states are such that the associated stress field is a statically 
admissible stress field S, which means that S satisfies the equations of equilibrium and the 
traction boundary condition. 

Both (1) and (ID) allow us to obtain a solution to the mixed problem by finding a minimum 
of the corresponding functionals, so a task of finding a solution may be reduced to that of 
the calculus of variations. 

In applications, it is of importance to have as few constraints on the admissible states as 
possible. In the following, we formulate two variational principles in which the functionals 
are defined on a set of admissible states having indeed few constraints. These principles 
include as particular cases the Principles (1) and (II). 

To formulate these variational principles we recall the definition of the first variation of 
a scalar-valued functional H = H{s}, where s is an element of a subset of the set of all 
admissible states. 

Let A denote the subset, and let s and ‘5 be two elements of A. Then, since A is a vector 
space, we have 


s+a@s¢€A_ for every scalar w (5.2.1) 


and the value H{s + ws} is well defined. 
By the first variation of H{s}, we mean the number 


b;A{s} = < H{s + ws} (5.2.2) 


a=0 
provided such number exists, and we say that 
d;H{s} = dH{s} = 0 (5.2.3) 


if 5;H{s} exists and equals zero for any 5 consistent with the condition 5.2.1. 
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In the following, we also use 


Fundamental Lemma of the Calculus of Variations. Let a scalar-valued function f = f(x) 
be continuous on B and satisfy the integral relation 


lz (x)g(x) dv=0 (5.2.4) 
B 


for every smooth scalar-valued function = 2(x) on B that vanishes near 0B. Then 


f(x)=0 onB (5.2.5) 


The proof of this lemma may be found in any textbook on the calculus of variations. 


Also, note that the lemma may be extended to the case when f and % are vector or tensor- 
valued functions; then fg represents the inner product. In addition, the lemma may be 
extended to the case when f and g are functions of position and time; then the product f 
under the integral is a convolution product on the time axis. The extended lemma involving 
the convolution product is particularly useful in the formulation of variational principles of 
elastodynamics. 

With such preliminaries from the calculus of variations, we first formulate a variational 
principle of elastostatics in which the admissible states are not required to meet any of the 
field equations or boundary conditions, that is, the set A is to be identified with the set of 
all admissible states. 


(H) Hu—Washizu Principle. Let A denote the set of all admissible states of elastostatics, 
and let H = H{-} be the functional on A defined by 


H{s} = Uc{E} — [ S-Edv— | (divS +b)-udv 


B B 
+ | s-ida+ { (8-8 -uda (5.2.6) 
aBy aB> 
for every s = [u, E,S] € A. Then 
SH{s} =0 (5.2.7) 


if and only if s is a solution to the mixed problem. 


Proof. The proof consists of two parts: 


(a) We prove that if s is a solution to the mixed problem, then Equation 5.2.7 is 
satisfied. 

(b) We assume that Equation 5.2.7 is satisfied and show that s is a solution to the 
mixed problem. 


Part (a) of the proof. We take s = [u,E,S] and 5 = [u, E, S] belonging to A. Then 
s +s € A for every scalar w. Also, note that by the definition of the strain energy Uc{E}, 
see Equation 5.1.1, and the symmetry of C, we obtain 
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nw 1 ~ ow 
Uc{E + wE} = 5 fe + wE) -C([E+ wE] dv (5.2.8) 
B 


and 
Uc{E + oF} = UctE} + ©’ Uc{E} + @ | E- CIE] dv (5.2.9) 
B 
Hence, replacing s by s + ws in Equation 5.2.6, we arrive at the relation 


H{s + w3} = U-{E} + @Uc{E} + ofE -C[E] dv 
B 
— [[S-E+0°S-E+o6-E+8-B)]dv 
B 
= fiqivs +b) -u+?(divS) -t 
B 


+ o[(divS + b) - 0+ (divS) - ul}dv 

+ [ +08) -uda 
aBy 

rs fi —~3)-u+ 08+ ol3-u+ (6—8)-t]} da (5.2.10) 
aBy 


Differentiating Equation 5.2.10 with respect to w, taking the result at @ = 0, and using the 
formula, see Equation 5.2.2, 


d a 
6;H{s} = — H(s+os) (5.2.11) 
dw rar 
we obtain 
5;H{s} = f {CIE} —§)-E-(divS +b)-0—S-E—u-div$} dv 
B 
+ [3-@da+ [[3-u+ @-8)-@i) da (5.2.12) 
aBy By 
Now, since by the divergence theorem and the symmetry of S: 
[u-GivS) dv= {u-Sda—{S-VYudv (5.2.13) 
B dB B 
and 
fu-3da= fu-Sda+ { u-Sda (5.2.14) 


aB aBy aBo 
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therefore, Equation 5.2.12 reduces to 


5;H{s} = f (CEI ~§)-Edv— {divs +b) -tdu 
B B 


+ {(Vu-E)-Sdv+ [ @-u)-Sdat | (s-9)-Wda (5.2.15) 
B 


aBy aBo 


To give a proof of part (a) of Principle (H) we assume that s = [u, E, S] is a solution to 
the mixed problem. Then Equation 5.2.15 implies that 


6;H{s} =0 forevery ’s€ A (5.2.16) 


which shows that Equation 5.2.7 is satisfied. This completes the proof of part (a). 


Proof of part (b). To prove (b) we assume that Equation 5.2.7 is satisfied, and hence 
Equation 5.2.16 holds true, and, by using an Extended Lemma of calculus of variations, 
we show that s is a solution of the mixed problem. To recover the field equations and the 
boundary conditions that are satisfied by s, we apply different extensions of the Fundamental 
Lemma of calculus of variations, see Equations 5.2.4 through 5.2.5. 

If we choose 5 = [U, 0,0], where U vanishes near 0B, then Equations 5.2.15 and 5.2.16 
imply that 


f iv S+b)-tdv—0 (5.2.17) 


B 


Since 0 is an arbitrary field on B that vanishes near 0B, then by the extension of the 
fundamental lemma, Equation 5.2.17 implies that 


divS+b=0 onB (5.2.18) 
and this shows that s complies with the equation of equilibrium of elastostatics. 


Next, if we select’s = [u, 0, 0] in such a way that U vanishes near 0B, only, and otherwise 
is arbitrary on B, then Equations 5.2.15 and 5.2.16 and Equation 5.2.18 imply that 


Kc —~$)-tida=0 (5.2.19) 


0By 
and from an extension of the Fundamental Lemma, it follows that 


s=S ondB, (5.2.20) 


Now, lets = [0, E, 0] where E is an arbitrary symmetric tensor field on B that vanishes 
near 0B. Then, by Equations 5.2.15 and 5.2.16, and Equations 5.2.18 and 5.2.20, we obtain 


f (CIE) ~§)-Edv=0 (5.2.21) 
B 
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Hence, from an extension of the Fundamental Lemma, it follows that 
S=C[E] onB (5.2.22) 


Similarly, if we select’s in such a way that’ = [0, 0, S] where S is an arbitrary symmetric 
second-order tensor field on B that vanishes near 0B, by virtue of Equations 5.2.15 and 
5.2.16, 5.2.18, 5.2.20, and 5.2.22, we arrive at the strain—displacement relation 


E=Vu onB (5.2.23) 


Finally, if we select 3 in the form's = [0, 0, S], where S is an arbitrary symmetric second- 
order tensor field on B such that ’S = Sn vanishes near 0B, only, then by Equations 5.2.15 
and 5.2.16, 5.2.18, 5.2.20, 5.2.22, and 5.2.23, we obtain 


J (@—u)-Sda=0 (5.2.24) 


aBy 
and this implies that 
u=uwu_ ondB, (5.2.25) 


As aresult, s = [u, E, S] is a solution to the mixed problem. This completes the proof of 
part (b), as well as the proof of (H). 


If the set of all admissible states A is suitably restricted, and the functional A{s} in 
Equation 5.2.6 is modified accordingly, the Hu—Washizu principle reduces to a restricted 
form, which is also called the Hellinger—Reissner principle. 


(R) Hellinger—Reissner Principle. Let A, denote the set of all admissible states that satisfy 
the strain—displacement relation, and let H; = H,{s} be the functional on A, defined by 


H,{s} = Ux{S}— [S-Edv+ [b-udv 
B B 


+ [s-(u-® dat | S-uda (5.2.26) 
aBy aBy 
for every s = [u, E,S] € A,. Then 


5H, {s} =0 (5.2.27) 


if and only if s is a solution of the mixed problem. 


The proof of (R) is similar to that of (H) and it will not be given here. 
In the following examples, we are to show how the principles (H) and (R) may be further 
restricted to obtain the minimum principles discussed in Sections 5.1.1 through 5.1.4. 
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Example 5.2.1 


Show that if s = [u, E, S] is a kinematically admissible state, which means that s satis- 
fies the strain-displacement and stress-strain relations and the displacement boundary 
condition, then the functional H = H{s}, given by Equation 5.2.6, reduces to F=F{s}, 
where F is the functional of the principle of minimum potential energy, given by Equa- 
tion 5.1.7. 

Solution 


Since s is kinematically admissible 


Ju-Givs) dv= @-sda+ [u-sda—{$-Edu (a) 


B dB, dB, B 


Substituting (a) in Equation 5.2.6, we obtain 


H{s} = Uc{E} + [ u- (divs) dy— J @-sda 
B 


aB, 


— [ u-sda— {(divS+b)-udv 


OB, B 
+ [s-Gda+ {(-S)-uda 
aBy dB, 
= UctE} — [b-udv— [3-uda (b) 
B OBy 


Hence, comparing (b) with Equation 5.1.7, we conclude that 
H{s} = F{s} (c) 


where F is the functional of the principle of minimum potential energy. This completes 
the solution. 


Example 5.2.2 


Show that if s = [u, E,$] is a statically admissible state, which means a state for which 
S satisfies the equations of equilibrium and the traction boundary condition and, in 
addition, s satisfies the strain—displacement relation, then the functional H; = H;{s}, 
given by Equation 5.2.26, reduces to the functional G = G{S$} of the principle of 
minimum complementary energy, given by Equation 5.1.44. 

Solution 


s = [u, E, S] satisfies the field equations 


E—Vu onB (a) 
divS+b=0 onB (b) 
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and the boundary condition 
s=s ondB, (c) 
Hence, using the divergence theorem, we obtain 


[S-Edv= [S-(u) du= [$-(Vu) dv 
B B B 


= {s-uda—fu- (divs) du 
0B 


B 


= [s-uda+ [3-uda+ [b-udo (d) 
OB, By B 
and (d) implies that 
—{S-Edv+[b-udv=- {s-uda— [%-uda (e) 
B B aB, aB> 


Substituting (e) into the RHS of Equation 5.2.26, we obtain 


H,{s} = U,{$} — J s-uda- J S-uda 


aB, aB> 
+ [s-(u-@) dat [$-uda= Ux} — [ s-da (f) 
0B, OB 9B, 


Therefore, by comparing the RHS of (f) with the RHS of Equation 5.1.44, we conclude 
that 


Fiy{s} = G{S} (g) 


where G is the functional of the principle of minimum complementary energy, given 
by Equation 5.1.44. This completes the solution. 


(C) Compatibility-Related Principle. Consider a traction problem for a body B subject to 
an external load [b, s]. Let Q denote the set of all admissible states that satisfy the equation 
of equilibrium, the strain-stress relations, and the traction boundary condition; and let /{-} 
be the functional on Q defined by 


1 
Is} = Uxt8} = 5 [ S-KIS]dv (5.2.28) 
B 
for every s = [u, E,S] € Q. Then 


dl{s} =0 (5.2.29) 


if and only if s is a solution of the traction problem. 
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Proof. We take s = [u,E,s] and’s = [u, E, S] belonging to Q. Then s + ws € Q for every 
scalar w. Also, by the symmetry of K we obtain 


U,{S + oS} = ; is -K[S] + @S - K[S] + 2S - K[S]} dv (5.2.30) 
B 


Hence 


d Ag 
—Ux{S + aS} 
dw 


= $I{s} = i K[S]du (5.2.31) 
B 


a=0 
In the following we prove that: 


(i) If s is a solution of the traction problem, then Equation 5.2.29 is satisfied, and 
(ii) If Equation 5.2.29 holds true, then s is a solution of the traction problem. 


To prove (i) note that if s is a solution of the traction problem, then 
divS+b=0, E=Vu, E=K[S] onB (5.2.32) 
and 
Sn=s ondB (5.2.33) 
and since s + ws € Q for every scalar w, therefore 
divS =0, E=K[S] onB (5.2.34) 
and 
Sn=0 on dB (5.2.35) 
Also, note that S can be taken in the form 


S = curl curl A (5.2.36) 


where A=A™ is an arbitrary second-order tensor field on B with the property that A, 
VA, and V VA vanish near 0B. Substituting S from Equation 5.2.36 into Equation 5.2.31 
we find 


SI{s} = f (curl curlA) - K[S] dv (5.2.37) 


B 


Finally, applying the divergence theorem and taking into account the vanishing properties 
of A near 0B we obtain 


SI{s} = fa - (curl curl K[S]) du (5.2.38) 
B 
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FIGURE 5.5 Domains of functionals F{-}, G{-}, H{-}, H,{-}, and /{-} defined in the principles (D, 
(IL), (H), (R) and (C), respectively. 


Since s is a solution of the traction problem 
curl curl K[S] = 0 (5.2.39) 


therefore, Equation 5.2.29 is satisfied. This completes the proof of (1). e 
To prove (ii) we note that due to arbitrariness of A, Equation 5.2.31, in which S is defined 
by Equation 5.2.36, is equivalent to Equation 5.2.38. As a result, if Equation 5.2.29 holds 
true, then S satisfies the compatibility condition 5.2.39. Therefore, there is a vector field u 
such that s = [u, E,S] is a solution of the traction problem. This completes the proof of 
(ii), as well as the proof of (C). 


Figure 5.5 shows the domains R, P, A, A;, and Q of the functionals F{-}, G{-}, H{-}, Hi {+}, 
and I{-}, respectively. 

In Figure 5.5, A is the set of all admissible states over which the functional H = H{s} 
of the Hu—Washizu principle is defined, see Equation 5.2.6. 

A, is the set of all admissible states that satisfy the strain—displacement relation. The 
functional H, = H,{s} of the Hellinger-Prange—Reissner principle is defined over Aj, see 
Equation 5.2.26. 

R is the set of all admissible states that satisfy the strain—displacement relation, the 
stress-strain relation, and the displacement boundary condition, that is, R is the set of all 
kinematically admissible states. The functional F = F{s} of the principle of minimum 
potential energy is defined over R, see Equation 5.1.7. 

P is the set of all admissible states that satisfy the equation of equilibrium and the traction 
boundary condition, that is, P is the set of all statically admissible states. The functional 
G = G{S} of the principle of the minimum complementary energy is defined over P, see 
Equation 5.1.44. 

Q is the set of all admissible states that satisfy the equation of equilibrium, the strain— 
stress relations, and the traction boundary condition on 0B. The functional J = /{-} of the 
compatibility-related principle is defined over Q, see Equation 5.2.28. 

The correspondences between the five domains and the five functionals are then as 
follows: 


A> H{-} A, > Aif{-} 


R->F{} P>G-} Q- If} 


Also note that A > A; D R, AD PD Q, and A, NP = G, where Y is an empty set. 
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The Principles (H) and (R) are useful in solving problems of elastostatics for bodies of 
complex geometries, like plates and shells of various configurations, and also in conjunction 
with modern methods of computational analysis of engineering structures, such as the finite 
element method. 


PROBLEMS 


5.1 Consider a generalized plane stress traction problem of homogeneous isotropic elas- 
tostatics for a region Cy of (x;,x2) plane (see Section 8.1.1). For such a problem the 
stress energy is represented by the integral 


= 1 _ = 
Ux(S} = 5 ik -K[S] da (a) 


Co 


where S is the stress tensor corresponding to a solution 5 = [u,E, S] of the traction 
problem, and 


E = K[S] = : = [5-3 — al on Cy (b) 
2m +v 
divS+b=0 onG (c) 
E=Vua onG (d) 
and 
Sn=S ondC (e) 


Let Q denote the set of all admissible states that satisfy Equations (b) through (e) except 
for Equation (d). Define the functional I{-} on O by 


I{s} = Ux{S} for every S€ O (f) 
Show that 
éi{s} = 0 (g) 


if and only if 5 is a solution to the traction problem. 


Hint: The proof is similar to that of the compatibility-related Principle (C) of 
Section 5.2. First, we note that if 5 € QO and € QO thens +s € O for every 
scalar w, and 


S1{s} = fs Eda (h) 


Co 
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Next, by letting 


~ 


Sop — Eay3€ps3l ys (i) 


where F is an Airy stress function such that F : F ‘a> and F ‘ep (2, B = 1,2) vanish near 
dCp, we find that 


d1{3} = J Feays€pssEap.ys da GQ) 
Co 


The proof then follows from (j). 
5.2 Consider an elastic prismatic bar in simple tension shown in Figure P5.2 


x 


x2 
P F 
xy *3 
x3 ke e + , 
FIGURE P5.2 


The stress energy of the bar takes the form 
£ L 2 2 
1 1 F Fee 
Ux{S} = — §?.da |dx= — —) Adx = — 
«{S} f(x i :) a ey k= (a) 


where 
A is the cross section of the bar 
E denotes Young’s modulus 


The strain energy of the bar is obtained from 


EAe? 
20 


Uc{E} = Ux{S} = (b) 


where e is an elongation of the bar produced by the force F = AFE,, = AEe/£. The 
elastic state of the bar is then represented by 


s = [m, E11, S11] = [e,e/€, F/A] (c) 
(i) Define a potential energy of the bar as F{s} = (e) and show that the relation 


dp(e) =0 (d) 
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is equivalent to the condition 


dUc¢ 


de =F (©) 


(ii) Define a complementary energy of the bar as G(s) = wW(F) and show that the 


condition 
bw(F) =0 (f) 
is equivalent to the equation 
OUxK 
OF > e (g) 


Hint: The functions g = g(e) and Ww = wW(F) are given by 


g(e) = nae — Fe 
2¢ 
and 
W(F) = ee F? — Fe 
2EA 
respectively. 


Note: Equations (e) and (g) constitute the Castigliano theorem [2]. 


5.3. The complementary energy of a cantilever beam loaded at the end by force P takes the 
form (see Figure P5.3) 


1 
W(P) = = Jj sia ~ Puy(é) 


i | M(x), 
————— x5 dA ¢ dx, — Pu (£) (a) 


where M = M(x.) and J stand for the bending moment and the moment of inertia of 
the area A with respect to the x3 axis, respectively given by 


Min) =P@—m), I= {4 da (b) 


A 


Use the minimum complementary energy principle for the cantilever beam in the 
form 


dy (P) = 0 (c) 
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x 


So 
° 
ay 
= 
8 
w 
eee 


*3 


FIGURE P5.3 


to show that the magnitude of deflection at the end of the beam is 


js2@ d 
nO) = a @ 


5.4 An elastic beam which is clamped at one end and simply supported at the other end is 
loaded at an internal point x, = € by force P (see Figure P5.4) 


ao) 
P 
i E Xo 
%3 
x1 , | 
3 
A 
q). € >| 


The potential energy of the beam, treated as a functional depending on a deflection of 
the beam uw. = u(x,), takes the form, see [3], 


S844 


FIGURE P5.4 


2 
(Sr) dx, — Pur(&) (a) 


and uy € P= {uy = uy(x1) : uy(0) = u,(0) = 0; uo(2) = wy) = O}. Let uy = up (x1) be 
a solution of the equation 


nN 
d uy 
dx} 


EI 


= Pd5(x,—&) for0O<x, <2 (b) 
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5.5 


5.6 


subject to the conditions 
u2(0) = u,(0) = 0, u(€) = uh (L) = 0 (c) 
Show that 
dp{u2} = 0 (d) 


if and only if uv. is a solution to the boundary value problem (b)-(c). 
Use the Rayleigh—Ritz method to show that an approximate deflection of the beam of 
Problem 5.4 takes the form (x, = x) 


2 
me) =-c8 (2) (1-4) (1-57) (a) 
2 
EOC)  ° 
4 EI \e £ 3£ 


Also, show that for € = €/2 we obtain 


where 


(€/2) = 0.0086 ce (c) 
u = 0. — Cc 
: EI 
The potential energy of a rectangular thin elastic membrane fixed at its boundary and 
subjected to a vertical load f = f(%1, x2) is 
“1 4 7p 
I{u} = f J Gazz - fu) dx dx (a) 
—a —ap 


where u € P, and 
P= {u = u(x, X2) : u(tay, x») =O for |x| < a; 
u(x}, Ea.) = 0 for |x;| < ay} (b) 


Here, uv = u(x,,X2) is a deflection of the membrane in the x; direction, and Tp is a 
uniform tension of the membrane (see Figure P5.6). 
Let the load function f = f(x,,x2) be represented by the series 


mm (x, — ay) nit (xX. — az) 


F122) = YO fim sin sin (c) 


2a, 2a 


mn=1 


Use the Rayleigh—Ritz method to show that the functional /{u} attains a minimum over 
P at 


oe) 


U(X1,X2) = > Umn Sin 


mn=1 


mm(x; — a), n(x, — a2) 
sin 
2a 2a 


(d) 
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n*3 
> XxX 
FIGURE P5.6 
where 
1 Sinn 
Unn = 5 5) mn = [523-5 (e) 
To [(mm/2a,)° + (na /2ar)’ | 
5.7 Use the solution obtained in Problem 5.6 to find the deflection of a square membrane 


5.8 


of side a that is held fixed at its boundary and is vertically loaded by a load f of the 
form 


f 1, %2) = fol + €-) — A(x, — ©)J[H Om + €) — HQ — €)] (a) 


where H = H(x) is the Heaviside function defined in Equation 2.3.53, and fo and € are 
positive constants (0 < € < a). Also, compute a deflection of the square membrane at 
its center when € = a/8. 

The potential energy of a rectangular thin elastic plate that is simply supported along 
all the edges and is vertically loaded by a force P at a point (&|, &) takes the form 


wis D a] 42 
iw} => J J (Vw) dede, — Pw, 69) (a) 
—a, —ay 


where w € P, and 


P = {w ot W(X, X2) : w(t), X2) = 0, 
V?w(#a1,X2) =0 for |x2| < a; (b) 
w(x},4a,)=0, V’w(x,,+a.) =0 for |x| < a} 


Here w = w(x, X2) is a deflection of the plate, and D is the bending rigidity of the 
plate (see Figure P5.8). 
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A *3 


FIGURE P5.8 


Show that a minimum of the functional /{-} over P is attained at a function w = 
w(x, 2) represented by the series 


mit 


ioe) 
w(x), X2) = > Wmn sin —— 
2a, 


mn=1 


(x; — a;) sin (xy — a) () 
2ar 


where 


. ma _ nw 
sin —— — sin —— _— 
P 2a, (§; — a1) a> (§ — az) 


(d) 


ia Dajaz [ (ma /2a,)” + (nx /2a.)]" 


Hint: Use the series representation of the concentrated load P 


PS (x, — &1)3 (X2 — &2) 


PQ. mn _ nn . mr 
= — J} sin - a1) sin ~& — a) sin = - a1) 
a\a2 Rel 2a, 2a 2a, 


_ nn 
X sin —(% — a2) 
2a 


for every |x| < a1, |x2| < a2; |&1| < a1, |&| < a2 (e) 


5.9 Show that the central deflection of a square plate of side a that is simply supported 
along all the edges, and is loaded by a force P at its center, takes the form 


2 


Pa 
w(0, 0) ~ 0.0459 D (a) 
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Hint: Use the result obtained in Problem 5.8 when €, = & = 0, x, = %» = 0, 
a; =a=a 


16Pa2 <= 1 
WOO = Tee Lo Gma i+ Gna FP = 


Also, by taking advantage of the formula 


3 = IT (tanh — =sech*=*) 
Care: 8x3 aS 2 


m=1 


for every x > 0 (c) 


which is obtained by differentiating with respect to x the formula [4] 


= ua TX 
= tanh d 
GaP ae de DS @) 
we reduce Equation (b) to the simple form 
2Pa 1 
0,0 —— 
MO Tae > (2n— 1) 
x [tanh 2n iy = (2n = I)sech?5(2n = | (c) 


The result (a) then follows by truncating the series (e). 
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Variational Principles of 
Elastodynamics 


In this chapter, a variational characterization of a solution to an initial boundary value 
problem of elastodynamics is presented. The characterization includes the classical 
Hamilton—Kirchhoff Principle and a number of convolutional variational principles of 
Gurtin’s type that describe completely a solution to an initial—-boundary value problem. In 
particular, the convolutional principles without counterparts in elastostatics are discussed. 
Also, a pure stress variational principle of incompatible elastodynamics is formulated. The 
chapter contains a number of worked examples, and also end-of-chapter problems with 
solutions provided in the Solutions Manual. 


6.1 THE HAMILTON-KIRCHHOFF PRINCIPLE 


We begin with a variational principle of elastodynamics, which represents a generalization 
of the principle of minimum potential energy of elastostatics, see Section 5.1.1, to include 
dynamics effects. In the variational principle, the domain of a functional is a set of admissible 
processes, as opposed to the domain of the functional of the principle of minimum potential 
energy consisting of kinematically admissible states. To formulate the dynamic principle, we 
introduce a notion of kinematically admissible process, and by this we mean an admissible 
process that satisfies the strain—displacement relation, the stress—strain relation, and the 
displacement boundary condition. Obviously, these three constraints are to be satisfied for 
any point x of the body and for any time ¢t > 0. Such a principle is useful in deriving the 
equation of motion as well as the traction boundary condition in various applications. 


(H-K) The Hamilton-Kirchhoff Principle. Let P denote the set of all kinematically 
admissible processes p = [u, E, S] on B x [0, 00) satisfying the conditions 


u(x, f;) =uj(x), u(X,) = u(x) onB (6.1.1) 


where f, and f, are arbitrary points on the t-axis such that 0 < t, < ft. < ov, and u, (x) and 
U(X) are prescribed fields on B. 
Let K = K{p} be the functional on P defined by 


ty 
Kip} = [[F@ — KW] dt (6.1.2) 
a 
where 
Fi) = Uc{E} — | b-udv— [ S-uda (6.1.3) 
B aBy 
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and 
ae 
Ki) = 5 J vi dv (6.1.4) 


for every p = [u, E,S] € P. Then 
dK {p} =0 (6.1.5) 


if and only if p satisfies the equation of motion and the traction boundary condition. 


Proof: We take two elements of P: p and p, where p = [u, E, S] and p = [u, E, S]. Then 
p+apeéP_ forevery scalar w (6.1.6) 


From Equation 6.1.6 it follows that p satisfies the strain—displacement relation, the stress— 
strain relation, the boundary condition 


u=0 ondB, x [0,00) (6.1.7) 
and the conditions 
u(x, t;) = U(x,t) =0 onB (6.1.8) 


Condition 6.1.7 results from the fact that u + wu is a kinematically admissible motion 
that implies u+ @u =0 on dB, x [0,00) and u= on OB, x [0, 00). When w= 1 the last 
two boundary conditions imply Equation 6.1.7. Similar reasonings lead to the conditions 
6.1.8. 

To compute the first variation of the functional K{-}, we recall the formula, see 
Equation 5.2.2, in which s is replaced by p, 


d & 
dsK{p} = i K{p + wp} (6.1.9) 
@ a=0 
Now, from Equations 6.1.2 through 6.1.4, we write 
to oe 
Kip + wp} = i uct + of = [b- (u+ ou) dv 
ty B 
% a3 1 ne fas 
ss [ 3- w+ oii) da~ 5 { p@+ ott) dv| dt (6.1.10) 
aBy B 


Since by the definition of the strain energy U-{E} and by the symmetry of C, see 
Equations 5.2.9, 


Uc{E + oF} = UctE} + w*Uc{E} +. [ E-S dv (6.1.11) 
B 
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then by differentiating Equation 6.1.10 with respect to w, using Equation 6.1.11, and taking 
the result at w = 0, from Equation 6.1.9 we get 


skip) = { [S-Edv— [b-dv- [ S-tda— | paid dt (6.1.12) 


ty B B 0Bo B 


Also, note that by integrating by parts, we obtain 


ty t=) 12 
{ pa-ti dr = pu u — | pii-tar (6.1.13) 
ty =1 ty 
and using the conditions 6.1.8, we obtain 
2) 1 
f pa-tidr = — { pirat (6.1.14) 


ty ‘ 
In addition, since U and E satisfy the strain—displacement relation, that is, 
E=Va (6.1.15) 
the first term of the integrand on the RHS of Equation 6.1.12 takes the form 


[S-Edu= [S-viidv (6.1.16) 
B B 


and, by the divergence theorem, we arrive at 


[S-Edv= [i-sda— [&-GivS) dv 
B 


dB B 
= | s-tda+ { s-ida— | (divS)-tdv (6.1.17) 
aBy By B 


By virtue of Equation 6.1.7, the first integral on the RHS of Equation 6.1.17 vanishes, 
hence, using Equations 6.1.14 and 6.1.17 we reduce Equation 6.1.12 to the form 


i) 


5;K{p} = ~{ | fiaivs+ — pii) -tdv— Kc -~%) i da| dt (6.1.18) 


4B aBo 


Proof of the (H—K) principle will be done if we show that 


(a) If the equation of motion and the traction boundary condition are satisfied, then 
Equation 6.1.5 holds true. 

(b) If Equation 6.1.5 is satisfied, then the equation of motion and the traction boundary 
condition are met. 
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Proof of (a). If 
divS+b= pti ondB x [0, 0) (6.1.19) 
and 
S=S on 0B, x [0,00) (6.1.20) 
then it follows from Equation 6.1.18 and from the definition of 5X {p} that 
dK {p} = 0 (6.1.21) 


and this completes the proof of part (a). 
Proof of (b). Since 


6;K{p} =0 for every p such that p + wp € P (6.1.22) 


then Equation 6.1.22 holds true for every admissible u consistent with Equations 6.1.7 
and 6.1.8. Selecting was an arbitrary vector field on B x [0, co) that vanishes near 0B x [0, 00) 
and complies with the conditions 6.1.8, using Equations 6.1.18 and 6.1.22 we obtain 


[ GivS +b — pit) -Wdv=0 (6.1.23) 
B 


and by an extension of the Fundamental Lemma of calculus of variations, we arrive at the 
equation of motion 


divS+b= pti onB x [0,0) (6.1.24) 


Next, we select u in such a way that u vanishes near 0B, only and complies with the 
conditions 6.1.8. Then, using Equations 6.1.18, 6.1.24, and 6.1.22, we find 


[ @-9 -da=0 (6.1.25) 
dBa 
This result together with the Fundamental Lemma imply that 
s=S ondB x [0,0) (6.1.26) 


This completes the proof of part (b), and of the (H-K) principle. 


Notes: 


(1) If the functions u, b, and are time independent, then from Equation 6.1.4 K (t) =0 
and F(t) given by Equation 6.1.3 reduces to the functional F = F{-} of the (D) 
principle of minimum potential energy of elastostatics, Equation 5.1.7. In this 
sense the (H-K) principle is a generalization on elastodynamics of (1). 


Variational Principles of Elastodynamics 299 


(2) The (H—-K) principle is based on the knowledge of the displacement u = u(x, f) 
at two times, f, and ft, f >¢,. Since in an initial-boundary value problem of 
elastodynamics an initial value of the displacement u(x,0) and initial velocity 
u(x, 0) are prescribed over B, then the (H—K) principle cannot be used to describe 
the initial-boundary value problem. Indeed, if t; =0, then u(x, 0) is known but 
u(x, 0) is not. Also, the value u(x, f)) that is prescribed in the (H—-K) principle, 
see Equation 6.1.1, is not known in the initial-boundary value problem. In the 
following section, we formulate variational principles that do characterize the 
initial-boundary value problem of elastodynamics. Before that we give examples 
of the application of the (H—-K) principle. 


Example 6.1.1 


An elastic bar subject to an axial body force b = b(x, ft), and the end displacements 
Up = Ud(t) and U, = U,(0), 0 < x < L, t= 0, is shown in Figure 6.1. 

Assume that the motion occurs only in a direction along the axis of the bar, that 
is, the displacement vector u = u(x,t) is described bySuch a motion represents the 
longitudinal waves in the bar. 

Use the (H-K) principle to derive the equation of motion for the bar. 


u(x, t) = [u(x, t), 0, 0] (a) 
Solution 
A kinematically admissible process in this example is defined as 
“a(t 
= p=l[u, En, $i] (b) 
i} where 
y 0 
Ey = = Si, = FE (Cc) 
ax 
y u0,t)=u(b, ull, t) = a,(0) (d) 
L In addition, we assume 
Vv 
u(x,t) = u(x), u(x, b) = U(x) (e) 
if Let P denote the set of all kinematically admissible processes 
Bee p that comply with (a) through (e). As a functional 4 defined on 
J P in this example, we take a one-dimensional counterpart to 
v Equation 6.1.2 
| uy (t) b 
Kip} = {IFO — K(O] dt ( 


ia] 


FIGURE 6.1 A bar Where 


subject to an axial load 1 au au 
and boundary displace- Ft) = 5 i a” (« ~) du J bu du (g) 
ments. B B 
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and 


1 du\* 


In (g), the term corresponding to the integral over 0B, in Equation 6.1.3 vanishes because 
dB, in this one-dimensional problem is an empty set. 

Since dv = A dx, where A denotes the area of the cross section of the bar, and 
0 < x < L, the functional (f) takes the form 


b 


L 2 A 2 
Kipl= Kui = ff [> (=) - (=) Abu dxalt (i) 


t +o 


In order to calculate the first variation of K{p}, we select p € P in such a way that 
(0 + wp) € P for any scalar w. This means that p = [U, F,,, 511] satisfies the constraints 


pa ou oe es, , 
Ey, = ax’ Si, = EE, (j) 
u(O, t) = u(L, t) a 0, U(x, ti) = U(x, ty) =0 (k) 


The first variation of K{p} is calculated from the formula 


dK {u} = < K{u + wu} 


o=0 
Now, 
io eine 
= EA (du du 
HO 
pA (au au\* xs 
; (= +o 7) Abu + of) | dxdt (m) 


Differentiation of this equation with respect to w, putting w = 0, and substituting in (I) 
yields 


tb oL ~ ~ 
r du OU du OU a3 
S,KC{u} = JJ (« ae Abii) dxdt (n) 


Next, after integrating by parts the product (du/dt)(dU/dt) we obtain 


t ~ t t 
edu du dul? -#@u 

dt = dt 
er at at Iie “ (0) 


t h ti 


By conditions (k), the first term on the RHS of (0) vanishes, and (0) reduces to 


t ~ t 
r du OU - 0*u 
dt = u dt 
J 9 at Jae" (p) 
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Also, integrating by parts the product EA(du/dx)(du/dx) in (n), we get 


L ~ x=L L 
fase ncn if : (ca) ui dx (q) 
Ox Ox Ox |x-9 ~=—4 LOX Ox 


Again, by conditions (k), the first term on the RHS of (q) vanishes, and (q) reduces to 


L ~ L 
[FA aa f[z (« ~) | ti dx (r) 
OX OX Ox Ox 


Substituting (p) and (r) into (n) we write the condition 


dK{u} =0 (s) 
in the form 
Ou |e 
— (FA — )+Ab-— pA —| taxdt =0 (t) 
x ot 
Hence, by the Fundamental Lemma of the calculus of variations, due to the arbitrariness 


of u and conditions (k), we write 


a du 07u 
EA Ab A =0 
Ox ( =) NE HPO) wy) 


This is the desired equation of motion of a bar along which longitudinal waves 
propagate. This completes the solution. 


Notes: 


(1) Equation (u), which is to be satisfied for 0 < x < Land t > 0, subject to the initial 
conditions 


u(x,0) = u(x), u(x,0) = u(x) (6.1.27) 
and the boundary conditions 
u(O,t) =Uo(t), u(L,t) =u, (t) (6.1.28) 


where uo(x), ito(x), M(t), and %,(t) are prescribed, constitutes an initial displace- 
ment boundary value problem for the bar. In accordance with the discussion on 
uniqueness, see Section 4.2.5, the problem possesses a unique solution. 

(2) Equation (u) was derived under the assumption that E, A, and e may be functions 
of x. However, due to the one-dimensional wave motion in the bar, it is reasonable 
to assume that the bar be prismatic and, therefore, A be constant. In this case, 
dividing (u) by A we obtain the familiar equation of motion 


Oa gee 9 
3 (Et) +5- 0 Te =0 (6.1.29) 
Ox x 
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Example 6.1.2 


Consider an elastic bar subject to an axial body force b = b(x, t) and 
axial end loads No = No(t) and N; = N,(6), see Figure 6.2. 

Such a system of loads produces a motion of the bar along the x-axis, 
u(x, f) = [u(x, 0), 0, 0]. The situation is similar to that in the previous 
example. Use a one-dimensional form of the (H—K) principle to derive 
the equation of motion for the bar and associated traction boundary 
conditions. 


Solution 


Since in this example the tractions at the ends of the bar are prescribed, 
then 0B, =O and 0B, = 0B, and we select as the domain of a functional 
the set of all admissible processes p = [u, E11, 511] that satisfy the strain— 
displacement relation, the stress-strain relation, and the conditions 


x u(x, ty) =U (x), u(x, ty) = U2 (x) (a) 


FIGURE 6.2 
A bar subject 
to a body force 


where t;, &, U1, and uz have the same meaning as in the previous 
example. We denote the domain by Po. Here, as a functional K,{u} 


b and end loads we take 

No and N,;. Q 

Ko(u} = [Fol — KO] dt (b) 
where 
Fid=s fe au’ f bu dv-IN (L, t) — Nou, t)] (c) 
0 = 5 J ax UV y udu Lu(L, oUlU, 
K() = ah (4) d (d) 
~ 2 J P\ aE : 


The term [N,u(L,t) — Nou(O,0] in (c) corresponds to the last term on the RHS in 
Equation 6.1.3, that is, to the surface integral over 0B, = dB. 
Since dv= A dx, where A is the area of the cross section, (b) reduces to 


O( 7 [EA (au\’ pA (au * 
cul=f{f[5 a) d (=) Abu cs 


q 


— [Nu 0) — Nou, 01] dt (e) 


In this equation, u is a displacement field corresponding to the process p = [u, E11, S11] € 
Po. 

Let u be a displacement field corresponding to p = [U, E11, 511] € Po, and letp+oap € 
P» for every scalar w. Then, p satisfies the strain-displacement relation, the stress-strain 
relation, and the conditions 


U(x, th) — U(x, ty) =0 (f) 
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To show that conditions (f) hold true we note that from conditions (a), we get 
u(x, t;) = uU,(xX),. U(X, th) = Uy (xX) (g) 
and from the relation 
utoue Po (h) 
we write 
u(x, t)) + @u(x, ) = u(x) (i) 
u(X, &) + wu(x, t) = u(x) (j) 


Taking @ = 1 in (i) and (j) and comparing these equations with conditions (g) we arrive 
at (f). 
To evaluate the first variation of K){u} we compute Ky{u + wu} and obtain 


ek | f EA (du ati\’ 
Bee NN pode ag oO 


th 


pA (du au? ay 
5 (= +o =) Ab(u + of) dx 


= | Nitue t) + wu(L, t)] — Nolu(, }) + wu(0, 01] dt (k) 


Differentiation of this equation with respect to w and putting w = 0 yields 


5,Ko{u} =J {f(a Cy vega Abi) dx 


Ox Ox ot ot 
4 0 
_ [Nit t) — Nou(O, 0| dt (I) 
Now, by (f) 
du ou rO7uU WL 
at ot rT (m) 
Also, 


L ~ 
du oa du — 
[ FA= — dk =EA ea 
‘ Ox Ox Ox 


x=L L 
J] g («A =) | ui dx (n) 
age, LO Ox 


Hence, by (I) through (n) the condition 


5Ko{u} = 0 (0) 
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takes the form 


2 a E(DA(L) ott " U(L, 


= [Ni — (0) A(0) 24: ~| uH(0, of dt = 0 (p) 


Now we use the Fundamental Lemma of the calculus of variations in which @ is an 
arbitrary displacement field defined on [0, L] x [0, 00) and such that 


u(0, t) = UL, =0 (q) 
and then from (p) we find 
ef a du du 


Due to the arbitrariness of U and by the Fundamental Lemma, we arrive at the equation 
of motion, 


a au atu 
PR ep eh oa 
= ( =) + dt :) 


To obtain the traction boundary condition at x = 0, we select as U an arbitrary field 
n [0, L] x [0, co) such that u(L, t) = 0, and from (p) and (s) we obtain 


b 


ih [Not — F(0)A(0) 


tu 


“ t) 


u(O,t) dt =0 (t) 


Again referring to the Fundamental Lemma in which u(0, f) is arbitrary on [0, 00), from 
(t) we get 


“ t) 


No(t) = E(O)A(O) (u) 


Similarly, by selecting U in such a way that U(L, t) is an arbitrary function of t, from 
(p), (s), and (u) we arrive at the traction boundary condition at x = L 


N.(t) = EAL) ee z 


This completes the solution. 
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Notes: 


(1) In this example, the dimensions of FE and A are 
[E] = [Force x L~’], [A] = [L’] (6.1.30) 

so the dimension of No and N, is that of force, 
[No] = [Nz] = [Force] (6.1.31) 


(2) The traction boundary conditions (u) and (v) comply with a general traction 
boundary condition in which the stress-strain relation is used. 

(3) Equations (s) and (u) of Example 6.1.1 are the same, and they describe the 
longitudinal waves in a bar. 


Example 6.1.3 


Consider a homogeneous isotropic elastic rod in which the axial longitudinal displace- 
ment u; = u;(x;, t) is coupled with the lateral displacement u, and u; at a typical point 
of the cross section with the coordinates x, and x; (see Figure 6.3). 

The coupling is to comply with the following conditions: (i) the stress tensor § = S(x, 0) 
represents a uniaxial stress state in the x, direction for every time t, (ii) the displacement 
Uy and uz vanish at the centroid of the rod for every time t, and (iii) a motion of the rod 
is produced by a body force of the form b = [b(x;, 0), 0, 0], the boundary displacements 
u,(0, t) = f(t) and u,(L, ) = g(), and the initial disturbances u;(x;,0) = u\(x;) and 
Uy (x1, 0) = U'(x,). Here, b0x, 0, FO, g(O, uy? (x,), and & (x,) are prescribed functions. 

Use a three-dimensional form of the (H—K) principle to derive the equation of motion 
for u, = U;(X,, 0). 


Solution 


To define a functional F{p} associated with the (H—K) principle we note that p = [u, E, S] 
where 


Si = Sin bn S(x1, ) (a) 


1 
E, = ral + v)Si — VSn5;] (b) 


FIGURE 6.3 Rod and cross section A with the origin at the centroid of rod showing lateral 
displacements. 
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and 
1 
Ej = 5 ii + Ui) (c) 


Here, S = S(x,, t) is an unknown stress field in the x, direction at time t, and £ and v are 
Young’s modulus and Poisson’s ratio, respectively. 
Hence, we obtain 


S 
Ey = E’ EE, =0, Fi; =0 
Ex=0, En=-25, fy=0 (d) 
E=0, Ex=0, Ey=-25 
and 
Ou, 
S§=E — e 
Ox, (e) 
OU Ou, OU; ou, 
— Vv a = Vv (f) 
OX OX, 0X3 Ox 


Since x = 0 is a centroid of the rod, therefore u, = 0 for x, = 0 and u, = O for x; = O. 
Integration of Equations (f) yields 


Ou; 
= , it — ae 
Uy = Up (X71, Xp; 0) VX ax, (g) 
U3 = U3(X1,X3; 0) = —vx3 (h) 
OX, 
As a functional F{p} we take [see Equations (f) through (h) in Example 6.1.1] 
b 
Pip} = J (Fi — Ki (Ojdt (i) 
where 
1 , 
inte) = 5 Jones) ban dy (j) 
and 
1 ay 
KO = 5 J dv ik) 


In Equation (j), the term corresponding to the integral over 0B, in Equation 6.1.3 vanishes 
because Sn=0 on the lateral surface of the rod. Therefore, using Equations (d) through 
(h), we reduce Equations (j) and (k) to the form 


1 ° Ou, ° 
Fi = Al (5) dx, A ee () 
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and 
du Cie 
K,() = =pA eke : dx m 
i) = v Ne ny ay (7 1 (m) 
where 


Ak? = if (x; +x3) da =/ (n) 


A 


is the polar moment of inertia of the cross section (k is the polar radius of gyration of A). 
Hence, a functional F{-} depending on u; =ueé P takes the form 


n= LFS) 


1 au aa (Puy | _ 
2a seal (32) Fore (sm) Abu|} dxdt (0) 


where P is a domain of Ft} defined as a set of functions u = u(x,t) that satisfy the 
boundary conditions (x = x;) 


u0,0=f(), uld=g) t>0 (p) 
Letu € Pand@ €P. Thenu + at € P for every scalar w. Also, suppose that 
u(x,t) =u, (xX), U(X, tb) = U2 (XxX) (q) 
where u; (x) and u2(x) are prescribed functions on [0, L]. Then 
u(x,t) =0, UXx%,tb) =9, (r) 
and 
u(0,t)=0, U(l,t) =0, (s) 


It follows from Equation (0) that the functional sen at v = O reduces to the functional 
K{-} of Example 6.1.1 [see Equation (i) in that example]. 


Also note that 
a, & : Yu vu 
ma a) 9 ee t 
{2 la + oid | | |, axe” axat 0 


and 


t L ~ t ~~ 4x=L t L ~ 

; d7u du el du ou ; au dau 

dt | —— —dx= dt dx | dt 
J J axa dxot Vee cl. fs dx20t Ot | 


b ~ axel ft eo ee 
ef au au d’u ; d°u 
- dt a] para | at 
Wee |. nes a a | axzae | (u) 
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Since, by virtue of Equations (r) and (s), the first and second integrals on the RHS of 
Equation (u) vanish, we receive 


I 


Therefore, using the definition of 5F{u} and proceeding in a way similar to that of 
Example 6.1.1, we obtain 


07u 


og have (2 ea (v) 
i axa = J 5e50 . 


Sera! Sara 
da hoot 
b L 
‘ d°u OFT aS Oru s, 
=f {| eae +e (5 ve) bt oka (w) 
and the (H-K) principle reads 
d;F{u} =0 for VeEP (x) 


where the LHS of Equation (x) is given by Equation (w). 
Hence, by the Fundamental Lemma of the calculus of variations, due to arbitrariness of 
u and conditions (r) and (s), we arrive at 


a°u és vk? dtu b_ 1 a°u rm 
ae @ O02 | EF C OP y 


where 
E 
c= /- (z) 
p 


Equation (y) represents the longitudinal wave equation for a rod with effects of lateral 
inertia. This completes the solution. 


In winding up this section, we note that the (H-K) principle may be used to derive the 
equation of motion and traction boundary conditions for three-dimensional elastic bodies 
such as hollow cylinders, thick plates, and open cylindrical and spherical shells. It may also 
be used to obtain an approximate solution to a particular initial-boundary value problem 
by an extended Rayleigh—Ritz method [1]. The Rayleigh—Ritz method of elastostatics is 
discussed in Section 5.1.2. 


6.2. GURTIN’S CONVOLUTIONAL VARIATIONAL PRINCIPLES 


6.2.1 DYNAMIC PRINCIPLES WITH COUNTERPARTS IN ELASTOSTATICS 


In the previous section, we formulated the (H-K) principle in which a displacement vector 
u = u(x, f) needs to be prescribed at two points ¢) and tf, of the time axis. If t; = 0, then u(x, 0) 
may be identified with the initial value of the displacement vector in the formulation of an 
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initial-boundary value problem, however, the value of u(x,f,) is not available in this 
formulation. This is the reason why the (H—K) principle cannot be used to describe the 
initial-boundary value problem. A full variational characterization of an initial-boundary 
value problem of elastodynamics is from Gurtin [2]. 

In the following, we formulate a number of Gurtin’s convolutional principles, some 
of which have counterparts in elastostatics, and some of which do not. We begin with a 
variational principle that is a counterpart of the Hu—Washizu principle, or the (H) principle, 
of elastostatics, see Equations 5.2.6 and 5.2.7. To this end, we recall the definition of the 
pseudo-body force field f associated with an initial-boundary value problem. The force 
field f is defined by (see Equations 4.2.118 and 4.2.119), 


f(x, t) = 1 * b(x, ft) + ep() [Uo (x) + Nig] (6.2.1) 
where 
i=i(t)=t (6.2.2) 


(G 1) Principle of Gurtin. Let ® denote the set of all admissible processes, and for each 
t > 0 define the functional G, = G,{-} on R by 


1 1 
Gip) = [ [5 i+ B<CIk] + > pusu—ixS 4B - (xdivS +0 «ul dv 


B 


rm [ ixsxtida+ [ ix(s—9 *uda (6.2.3) 


aBy aBy 
for every p = [u, E,S] € R. Then 
dpG{p} = dG {p} =0 t>0 (6.2.4) 


if and only if p is a solution to the mixed initial-boundary value problem. 


Proof: We will present the proof in two parts, (a) and (b): 


(a) We assume that p is a solution to the mixed problem, and show that Equation 6.2.4 
is satisfied. 

(b) We assume that Equation 6.2.4 is satisfied for every p € R, and show that p is a 
solution to the mixed problem. 


Proof of (a). First, we note that if p = [u,E,S] and p = [u, E, S] are two admissible 


processes belonging to R, then p+ wp € FR for every scalar w, see Section 4.2.3. Next, we 
note that due to the symmetry of C 


E « C[E] — C[E] « E = Ex C[E] (6.2.5) 
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To show the identity relations 6.2.5, we note that, omitting dependence on x, 


t 
E + C[E] = E, * CjuEu = EG — t)CiEu(t)dt 
0 


t t 
= J Ey 0)CinEn(t —t)dt = f Ey ~ 1) CyuE(t)dt 
0 0 
— Ex C[E] = C(E] +E (6.2.6) 


Hence, if we introduce the notation 


U,{E} = ; fix E « C[E] dv (6.2.7) 


B 


then, using Equation 6.2.5, we obtain 


U{E + oF} = UE} + @°U{E} + f ix E * C[E] dv (6.2.8) 
B 


Clearly, since p + wp € FR, then value G,{.} at (p + wp) makes sense (is well defined) and 
by virtue of Equations 6.2.3 and 6.2.8 we obtain 


Gp + op} = UAE} + 0° UE} +0 | ix E * CIE] dv 
B 
1 s = by By 
+ Sl; e(u+ wu) * (U+ wu) —i* (S+ aS) * (E+ wE) 
B 


— [ix (divs + odiv8) +f (a +0i| dv 
ae [ ix(+o8) * U da 
oBy 


s [ix (s + oS —S) * (u-+ wu) da (6.2.9) 


0B2 
Differentiating Equation 6.2.9 with respect to w and taking w = 0 we arrive at 
5;G,{p} = [tix (CIE] —S)*E—i+*S*E-—(ixdivS+f—pu)*t 
B 


— ixdivS xu} du+ [ ix3*tda 
aBy 


+ | ixSxut 6-9 *ii da (6.2.10) 


dB2 
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Now, by using the divergence theorem, we write 


i { divS) *xudv=i1* fu * Sig) dv 
B 


B 


B 


= ix [uxSda—ix { (Vu) *«S dv 
dB B 

=i* [ uxSda+i» [ uxBda 
aBy aBy 


= ix { (Vu) «8 dv (6.2.11) 
B 


Hence, substitution of Equation 6.2.11 into Equation 6.2.10 yields 


8Gilp} = | i (CIE] —$) «Edu 


B 


— | Gx divS +f — pu) *Wdv+ [ix (Vu-E) «8 du 
B B 


+ | ix@—u) «dat [ix (6-9 sida (6.2.12) 


aBy aBo 


Since p=[u,E,S] is a solution to the mixed problem, therefore, by Theorem 3 of 
Section 4.2.4, 


S=C[E] onB x [0,c) (6.2.13) 
ixdivS+f=pu_ onBx [0,o) (6.2.14) 
E=Vu_ onB x [0,00) (6.2.15) 
u=wu_ on dB, x [0, 00) (6.2.16) 
s=S8S on 0B, x [0,c) (6.2.17) 


and the RHS of Equation 6.2.12 vanishes, which implies Equation 6.2.4. 
This completes the proof of (a). 


Proof of (b). We assume that 
5;G,{p} =0 foreverypeR (6.2.18) 


where the LHS of Equation 6.2.18 is given by Equation 6.1.12. We are to prove that p is a 
solution to the mixed problem, which means that it satisfies Equations 6.2.13 through 6.2.17. 

First, we choose p € 7 in the form p = [0,E, 0], where E is an arbitrary symmetric 
second-order tensor field on B x [0, 00) that vanishes near 0B. Then, from Equation 6.2.18 


fi « (C[E] —S) *Edv=0 (6.2.19) 


B 
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Since E is an arbitrary tensor field on B x [0, 00) that vanishes near 0B, by an extension of 
the Fundamental Lemma of the calculus of variations involving the convolution product, 
Section 5.2, we obtain 


S=C[E] onB x [0,0) (6.2.20) 


which implies Equation 6.2.13. 
7 Next, we choose p € R in the form p = [u, 0,0], where U is an arbitrary vector field on 
B x [0, 00) that vanishes near 0B. Then by Equations 6.2.18 and 6.2.20, 


| @*divS +£— pu) *%dv=0 (6.2.21) 


B 


and this equation together with an extension of the Fundamental Lemma of the calculus of 
variations imply that 


ixdivS+f=pu onB x [0,o) (6.2.22) 


This shows that Equation 6.2.14 is satisfied. Z 

4 To show that Equation 6.2.15 holds true, we select p € R in the form p = [0, 0,8], where 
S is an arbitrary symmetric second-order tensor field on B x [0, 00) that vanishes near OB. 
Then, from Equations 6.2.18, 6.2.20, and 6.2.22, we get 


fi « (Vu —E) *Sdv=0 (6.2.23) 
B 


Hence, by an extension of the Fundamental Lemma of the calculus of variations, we obtain 
E=Vu_ onB x [0,00) (6.2.24) 


which proves Equation 6.2.15. 
Next, if we take p € FR in the form p = [u, 0,0], where U is an arbitrary vector field that 
vanishes near 0B,, then from Equations 6.2.18, 6.2.20, and 6.2.24, we find 


i ix (s—S) *tda—0 (6.2.25) 
0By 
and this and an extension of the Fundamental Lemma of the calculus of variations 
imply that 
s=S ondB, x [0,0) (6.2.26) 


which means that Equation 6.2.17 is satisfied. = 7 

Finally, if we select p € R in the form p = [0,0,S], where S is an arbitrary symmetric 
second-order tensor field on B x [0,00) such that § = Sn vanishes near 0B), then by 
Equations 6.2.18, 6.2.20, 6.2.22, 6.2.24, and 6.2.26, we arrive at 


[ ix @—u) *3da=0 (6.2.27) 


OB, 
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Equation 6.2.27 together with an extension of the Fundamental Lemma of the calculus of 
variations imply that 


u=wu_ ondB, x [0,0) (6.2.28) 
and this completes the proof of (b). Hence, the proof of the (G 1) principle is complete. 


If the set of all admissible processes FR is suitably restricted, and the functional G,{-} in 
Equation 6.2.3 is modified accordingly, then the (G 1) principle reduces to an analog of the 
Hellinger—Prange—Reissner principle, see the (R) principle, Section 5.2. 


(G 2) Principle of Gurtin. Let 7, denote the set of all admissible processes that satisfy 
the strain—displacement relation, and for each t > 0 define the functional H,{.} on , by 


1 1 
Hp = f {5 i*8KIS]— 5 puxu—ixS+E+ foul dv 
B 


ae [ lixss (u —)] da+ [ GBs u) da (6.2.29) 


oBy dBy 
for every p = [u, E,S] € R,. Then 
6A {p}=0 t>0 (6.2.30) 


if and only if p is a solution to the mixed problem. 


The proof of this principle is quite similar to that of the (G 1) principle, and it will not be 
given here. 


Notes: 


(1) We observe that the (G 1) principle is an analog of the (H) principle of elastostatics, 
see Section 5.2, in the following sense: 

e The domain of the functional G,{-} of the (G 1) principle is the set of all 
admissible processes, while the functional H{-} of the (H) principle is defined 
on the set of all admissible states. This means that: (a) the admissible processes 
in the (G 1) principle do not have to satisfy any of the field equations, initial 
conditions, and the boundary conditions; (b) the admissible states in the (H) 
principle are not required to meet any of the field equations and boundary 
conditions. 

e The structure of the functionals G,{-} and H{-} is similar: if in G,{-} the term 
containing o and the operation ix are omitted, and {x} is replaced by {-} (the 
dot product operation), and f is identified with b, then G,{-} is reduced to H{-}. 
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(2) There exists an analogy between the (G 2) principle and the (R) principle, 

Section 5.2: 

e Both the domain of the functional H,{-} of the (G 2) principle and the domain 
of the functional H,{-} of the (R) principle are restricted by the same strain— 
displacement relation. 

e The structure of the functionals H,{-} and H,{-} is similar to that in Note (1). 


Example 6.2.1 
Let p = [u, E, S] be a kinematically admissible process, which means that p satisfies the 
strain—displacement and stress-strain relations, and the displacement boundary condi- 


tion. For each t > 0, let F, = F,{-} be the functional defined on the set of all kinematically 
admissible processes by 


hap) = 5 fGxS E+ puxu—2fxu) do— f ixSeu da (a) 


B OB, 
Then, 
dF, {p} = 0 (b) 


if and only if p is a solution to the mixed problem. 


Solution 


Let Q denote the set of all kinematically admissible processes p = [u, E, S]. Let p € Q. 
Then 


p+op¢€Q_ for every scalar w (c) 
which implies 
u=0 ondB, x [0,0) (d) 
Also, since p € Q and p € Q, then 


[ixSeEdu= [ixS* Vado (e) 


B B 


and by the divergence theorem we obtain 


[ixSxEdu= [ixs«tida— [ix (div$)*idv 


B aB B 


= [ixsxtidat | ixsxiida— [ix (divS)*iidu (f) 


aBy By B 
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Now, from the definition of the functional F, = F,{-} given by (a), we obtain 


hp + op} = 5 flix 6 +08) x E+ of) + put of) * ut of) 
B 


— 2fx(u+ ot)] du— [ ixS* (U4 wit) da (g) 
OB, 
Since 
(S + wS) * (E+ @E) =SxE+a°S xE+ a(S *E+S$ *E) (h) 
and 
SxE=ExS =ExClE] =E x C(E]=E*xS=S*E (i) 
therefore, 
(S + wS) * (E+ @E) = $x E+o0°S x E+ 20S xE (j) 


Differentiation of (g) with respect to w, using (j) and putting w = 0, leads to 


Sphph = = Fp + oP = [@*S*E+ puxii— fxd) do 
B 


oa=0 


— | ixStida (k) 


aB, 


Substituting (f) into (k), we get 


boFp} = flix (divS) + f— pul xt dv 


B 


+ | ixsxiida+ [ix(s—9 «ida (I) 


aBy aB, 


Now, because of (d), the integral over dB, vanishes, and we obtain 


55F{p} = flix (div) +f—pu]*tidu+ [ix (s —8) x da (m) 


B aB, 


Hence, if p € Q is a solution to the mixed problem, it follows from (m) and from 
Equations 4.2.131 and 4.2.134, that 


dF {p} = 0 (n) 


This is equivalent to (b). 
Conversely, we assume that 


dsF{p} =0 for every p€ Q (0) 
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and show that p is a solution to the mixed problem. To this end, we select p € Q in the 
form p = [u, 0, 0] where W is an arbitrary vector field on B x [0, 00) that vanishes near 
dB. Then, (m) and (0) imply that 


J ix Civ) + f= pul xt dv=0 (p) 


B 


and this together with an extension of the Fundamental Lemma of the calculus of 
variations leads to 


ix (divS)+f—pu=0 onBx [0,0) (q) 


Finally, if we select p in the form p = [W, 0, 0] where @ is arbitrary on B x [0, 00) but 
vanishes near 0B,, then (m), (0), and (q) yield 


| ix@-9 *itida=0 (r) 


aBy 


This together with the arbitrariness of U and an extension of the Fundamental Lemma of 
the calculus of variations implies that 


s=S on dB, x [0,00) (s) 


This completes the converse part of the principle in this example. As a result, the proof 
is complete. 


Note: In this example, the principle constitutes an analog of the principle of minimum 
potential energy of elastostatics, see (I) Principle of Section 5.1.1, in the following sense: 


e The domain of the functional F,{-} given by (a) is the set of all kinematically admis- 
sible processes Q, while the domain of the functional F{-} given by Equation 5.1.7 
is the set of all kinematically admissible states R. 


e The structure of the functionals F,{-} and F{-} is similar, as discussed in Note (1) 
which follows the (G 2) principle. 


Example 6.2.2 


Consider the following initial-boundary value problem for the classical wave equation. 
Find a scalar-valued function u = u(x, t) on B x [0, 00) that satisfies the wave equation 


Vou- — —=-—F onB x [0,o) (a) 


the initial conditions 


u(x, 0) = Uo(x), U(x, 0) = U(x) on B (b) 
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and the boundary condition 
u=U_ ondB x [0,o) (c) 


Here F = F(x, t) is a prescribed function on B x [0, 00), U(x) and to(x) are prescribed 
on B, and w is given on 0B x [0, 00). Moreover, in (a) c is a positive constant. 

Formulate a variational principle that characterizes the problem stated by (a) 
through (c). 


Solution 
We will proceed in two steps: 
(A) We replace the initial-boundary value problem by an equivalent boundary value 


problem in which the initial data are incorporated into a field equation. 
(B) We formulate a variational principle for the equivalent problem. 


Part (A). We apply the Laplace transform to (a) and using the initial conditions (b) 
we obtain 


1 7 
V7u = (p°u PUo Uo) — F (d) 


Dividing this equation by p? results in 


P Vu A u=—-G (e) 
where 
coho k (E48) 
Inverting (e) and (f) we get 
inVu-Gu=-G on B x [0, 00) (g) 
where 
i=i)=t (h) 
and 
Cais Ft 5 (uy + the) (i) 


Hence, we come to the conclusion that u = u(x, t) satisfies (a) and the initial conditions 
(b) if and only if u satisfies the integro-differential equation (g). As a result, the initial- 
boundary value problem is equivalent to the boundary value problem: Find a function 
u = u(x, t) on B x [0, 00) that satisfies the equation 


1 - 
PES i OG on B x [0, oo) (j) 
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subject to the boundary condition 
u=U_ on 0B x [0, ow) (k) 


This completes part (A) of the solution. 

Part (B). We need to define a functional in such a way that the vanishing of its first 
variation over its domain implies the wave equation (a), the initial conditions (b), and 
the boundary condition (c). More precisely, we are to prove the following variational 
principle for the wave equation: 

Let U be the set of all functions u = u(x, t) on B x [0, 0) that satisfy the boundary 
condition (c). Define the functional W, = W,{-} on U by 


1 1 
wu) = > f (ix Vas ut 5 uxu-2Gxu) du (I) 


B 
for every u € U. Then 
dW ,{u} = 0 (m) 
at a particular u € U if and only if u is a solution to the initial-boundary value problem 
described by (a) through (c). 
We will present a proof of the principle in two parts. 

(AA) We assume that u is a solution to the initial-boundary value problem (a) through 
(c), and show that (m) is satisfied. 
(BB) We show that the condition 

6,W,{u} = 6W{u} =O foreveryueu (n) 


implies that u is a solution to the problem. 


Proof of (AA). Take two arbitrary elements u and u belonging to YU. Then 
u+q@ueU for every scalar (0) 
which implies that 
u@=0 ondB x [0,0) (p) 


Next, we compute the value of the functional W,{-} at u + wu, and obtain 


W,fu + wt} = i ! x (Vu + wV0) * (Vu + wV0) 


B 
+ U tot) * Ut of) ~ 26x (w+ | dv (q) 


Now, 


(Vu + wVu) * (Vu + wVu) = (Vu) * (Vu) + 2@(Vu) * (Vu) + @* (Vu) * (Vo) (r) 
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Hence, differentiating (q) with respect to w and putting w = 0, we obtain 
switu) = [ [ix vue vit 1 uxt Gal] do (s) 
B 
Since, 
Vu x Vu = div(Vu * U) — (V7u) *U (t) 
or in components, 
u;*U; = (uj; *U); — Uy *U (u) 


then, multiplying (t) by the ix operator, using the divergence theorem, and (p), we get 


x ~ oO a 
Jasvunvagen [tees (di |p iulen a 


B oB 


= — [ix (Vu) «t dv (v) 
B 
Substituting this into the RHS of (s), we obtain 


awa) =~ f [ix — 5 ut G] xt do (w) 


B 


Since u is a solution to the problem (a) through (c), then u is a solution to the problem 
(j) and (k), hence, by (j) and (w) 


bW,{u} = 0 (x) 
This completes the proof of (AA). 


Proof of (BB). To prove (BB), we assume that (n) is satisfied for every U € U. Selecting u 
to be an arbitrary function on B x [0, 00) that vanishes near 0B, it follows from (w) that 


[limon -Sutc]sadv=0 (y) 
C 
B 


Therefore, by an extension of the Fundamental Lemma of the calculus of variations, we 
obtain 


1 
i*(V'u)— Gu=—G on B x [0, 0) (z) 


This equation together with the fact that u € U implies that (j) and (k) are satisfied, 
which means that u is a solution to the problem (a) through (c). 
This completes the solution. 
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Note: The functional W,{-} is an analog of a functional W{-} that appears in a variational 
principle for the Dirichlet problem: 
Find u = u(x) that satisfies Poisson’s equation 


Vu=-—-F onB (6.2.31) 
and the boundary condition 
u=u ondB (6.2.32) 


where F and @ are prescribed functions. In this case W{-} takes the form 


Wu} = ; fic - (Vu) — 2Fu] dv (6.2.33) 
B 


and the domain of W{-} is a set of functions that satisfy the boundary condition 6.2.32. 
Thus, both the form and the domain of the functionals W,{-} and W{-} are similar. 

The functional W{-} is of the type used in a variational characterization of the deflection 
of an elastic membrane [3]. 


Example 6.2.3 


The displacement initial-boundary value problem of longitudinal waves in a thin rod in 
which the lateral inertial effects are taken into account is described by the differential 
equation [see Equation (y) in Example 6.1.3 in which v?k?/c? = H?] 


Jao (1S) - wafer zo on [0, L] x [0, 00) (a) 
the initial conditions 
u(x, 0) = U(x), U(x, 0) = U(x) on [0, L] (b) 
and the boundary conditions 
u(0,t) =f(t), u(l,t =g() on [0, 00) (c) 


Here, u=u(x, f) is a displacement of the rod in the x direction; b = b(x, t), Uo(x), Uo(X), 
f(t), and g(t) are prescribed functions; and H, E, and c are positive constants. 

Let U be the set of allt functions u = u(x, ft) on [0, L] x [0, co) that satisfy the boundary 
conditions (c). Let = bt, t) be the function on [0, L] x [0, 00) defined by 


~ 


- me ene: E t 
OG) Sem SI ee ip Uo C08 7 + Hi sin 5 


t t 
— E( u% cos — + Hu’ sin — d 
(uicos usin ) (d) 
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where x is the convolution product on the t axis, and ” = d’/dx’. Define a functional 
W.{-} on U by 
wawi= {3 ue +5 _ (ux asin 4 «uxu) Bau dx 
for every ue U (e) 
Show that 
5W,{u} = 0 (f) 


at a particular u € U if and only if u is a solution to the problem (a) through (c). 


Solution 


By applying the Laplace transform to Equation (a) and using the initial conditions (b) we 
obtain 


2 


0°u a? ; p 
@| + H’ p= = H’ => (puo + Uo) = e 


b 


Sl : 
u+ a2 (uo + Uo) + 


where a bar over a function denotes the Laplace transform of the function with respect 
to time, and p is the transform parameter. Next, by dividing Equation (g) by (1 + H’p*) 
we arrive at 


0°u 1 1 7 
U 
0x2 c?H? H? (p? + 1/H?) 


1 b 1 _puotto pp putin | _ 9 é) 
Se (Oe Sea ad et Ne Sac oP (p? + 1/H*) 

Since 
“s 1 _ ¢ # p t . 
(A). ee eine od eh aa 
Lari) pine} =H 


where L~' stands for the inverse Laplace transform, therefore, applying the operator L7! 
to Equation (h) and using the convolution theorem we find that the problem (a) through 
(c) is equivalent to the following one: Find a function u = u(x, t) on [0, L] x [0, oo) that 
satisfies the integro-differential equation 


vu 1 1 ¢ b 
ox? 2H (« 7 sin 7 * u) + Ea O on[0,L] x [0, co) (j) 


subject to the boundary conditions 
uO, =f(0, ul, =g() on [0, 00) (k) 


where b is given by Equation (d). 
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As a result, it is sufficient to show that the condition (f) is equivalent to Equations (j) 
through (k). To this end we compute the first variation of the functional W,{-} and get 


sui) = ff Bee te (ue Fs nud) — 20a] (I) 
\ | Ox Ax C7 HP H H E 
Since ue Uandu+au € U for every scalar @, then 

u(O, t) = u(L, t) =0 on [0, 0) (m) 
Hence, integrating by parts the first term under the integral (I) and using (m) we arrive at 


P a8 
a? 1 1. ¢ bl 27 
bW,{u} = i) E Ep (u 7 sin 7 * u) + | * U dx (n) 


0 


Since U is an arbitrary function belonging to U subject to the conditions (m), by an exten- 
sion of the Fundamental Lemma of the calculus of variations involving the convolution 
product, the relation (f), in which the LHS is given by (n), is equivalent to Equations (j) 
through (k). This completes the solution. 


6.2.2 DYNAMICAL PRINCIPLES WITHOUT COUNTERPARTS IN ELASTOSTATICS 


It was shown in Section 4.2.4 on formulation of initial-boundary value problems that a 
mixed problem of elastodynamics may be formulated in terms of stresses only. This implies 
that a single stress equation subject to boundary conditions in terms of stresses is necessary 
and sufficient for obtaining a solution to the mixed problem, see Theorem 3 of Section 
4.2.4. Since the dynamic stress problem has no counterpart in elastostatics, therefore, the 
variational principles associated with the dynamic stress problem, which we are to discuss 
in this Section, also do not have counterparts in elastostatics. 


(S 1) Principle of Gurtin. Let L denote the set of all admissible stress fields S on B x [0, 00).* 
Let A,{.} be the functional on L defined by 


A,{S} = ; fio ix (divS) x (divS) + S * K[S] — 2S * V(p7! f)} du 
B 
+ J [(o | f —0) *s] da+ i [o | ix (S—s) x (divS)] da (6.2.34) 
aBy aBy 
Then, 
6A{S}=0 fort>0 (6.2.35) 


at S € Lif and only if S corresponds to a solution to the mixed problem. 


Proof. We take two arbitrary elements S and Ss belonging to L. Then S + oS € L for every 
scalar w. Calculating the value of the functional A,{-} at S + wS we obtain 


* By the set of all admissible stress fields S = S(x,t) on B x [0,00) we mean a set of all smooth symmetric 
second-order tensor fields. 
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~ 1 ~ ~ 
A{S + oS} = 5 J fon ix (divS + wdivS) « (divS + wdivS) 
B 


+ (S+ oS) * K[S + oS] —2(S+ WS) * V(p-! f)} dv 
+ | [(o' £-@) * (6 + @8)] da 


aBy 


fe flo" i * (S— 8 — wS) * (divS + wdivS)] da (6.2.36) 


0Bo 


Differentiation of Equation 6.2.36 with respect to w and using the symmetry of K yields 


d ~ 


= ie {| i (div S) * (divS) 
w=0 B 


+8 K[S] —S%V(p' f)} du Jo f —) *3da 
aBy 
fs f p-! ix [8 (ivS) + (@—s) * (divS)] da (6.2.37) 
dBy 


Now, by the divergence theorem and using index notation we arrive at 


fo i* (divS) * (div) dv= i *(p7! divS) x (divS) dv 
B 


B 


1 (0! Sixt) * (Si) dv 


1x [(07 Six * Si) , _ (07'Sik) , * Si] dv 


B 


= fix 0 Sixt * S; da — fix (0 ' Sixx) i * Si dv 
OB B 
= il ix p | (divS) *S da+ [ae (divS) «8 da 


aBy aBo 


2 fix Vip! divS) «S dv (6.2.38) 
B 


Substituting Equation 6.2.38 into Equation 6.2.37 we get 


5sA{S} = — | {Von 'li* (divS) +f] — KIS]} *S dv 
B 
+ J p'[ix (divS) — p+ f] *Sda 
aBy 
+ [ plix @—s)« div8) da (6.2.39) 


0B2 
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Hence, to complete the proof we need to show that: 
(a) If S corresponds to a solution to the mixed problem then 
dgA,{S} = 5A,{S} = 0 (6.2.40) 


(b) If Equation 6.2.40 holds true for every S € LthenS corresponds to a solution to 
the mixed problem. 


Proof of (a). Since S corresponds to a solution to the mixed problem, then by Theorem 3, 
Equations 4.2.127 through 4.2.129, we obtain Equation 6.2.40. This completes the proof 
of (a). 


Proof of (b). Since Equation 6.2.40 holds true for every S € L, we select first $ as an 
arbitrary symmetric second-order tensor field on B x [0, 00) that vanishes near 0B. Then, 
from Equations 6.2.39 and 6.2.40 we obtain 


J {Vo-'léx GivS) +f] — KIS]} «8 dv=0 (6.2.41) 


B 


Hence, by an extension of the Fundamental Lemma of the calculus of variations 
Voix (divS) + f]—K[S]=0 onB x [0,00) (6.2.42) 


Next, if we select § to be an arbitrary symmetric tensor field on B x [0, 00) that vanishes 
near 0B), then in view of Equations 6.2.39, 6.2.40, and 6.2.42 we write 


J [o-! ix (divS) —@+ p7! f] ¥Fda =0 (6.2.43) 


aBy 


and this, together with an extension of the Fundamental Lemma of the calculus of variations, 
leads to 


p ‘fix (divS)+f]=U on dB, x [0, 0) (6.2.44) 


Finally, if we select S to be an arbitrary symmetric tensor field on B x [0, 00) that vanishes 
near 0B,, then from Equations 6.2.39, 6.2.40, 6.2.42, and 6.2.44 we obtain 


f pix (S—s) * (divS) da=0 (6.2.45) 


dBy 
Hence, by an extension of the Fundamental Lemma of the calculus of variations, we get 
s=S ondB x [0,0) (6.2.46) 


Therefore, by Theorem 3 of Section 4.2.4, S corresponds to a solution to the mixed problem. 
This completes the proof of (b) and of the (S 1) principle. 
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The next variational principle will be restricted to the case of a traction boundary value 
problem. In connection with this, we introduce a concept of a dynamically admissible stress 
field. 

By adynamically admissible stress field we mean a symmetric second-order tensor field 
S on B x [0, 00) that satisfies the traction boundary condition 

s=Sn=s on 0B x [0,0) (6.2.47) 


(S 2) Principle of Gurtin. Let M denote the set of all dynamically admissible stress fields 
on B x [0, oo), and let B,{-} be the functional on M defined by 


B,{S} = ; i {p-! ix (divS) * divS) +S *K[S]—2S*V(p'f)} du (6.2.48) 
B 


for every t > 0. Then, 
dB {S} =0 (6.2.49) 


at a particular S € M if and only if S corresponds to a solution to the traction problem. 


Proof: LetS €¢ M and S € M. Then 
S+aS eM for every scalar w (6.2.50) 
and this implies that 
$=Sn=0 ondB x [0,00) (6.2.51) 


Computing the value of B,{-} at S + wS we obtain 
B{S + wS} = ; J {o-' ix [(divS) + @ (div§)] * [(div S) + @ (div $)] 
B 


+(S +S) *K[S+S]—2(S+oS)*V(p'f)} dv (6.2.52) 


Differentiating Equation 6.2.52 with respect to w, putting w = 0, and using the symmetry 
of K, we obtain 


d 2 
dB, {S} = We B{S + oS} 


a=0 


= | {p' ix GdivS) » (divS)+S*k[S]-S*V(o"'f)} dv (6.2.53) 
B 


This equation, together with Equation 6.2.38 and the boundary condition 6.2.51, 
implies that 


5sB,{S} = — f Vo! [ix (divS) +f] — Kis!| &S dv (6.2.54) 


B 
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Obviously, the condition 
5gB,{S} = 5B,{S} = 0 (6.2.55) 


is satisfied at a particular S € M if and only if S is the stress field corresponding to a solution 
to the traction problem. This observation is based on steps similar to those presented in the 
proof of the (S 1) principle. Therefore, the proof of the (S 2) principle is completed. 


Notes: 


(1) We observe that the (S 1) principle and the (S 2) principle characterize the stress 
field corresponding to a solution to an initial-boundary value problem of classical 
elastodynamics in which initial data are imposed on the displacement and velocity 
fields. 

(2) Since the domain of the (S 1) principle consists of arbitrary symmetric second- 
order tensor fields that are not required to satisfy any initial or boundary conditions, 
it may be attractive in the analysis of wave propagation in various engineering 
structures, such as bars, plates, and shells. 


We will now present a variational principle in terms of stresses that covers a traction 
boundary value problem of a noncompatible elastodynamics, that is, elastodynamics of a 
body with continuously distributed defects. 

Before formulating the principle we formulate the traction problem of noncompatible 
elastodynamics, see Theorem 2 of Section 4.2.5. Find a symmetric second-order tensor 
field S = S(x, f) on B x [0, 00) that satisfies the field equation 


V [7 | (divS)] —K[S] =—B_ B x [0, 00) (6.2.56) 
subject to the initial conditions 

S(x,0) =So(x), S(x,0) =S)(x), xeB (6.2.57) 
and the boundary condition 


s=Sn=s on 0B x [0,o) (6.2.58) 


Here Sy and Sp are arbitrary symmetric tensor fields on B, and B is a prescribed symmetric 
tensor field on B x [0,00). Moreover, p, K, ands have the same meaning as in classical 
elastodynamics. We note that the problem is equivalent to the following one: Find a 
symmetric second-order tensor field S = S(x, t) on B x [0, 00) that satisfies the integro- 
differential equation 


V po! [ix (divS)] — K[S] =—B  onB x [0, 00) (6.2.59) 
subject to the condition 


s=Sn=s on 0B x [0,o) (6.2.60) 
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where 
B=-i*B+K[S, +18] (6.2.61) 


Now we are in a position to formulate the following variational principle: 


(S 3) Principle of Incompatible Elastodynamics. Let N denote the set of all symmetric 
second order stress fields on B x [0, 00) that satisfy the traction boundary condition 6.2.60. 
Let C,{.} be the functional on N defined by 


C{S} = ; if {p~| ix (divS) * (divS) + S x K[S] — 2S x B} dv (6.2.62) 
B 


Then 
dC {S} = 0 (6.2.63) 


at a particular S € N, if and only if S is a solution to the traction problem described by 
Equations 6.2.56 through 6.2.58. 

The proof of the (S 3) principle is similar to that of the (S 2) principle, and will not be 
given here. 


Notes: 


(1) If the fields B, So, and So are suitably restricted, that is, Equations 6.2.56 through 
6.2.58 reduce to those of a traction problem of classical elastodynamics, then the 
(S 3) principle becomes the (S 2) principle. 

(2) When the fields B, So, and Sy are arbitrarily prescribed, the (S 3) principle may be 
useful in the study of elastic waves in bodies with various types of defects. 


Example 6.2.4 
A pure stress initial-boundary value problem of two-dimensional elastodynamics for a 


homogeneous isotropic body Cp subject to plane-strain conditions is described by the 
equation (see Example 8.2.3 with b, = 0 ands, = 0) 


Svarv,vp) = oa (Sup = VS, Sap) =0O on Co x (O, oo) (a) 


the initial conditions 
Sap(X,0) = SOO,  Sap(x,0) = SY(X) on Co (b) 
and the boundary condition 
SagNg =O On dC x (0, 00) (c) 


Here, Sus = S.s(x,t) represents a two-dimensional stress wave produced by the initial 
tensor fields Sf and S¥} on Co; p, 4, and v denote the density, shear modulus, and 
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Poisson’s ratio, respectively; and n, is a unit outward normal vector field on dC (a, B = 
1,2). Let S be the set of all symmetric second-order tensor fields $.4 on Co x [0, oo) that 
satisfy the boundary condition (c). Define a functional &,{-} on S by 


1 t 1 
Le{Sog} = 2) {= * Sup, p * Say + Qu (Sup = VS 758) * Sop 
1 ; : 
= [(Sup + t50p) — v (S® + 05°) dug] * S| da (d) 
Show that 


SE{Sup} = 0 (e) 


ata particular S,, € S if and only if S,, isa solution to the traction problem (a) through (c). 


Solution 

First, we replace Equations (a) through (c) by the single integro-differential equation 
iG as Bae. (20) 

2u cod vy e 2u ap ap 

—v (S + t5) 8,5] on Cy x [0, 00) (f) 


t 
p * Stay.yB) ~ 


subject to the condition 
SupNg =0 on dCo x [O, oo) (g) 
Next, we take Sug € S and Sug + @Sag € & for every scalar w, and find that 


SupNg =0 on dCo x [O, oo) (h) 


Finally, computing the first variation of &,{-}, by virtue of the divergence theorem and 
(h), we arrive at 


d oe 
bUi{ Sug} = doo uta oh OS ap} 


o=0 
t 1 
= J rp * Siay,yp) + pO — VS,1dap) 


1 ; a 
=F [(589 +859) — v (50 +8) sl} reer | 


= 


o 


Hence, it follows from (i) that (e) is satisfied if and only if S., is a solution to Equations (f 
and (g). This completes the solution. 
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In closing this section, we note that the convolutional variational principles (G 1), (G 2), 
(S 1), 2), and (S 3) were obtained under the assumption that the data and corresponding 
solutions are sufficiently smooth functions of both space and time variables. This means that 
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an analysis of elastic waves in a body subject to discontinuous data, such as a mechanical 
shock, cannot be covered by these principles. An extension of the principles to include 
discontinuous loadings, bodies with corners, edges, and cracks may constitute a subject of 
a separate study. 

As far as the (S 3) principle is concerned, we want to emphasize that it may be useful in 
solving practical problems of wave propagation in elastic bodies with smoothly distributed 
defects, in particular, smoothly distributed initial stress velocity fields. An infinite plane 
with an elliptical hole, containing continuously distributed defects, could be a subject of a 
separate study. 


PROBLEMS 


6.1 A symmetrical elastic beam of flexural rigidity E7, density p, and length L is acted 
upon by: (i) the transverse force F = F(x, t), (ii) the end shear forces Vp and V;, and 
(iii) the end bending moments Mp and M, shown in Figure P6.1. 
The strain energy of the beam is 


L 
1 
FQ) =5 es (uf)? de, (a) 
the kinetic energy of the beam is 
1 L 
KW) = 5 J pliin)?dx; (b) 


and the energy of external forces is 
L 
Vi) = — | Fund; + Vour(0, 1) + Mott,0,1) — Vitn(L,t) —Miw(L,1)— (o) 
0 


where the prime denotes differentiation with respect to x. 
Let U be the set of functions uz = u(x, t) that satisfy the conditions 


U2 (X1,t1) = U(X), Ua (%1, 2) = V(X) (d) 


F (x, 0) 


Vo Vi 


me boa, 


FIGURE P6.1 
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where f, and f, are two arbitrary points on the f-axis (0 < hi < to), and u(x,) and 
v(x,) are prescribed functions on [0, L]. Define a functional K{-} on U by 


19 
Riu} = [IFO +VO — Klar (©) 


fy, 
Show that 
5K{ur} = 0 (f) 
if and only if u, satisfies the equation of motion 
(Elus)" + piix = F on [0,L] x [0, 00) (g) 


and the boundary conditions 


[ (Elu3)'](0,t) = —Vo on [0, 00) (h) 
[(Elu;)] (0,t) = Mo on [0, 00) (i) 
[(Elu3)'|(L,.) =—Vz_ on [0, 00) (j) 
[ (Elu;) | (Lt) = Mz, on [0, 00) (k) 


The field equation (g) and boundary conditions (h) through (k) describe flexural waves 
in the beam. 

6.2 A thin elastic membrane of uniform area density /— is stretched to a uniform tension 
T over a region Cy of the x,x, plane. The membrane is subject to a vertical load 
f =f (x,t) on Cp x [0, co) and the initial conditions 


u(x,0) = u(x), u(x,0) = u(x) forx € Cp 


where 
u = U(x, f) is a vertical deflection of the membrane on Cy x [0, 00) 
ug(x) and u(x) are prescribed functions on Cp 


Also, u = u(x,t) on Cp x [0, 00) is represented by a given function g = g(x, f). 
The strain energy of the membrane is 


n~ 


Fo= J tattada (a) 


Co 


The kinetic energy of the membrane is 


K() = [Pda (b) 
Co 
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6.3 


The external load energy is 


VO =— | fuda (c) 
Co 


Let U be the set of functions u = u(x,t) on Co x [0, oo) that satisfy the conditions 
u(X,t;) =a(x), u(%&h)=bK) xECG (d) 
and 
u(x,t) = g(x,t) on dCy x [0, 00) (e) 


where f, and t, have the same meaning as in Problem 6.1, and a(x) and b(x) are 
prescribed functions on Cp. Define a functional K{-} on U by 
1 
Riu} = [IFO + Vo) — Klar (f) 
aT 
Show that the condition 


dK{u} =0 onU (g) 


implies the wave equation 


(v- 555) =-% on Cy x [0, 00) (h) 


|T 
CHa (i) 
p 


Note that (T] = [Force x L~'], [0] = [Density x L], [c] = [LT~'], where L and T 
are the length and time units, respectively. 

Transverse waves propagating in a thin elastic membrane are described by the field 
equation (see Problem 6.2) 


where 


(v- 555) u=-% on Cy x [0, co) (a) 
the initial conditions 


u(x,0) = u(x), u(x,0) = u(x) onCo (b) 


6.4 
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and the boundary condition 
u(x, t) = a(x, t) on dCo x [0, 00) (c) 


Let U be a set of functions u=u(x,t) on Co x [0,00) that satisfy the boundary 
condition (c). Define a functional F;{-} on U in such a way that 


5F,{u} = 0 (d) 


if and only if u=u(x,?) is a solution to the initial-boundary value problem (a) 
through (c). 

A homogeneous isotropic thin elastic plate defined over a region Co of x)x2 plane, 
and clamped on its boundary dCo, is subject to a transverse load p = p(x,t) on 
Co x [0, 00). The strain energy of the plate is 


FQ) = 5 [waa (a) 


Co 


The kinetic energy of the plate is 


Ree ere 
Ki) = 5° w’da (b) 
Co 
The external load energy is 
VO=- { pw da (c) 
Co 


Here, w = w(x,f) is a transverse deflection of the plate on Cy x [0,00), D is the 
bending rigidity of the plate (LD] = [Force x Length]), and f is the area density of 
the plate ([p] = [Density x Length]). 

Let W be the set of functions w = w(x, f) on Co x [0, oo) that satisfy the conditions 


w(x, ty) = a(x), w(x, ty) — b(x) (d) 
and 
w=0, gt on dC x [0, oo) (e) 
on 


where t;, t2, a(x), and b(x) have the same meaning as in Problem 6.2 and 0/dn is the 
normal derivative on 0Cy. Define a functional K{-} on W by 


i) 
Riw} = [tPF + VO) — KOjat (f) 


a 
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6.5 


6.6 


Show that 
sK{w}=0 onW (g) 
if and only if w = w(x, f) satisfies the differential equation 


V2V2w + = a = = on Cy x [0, 00) (h) 


and the boundary conditions 


, 
w= = =0 on 9Cy x [0, 00) (i) 
n 


Transverse waves propagating in a clamped thin elastic plate are described by the 
equations (see Problem 6.4) 


~ 92 
VVew + 5 a = 5 on Cy x [0, co) (a) 
w(x, 0) — Wo(X), w(x, 0) = Wo(x) on Co (b) 
and 
ow 
aoe ea on 0Cp x [0, 0) (c) 
n 


where w(x) and wo(x) are prescribed functions. Let W* denote the set of functions 
w= w(x, t) that satisfy the homogeneous boundary conditions (c). Find a functional 
F,{-} on W* with the property that 

SF Aw} =0 onW* (d) 


if and only if w is a solution to the initial-boundary value problem (a) through (c). 
Free longitudinal vibrations of a bar are defined as solutions of the form 


u(x, t) = P(x) sin(wt + y) (a) 


to the homogeneous wave equation 


r) ou 07u 
E — =0 0,L 0, b 
Puna, © 


subject to one of the homogeneous boundary conditions 


u(0,t) = u(L,t) =O on [0, oo) (c) 
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or 
a j= ay a t)=0 on [0,00) (d) 
ax ox 


Here 
o is a circular frequency of vibrations 
y is a dimensionless constant 
¢ = $(x) is an unknown function that complies with Equations (b) and (c), or 
Equations (b) and (d) 


Substituting u = u(x, t) from Equation (a) into Equations (b) through (d) we obtain 


d do “ 
o (e +) +i¢=0 on/[0,L] (e) 
$0) = o(L) =0 (f) 
or 
¢'(0) = ¢'(L) =0 (g) 


where the prime stands for derivative with respect to x, and 
i= pw” (h) 
Therefore, introduction of (a) into (b) through (d) results in an eigenproblem in which 


an eigenfunction ¢ = (x) corresponding to an eigenvalue A is to be found. An 
eigenproblem that covers both boundary conditions (c) and (d) can be written as 


d dod = : 
Tk (e +) +iA¢d@=0 on [0,Z] (i) 
$'(0)-ap0)=0, '(L)+ BO(L) =0 @) 


where |a| + |B] > 0. Let U be the set of functions ¢ = @(x) on [0, L] that satisfy the 
boundary conditions (j). Define a functional z{-} on U by 


an do\* ? 
x{o} = sf [e(%2) — Ad Ja 
1 1 
f Os + sPEDe (L)]° (k) 


Show that 


ém{~} =O over U (1) 
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6.7 


6.8 


if and only if 6=@(x) is an eigenfunction corresponding to an eigenvalue A in the 
eigenproblem (i) and (j). 

Free lateral vibrations of a bar clamped at the end x = 0 and supported by a spring of 
stiffness k at the end x = L are defined as solutions of the form 


u(x,t) = P(x) sin(wt + y) (a) 


to the equation [see Problem 6.1, Equation (g) in which u2 = u, and F = 0] 


a? 07u 07u 
an (a) + Pxa =0 on [0,L] x [0, 00) (b) 
subject to the boundary conditions 
u(0,t) = u’(0,t) =O on [0, 00) (c) 
u'(L,t) =0, (Elu")'(L, t) — ku(L,t) = 0 on [0, 00) (d) 


Let p = const, and ) = pw’. Then the associated eigenproblem reads 


(Elp")’ — 246 =0 on [0,L] (e) 
$0) = $¢'(0) =0 (f) 
pL) =0, (EIg")(L) — ko (L) = 0 (g) 


Let V denote the set of functions ¢ = ¢ (x) on [0, L] that satisfy the boundary conditions 
(f) and (g). Define a functional z{-} on V by 


ad r N\2 1 2 d ( 2 
mio) = 5 | ENO ar + 7k leW) =o dx (h) 


Show that 
ém{d} =O over V (i) 


if and only if (A, @) is a solution to the eigenproblem (e) through (g). 
Show that the eigenvalues 4; and the eigenfunctions ¢; = ¢;(x) for the longitudinal 
vibrations of a uniform elastic bar having one end clamped and the other end free are 


given by the relations 
4, (Qi-Da |fE 
o; = | — = ——_,/- 
p 2L p 


ae 
$y(0) = sin So P19 0 SESE 


(See Problem 6.6.) 
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6.9 Show that the eigenvalues 4; and the eigenfunctions ¢; = @;(x) for the lateral 
vibrations of a uniform, simply supported beam are given by 


Xi ei EI 
Oj Vp Vp 


(x) = sin, i= 1,2,..,0<x<L 


(See Problem 6.1.) 
6.10 Show that the eigenvalues 4,,, and the eigenfunctions @(x,,X2) for the transversal 
vibrations of a rectangular membrane: 0 <x; < a, 0 <x) < qd, that is clamped on its 


boundary, are given by 
Ximn (“+ 
Onn = = 
+3) 


NITX2 
n —— 


Pn (%1,X2) = sin — m,n = 1,2,3,. 


ay a2 
O<x <a, O0<m<aQ 


(See Problem 6.2.) 

6.11 Show that the eigenvalues i,,,, and the eigenfunctions @m, = @mn(x1,x2) for the 
transversal vibrations of a thin elastic rectangular plate 
0 <x; < a, 0 < x2 < a that is simply supported on its boundary are given by the 


relations 
Ae . nm Ww D 
Onn =f = SW lara las 
p Qo a, p 
bc eS a 
a, ay 
O<x, <a, O0<m<m% 
(See Problem 6.4.) 
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Complete Solutions of 
Elasticity 


In this chapter, a number of general solutions of the homogeneous isotropic elastostatics and 
elastodynamics are presented. The general solutions to the displacement equation of equi- 
librium include (i) Boussinesq—Papkovitch—Neuber representation in terms of the potentials 
satisfying Poisson’s equations, and (ii) Boussinesq—Somigliana—Galerkin representation in 
terms of the potential satisfying a biharmonic equation; and it is shown that both solutions 
(i) and (ii) are complete in the sense that the potentials exist for any displacement that 
satisfies the displacement equation of equilibrium. For the displacement equation of homo- 
geneous isotropic elastodynamics, a complete Green—Lamé representation in terms of the 
potentials satisfying the wave equations, and a complete Cauchy—Kovalevski-Somigliana 
representation in terms of the vectorial potential satisfying a biwave equation, are discussed. 
The chapter also contains worked examples and end-of-chapter problems, including the one 
related to the stress equations of homogeneous isotropic elastodynamics for which a com- 
plete Galerkin-type tensor solution is to be obtained. As in the previous chapters, the 
solutions to problems are given in the Solutions Manual. 


7.1 COMPLETE SOLUTIONS OF ELASTOSTATICS 


In this section, we discuss general solutions of the displacement equation of equilibrium 
for a homogeneous isotropic elastic body. Such general solutions are useful in obtaining 
analytical solutions of elastostatic boundary value problems for bodies of simple geometries 
such as a semi-infinite space or an infinite layer. 

We recall the displacement equation of equilibrium for the homogeneous isotropic body 
subject to a body force b, in the form, see Equation (b) in Example 4.1.1, 


Vut 


b 
Vidivu) + —=0 (7.1.1) 
1—2v a 


A vector field u = u(x) on B that satisfies Equation 7.1.1 on B is called an elastic 
displacement field corresponding to b. With this definition we are to show that u can be 
expressed in terms of a vector field w and a scalar field g that satisfy vector and scalar 
Poisson’s equations, respectively, i.e., equations of lesser complexity than Equation 7.1.1. 
More precisely, we are to prove the following theorem: 


(T 1) Boussinesq—Papkovitch—Neuber Solution. Let 


1 
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where ¢ and w are fields on B that satisfy Poisson’s equations 


1 
Vwy=-——b (7.1.3) 
a2 
and 
5 1 
Vo=—x-b (7.1.4) 
iu 


Then u is an elastic displacement field corresponding to b. 


Proof. _Weneed to show that u given by Equation 7.1.2 satisfies Equation 7.1.1 provided w 
and ¢ satisfy Equations 7.1.3 and 7.1.4, respectively. To this end we rewrite Equations 7.1.1 
through 7.1.4 in components 


b; 
Ui kk + Ux + — =O (7.1.5) 
1—2v a 
= : (x)vp + ¢) (7.1.6) 
uj; = i A( — v) Xp Pp QP i ol. 
1 
Vim = —— 5; (7.1.7) 
LL 
1 
Dkk = m Dy (7.1.8) 
Next, since 
(Vp + 9), = SpiWp + XpWoi + Oi = Wit HpWoi + Oi (7.1.9) 
then Equation 7.1.6 may be rewritten as 
1 
u; = ——— [3 —4v)i — yi - 9] (7.1.10) 


4(1 — v) 


Differentiating Equation 7.1.10 with respect to x,, we get 


(3 —4v) Wie — Wei — XpVoie — Git | (7.1.11) 


Ui = 


1 
4d — v) | 


Differentiating Equation 7.1.11 we respect to x,, we obtain 


[3 — Av) Wis — 2Wiei — XpWoink — Pink | (7.1.12) 


Uikk = 


4(1 — v) 


So, by letting i = k in Equation 7.1.11, we receive 


2(1 — 2v) vy, — pp — ra (Jalal) 


Unk = 


1 
41 — v) | 
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Now, because of Equations 7.1.7 and 7.1.8, we write 
Dkk xX kk 197 7. . 4 
Prp PP 


and Equation 7.1.13 reduces to 


1—2v 


=oq=y (7.1.15) 


Uk, 


Also, by letting i = p in Equation 7.1.7 and differentiating the result with respect to ~;, 
we get 


1 
Wo kki So a by (7.1.16) 
(22 


and, by differentiating Equation 7.1.8 with respect to x;, we obtain 


(b; + xpbp,i) (7.1.17) 


Pkki = 


ele 


Hence, multiplying Equation 7.1.16 by x, and using Equation 7.1.17, we get 


1 
XpWokki + Oki = in b; (7.1.18) 


Substitution of Equations 7.1.7 and 7.1.18 into Equation 7.1.12 yields 


1 1 1 
Uikk = Al —v) E = a( - ~)o = i b= 2 


1 1 
ss [4a 7 v/ = ~)o = 2 (7.1.19) 


Now, it follows from Equations 7.1.15 and 7.1.19 that 


| b; 
Une —p— Wage + — =O (7.1.20) 
1—2v ia 


This completes the proof of the (T 1) Theorem. 


Example 7.1.1 


Show that a particular elastic displacement field corresponding to b is given by 
Equation 7.1.2 in which wy and ¢ are taken as 


yo=— f 2M guy) (a) 
B 
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and 


Spa cl y - bly) 
A slay J mye (b) 


Solution 


We use the fact that a solution of Poisson’s equation 
V’¢=-4rp onB (c) 


where p = ¢(x) is a known function on B and ¢ = $(x) is to be found, is given by the 
Newtonian potential 


= ply) 
(x) = J xy to (d) 


Hence, if w = w(x) and gy = g(x) are selected in the form of Newtonian potentials (a) 
and (b), respectively, then Equations 7.1.3 and 7.1.4 are satisfied, and Equation 7.1.2 
represents a particular solution to Equation 7.1.1. This completes the solution. 


Example 7.1.2 


Show that if b = Vh, where h is a known scalar-valued field on B, then a particular 
solution to Equation 7.1.1 may be taken in the form 


u=Vge onB (a) 


where g = g(x) is a solution to Poisson’s equation 


Solution 


We rewrite Equation 7.1.1 in the alternative form, see Equation (a) in Example 4.1.1, 
A+ ‘ 1 
Vu + — vidivu) + —b=0 (c) 
a b 


Substituting (a) into (c), and taking into account the fact that 


we arrive at 
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Hence, if g¢ = (x) is a solution to Poisson’s equation (b), u given by (a) satisfies (c). 
This completes the solution. 


Example 7.1.3 
Show that if the body force b takes the form 
b = curlk (a) 
where k = k(x) is a known vector field on B, then a vector field u of the form 
u=curle (b) 


satisfies Equation (c) in Example 7.1.2 provided 


1 
V-o=—— k (c) 
im 


Solution 


Equation (b) written in components takes the form 


Uj = jee, j (d) 
Hence 
Uj; = €jxOK, ji = O (e) 
or 
div(curl w) = 0 (f) 


Substituting (b) into (c) of Example 7.1.2, and using (a), (c), and (f), we receive 


Xr 1 1 1 
Vut+ ene V(divu) + — b = curl V’?w + — curlk = curl (v0 +— k) =0 jg) 
lL in in in 


This completes the solution. 


Note: A combination of the particular solutions (a) of Example 7.1.2 and (b) of Example 
7.1.3 leads to the following conclusion: 
If the body force field b is represented by 


b = Vh+curlk (7.1.21) 


where /: and k are prescribed fields on B, then a particular solution u of the displacement 
equation of equilibrium (c) in Example 7.1.2 may be taken in the form 


u= Vg +curl@ (7.1.22) 
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where ¢ and @ are, respectively, particular solutions to Poisson’s equations 


1 
Vo=-— h 7.1.23 
Qs a oR were 
and 
‘ 1 
V’o = ——k (7.1.24) 
pL 


Example 7.1.4 


Let b‘” denote a concentrated body force acting at the origin of the coordinate system in 
the direction of the x, axis in an infinite elastic body. Such a force can be represented by 


Bi? (x) = 6:18 (x) (a) 
where 
8(X) = d(x) 5(Xp) 5(X3) (b) 
and 6(x;), i= 1,2,3, is a one-dimensional Dirac delta function, and 5,, i,k = 1, 2,3, is 
the Kronecker symbol. 
Find an elastic displacement field corresponding to b‘”. 


Solution 


We use the result of Example 7.1.1 to solve this problem. Equations (a) and (b) in 
Example 7.1.1 written in components and specified to an infinite isotropic body, and to 
the body force given by (a) and (b) of this example, take the form 


ee 615(y) 
#0 = a0 | eay OO (c) 
and 
= 1 di Vid (Y) 
9X) =F J ear (d) 


Using the filtering properties of the Dirac delta function 


if f(x — y) &(y) dy = f(x) (e) 
and 


ioe} 


i F(x) 8(x) dx = f(0) (f) 


—0oO 
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we find from (c) and (d) 


— 1 & 
Wi(x) = aca ix x #0 (g) 
g(x) =0 (h) 


The latter equation (h) follows from the property (f) applied to the triple integral (d), 
which then takes the form 


6 
g(x) = ——— ma Jw (v1) Is er e02) oe | dy, (i) 
Since 
rc Ue) _ 1 . 
ie ereris WN = Te yh ae tT? is 


therefore, (i) reduces to 


ii yid(y1)dy1 
Amu 2 [1 — yi)? +xz + xg)? 


g(x) = 


and using (f), we arrive at (h). 
Hence, if we substitute w(x) given by (g) and g(x) = 0 into Equation 7.1.6 we arrive 


at 
1 1 Oi 1 Xy 
u? = — = 
= Wi - aa —v) (XpVp),i = Areas E A(1 — v) (*)| " 


Now, we introduce the notation 


r= |x| (m) 


and we note that 


and reduce (I) to 


1 1 X1Xj 
p= 3 —4v)8, + 
"Tern —v) 7 [ Me | o 


This completes the solution. 
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Notes: 


(1) If for the fixed k (k = 1, 2,3), an infinite elastic body is loaded by a concentrated 
body force b of the form 


b® = 545(x) (7.1.25) 
then an elastic displacement field u\ corresponding to b is given by 


@ 1 1 


XjiXk 
us) = ——______ — 
: l6éxu(l—v) r 2 


c — 4v)bix + (7.1.26) 


r 


(2) Equation 7.1.26 represents a symmetric second-order tensor field. If this tensor is 
denoted by U, then 


Moreover, if £ is a constant concentrated force acting at x = 0 in an arbitrary 
direction (see Figure 7.1), then an elastic displacement u corresponding to @ is 
given by 

u=U¢ (7.1.28) 
or, in components, 

uj; = Ujjl; (7.1.29) 
Since [Uj] = [Stress | x Length], and [/;] = [Force], therefore [u;] = [Length]. 


(3) If £ is a concentrated force acting at an arbitrary point & in an infinite body, then 
Equation 7.1.28, with arguments shown in explicit form, is 


u(x, €) = U(x, )£ (7.1.30) 


al 


FIGURE 7.1 Displacement u in an infinite elastic body at point x due to force @ acting at the 
origin. 
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where 


1 
l6xu(1—v) R 


U(, &) = E —4v)1+ (7.1.31) 


ee 
R2 
with 

R=\|x-&| (7.1.32) 


and we recall that 1 is the unit tensor and @ denotes the tensor product of two 
vectors. The solution 7.1.30 through 7.1.32 is due to Kelvin [1]. 


Example 7.1.5 


Show that the stress tensor S; corresponding to the displacement u; given by 
Equation 7.1.6 takes the form 


2 
Tea [C1 — 20) (Wi) + Yiu) + 2v8 ii — XeVey — G5] (a) 


Solution 
The stress tensor S; for a homogeneous isotropic body is given by Equation 4.1.9 
Si = (Ui, + Ui) + AUK Sy (b) 


Since, see the table of relations between elasticity constants provided in the front matter, 


2 
pae=Ee (9) 
1—2v 
we may rewrite (b) as 
1 v 
Si = Qu 5 ii + Uji) + T_2v Ug Koz (d) 
Now, from Equation 7.1.11, 
Uj, = ACh). [3 — 4v) Wij — Wi — XpVp,yi — Gi] (e) 
and from Equation 7.1.15 
1—2v 
f 
Ukk 21 v) Wk k ) 


Substitution of (e) and (f) into (d) yields (a). This completes the solution. 
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Note: Equation (a) may be used to obtain a representation of the traction vector s; = Sjn; 
on the boundary 0B of the body B in terms of the functions w; and g. 

We present now a heuristic method of obtaining another general solution to the dis- 
placement equation of equilibrium, Equation 7.1.1. This solution is called the Boussinesq— 
Somigliana—Galerkin solution. To this end we note that the displacement equation of 
equilibrium, Equation 7.1.1, written in components is, see Equation 7.1.5, 


2 eee 
Vu; + aug = (7.1.33) 
in 


where 


1 


a= —— 
1—2v 


(7.1.34) 


Equation 7.1.33 may be rewritten in the operator form 


i 


L,u; = —— (7.1.35) 
ye) LL 
where 
Li = 5V° + a0;0; (7.1.36) 
with 
7) 
= — 7.1.37 
aE ( ) 


We note that the L;; operator is a3 x 3 symmetric matrix differential operator, with elements 
being linear combinations of second order partial derivative operators. Equation 7.1.35 may 
be treated as a system of linear algebraic equations with w,, uv, and u3 as unknowns. Treating 
L, as numbers, and assuming that b,, by, and b3 are known, by Cramer’s rule we obtain 


Wi 
ee 7.1.38 
“= ( ) 
where 
Li Ly2 Ly 
W= Ly, La L43 (7.1.39) 
L531 L32 L33 
and 
b, 
——) Lig Lg 
(22 
b 
W, —=— | La L33 (7.1.40) 
(22 
b; 
ood ee L32 L33 
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b 
Ly -— Ly 
bb 
b, 
W,= L, Too L3 (7.1.41) 
LL 
b; 
L; — L33 
LL 
b, 
Lg, Ej = 
lL 
bo 
W3= |Lu Ly -— (7.1.42) 
lL 
b; 
L; L39 Ta, or 
bw 


We rewrite Equation 7.1.39 as 
Vv? + ao? a0 07 ao,03 
W= aod,0> Vv? + aa; 003 (7.1.43) 
0301 030 Vv? + adz 
Expanding the determinant W, we obtain 


W=(1+avvv (7.1.44) 


Now, we introduce the notation 

bj 

— (7.1.45) 
UL 


Then, for u,; we obtain 
fi Lo Lis fi 40405 a0} 03 
w= |fr Lx Lsl=|fr V? +ad3 G0203 (7.1.46) 
fp Ls Ll |fp  a030. V? +403 
Expanding the determinant on the RHS of Equation 7.1.46 we get 
uy = VV"; + aV* asf; + aV* asf; — aV’ A, dof _ aVd301f3 
= (1+ aV’V’f, — ad, V? (dif, + ofr + dafs) (7.1.47) 
The latter formula may be presented as 
uy = (1 +a)V°V*f, — a9,(V7f,) (7.1.48) 
Similarly, we write uv. and u3 in the form 


UW = (1+ a)V?V*fy — ad(V7f,) (7.1.49) 


U3; = (1 +a)V’°V*f; — ad30;(V7f,) (7.1.50) 
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In direct notation, 
u = (1+ a)V°(V’f) — aV[div(V’f)] (7.1.51) 
Now, if we introduce a new field g by the formula 
(l+a)V°f=¢ (7.1.52) 


then using Equations 7.1.34, 7.1.45, and 7.1.51 we arrive at 


1 
— V2o _— ; 
u= V°g wy V (div g) (7.1.53) 


where 
V-V’*e = —— (7.1.54) 


Note that Equation 7.1.54 is found from Equation 7.1.45 by multiplying Equation 7.1.45 
by W and using Equations 7.1.44 and 7.1.52. 

The displacement field u given by the formulas 7.1.53 and 7.1.54 is called the 
Boussinesq—Somigliana—Galerkin solution. 

The heuristic method used in obtaining the solution 7.1.53 and 7.1.54 is formal, as it 
contains a number of rational functions with arguments being differential operators, see 
Equation 7.1.45. The result, however, makes sense, and this is proved in the following 
theorem: 


(T 2) Boussinesq—Somigliana—Galerkin Solution. Let u be a vector field given by, see 
Equations 7.1.53 and 7.1.54, 


1 
— V25 — ; 
u= V‘g Tw V (div g) (7.1.55) 


where 
202 b 
VVg=-- (7.1.56) 
LL 


Then u is an elastic displacement field corresponding to b. 
Proof. Equations 7.1.55 and 7.1.56 in components read, respectively, 


1 


rae i 7.1.57 
2(1 — v) 8k k ( ) 


Ui = Bi,kk — 


b; 
Sikkll = (7.1.58) 
LL 


Complete Solutions of Elasticity 349 


We need to show that u; given by Equations 7.1.57 and 7.1.58 satisfies the equation, see 
Equation 7.1.5, 


1 b; 
Uikk + ——— Une + — = 0 (7.1.59) 
1—2v LL 


In order to do so, we substitute Equation 7.1.57 into Equation 7.1.59, use Equation 7.1.58, 
and obtain 


1 1 1 b, 
ikki — —————. 2 ki ——— — ——_ —=0 7.1.60 
Sikkil 21 —v) Sk kilt + 1_» eu iw es a 7 ( ) 


L 
ry 


This completes the proof of the (T 2) theorem. 


Note: The heuristic method that led to the (T 2) theorem is useful in obtaining an analogous 
solution of the displacement equation of motion. Such a solution will be discussed in 
Section 7.2. 


Example 7.1.6 


Show that the stress tensor field $; related to the Boussinesq-Somigliana—Galerkin 
solution given by Equations 7.1.57 and 7.1.58, takes the form 


1 
Si = Hg. + Sjikk + — (V8 58iK — 7) (a) 


l-v 


Solution 


From (d) in Example 7.1.5 we write 


2v 
Sj = (a + Uji T_2p 1110) (b) 
Calculating u,, from Equation 7.1.57 we obtain 
1-—2v () 
U = = ii Cc 
kk can 8k k 


Substituting Equations 7.1.57 and (c) into (b) we arrive at (a). 
This completes the solution. oO 


The displacement representations given in the (T 1) and (T 2) theorems allow us to 
solve boundary value problems of elastostatics in terms of auxiliary functions that satisfy 
the equations of well-known types, such as Poisson’s equation or a nonhomogeneous 
biharmonic equation. A question arises as to what extent the representations are complete. 
We say that a representation for the displacement u expressed in terms of auxiliary functions 
is complete if these auxiliary functions exist for any u that satisfies the displacement 
equation of equilibrium. In particular, in the (T 1) theorem the representation for u is given 
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by Equation 7.1.2, and the auxiliary functions are g and yw. In the (T 2) theorem, the 
representation for u is given by Equation 7.1.55, and the auxiliary function is g. 

In the following theorem, we prove that the two representations discussed in the (T 1) 
and (T 2) theorems are complete in the stated sense. 


(T 3) Completeness of the Boussinesq—Papkovich-Neuber and the Boussinesq— 
Somigliana—Galerkin Representations. Let u be a solution to the displacement equation 
of equilibrium with the body force b. Then there exists a field g on B that satisfies Equa- 
tions 7.1.55 and 7.1.56. Also, there exist fields g and w that satisfy Equations 7.1.2 
through 7.1.4. 


Proof: To prove the first part of this theorem, that the representation 7.1.55 and 7.1.56 is 
complete, we rewrite Equation 7.1.55 in the form 


nm 


b 
Vv? V (di —=0 7.1.61 
8+ 755 Vidive) +7 (7.1.61) 
where 
dD 
—=-u (7.1.62) 
ia 
and 
i : oe (7.1.63) 
=— or vr=-=—--—-v od. 
1-20 2(1 — v) 2 


Hence, there exists a field g satisfying Equation 7.1.61 in the form, see Equations 7.1.2 
through 7.1.4, 


ok 1 a 
= wv — — — V{x: @ 7.1.64 
$29 G7 VO) (7.1.64) 
where 

oe Pix 

Vy =——b (7.1.65) 
lw 

2~ 1 k 

V-o = — x-b (7.1.66) 
a 


The vector field g is given in an implicit form in terms of u, if w and @ are expressed in 
terms of the Newtonian potentials 


boy) 
Ix —y| 


1 


v(x) = An J 


duly) (7.1.67) 


and 


duly) (7.1.68) 
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To show that Equation 7.1.56 is satisfied we check that u given by Equation 7.1.55 
satisfies the relation 


Veut : V(divu) = V’V’g (7.1.69) 
i = A. 


= ZY 


This is easy to do if we write Equation 7.1.69 in components 


1 
= i= 8; 7.1.70 
i= Dy Uk, k Si,kkll ( ) 


Unk + 


Indeed, substituting u; given by Equation 7.1.57 into the LHS of Equation 7.1.70 we obtain 


1 1 1 
eu = 2(1— v) sui ‘ oe 1_2v eum =, 20 —v) sun] : 
= 1 i 1 (1 — 2v) = (7.1.71) 
= Si,kkll 20 — v) Sk klli 09-2 =) Sk klli = 8i,kkll wl. 


Now, since u is an elastic displacement corresponding to the body force b, then the LHS 
of Equation 7.1.69 is equal to —b/j. Hence, Equation 7.1.69 implies that Equation 7.1.56 
is satisfied, and this proves that the representation 7.1.55 and 7.1.56 is complete. 

To prove the second part of the theorem, namely, to prove that the representation 7.1.2 
through 7.1.4 is complete, we need to show the existence of g and yw, in terms of an elastic 
displacement u corresponding to b, such that Equations 7.1.2 through 7.1.4 are satisfied. 
The proof is based on the existence of a function g, which is assured by the first part of the 
theorem. 

Let us define the functions g and w by the formulas 


y =2divg—x-V’g (7.1.72) 

vy =V’g (7.1.73) 

where g is the field occurring in Equations 7.1.55 and 7.1.56. Since the existence of g 
was established in the proof of the first part of the theorem, then g and wW given by 


Equations 7.1.72 and 7.1.73 also exist. In addition, it follows from Equations 7.1.56 and 
7.1.73 that 


Vy =—— (7.1.74) 
Also, it follows from Equations 7.1.56 and 7.1.72 that 
5 1 
Vig =—x-b (7.1.75) 
bh 
To show this, we write Equation 7.1.72 in components: 


Q= 28k — XpSp,ss (7.1.76) 
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Computing the gradient and the Laplacian of g we obtain 


Qi _ 28k ki — 8iss — Xp8 p,ssi (7.1.77) 


and 


P ii = 28k ki — 8i,iss — 8i,iss — Xp8 p,ssii = —Xp8 p,ssii (7.1.78) 


By virtue of Equation 7.1.56, Equation 7.1.78 implies that Equation 7.1.75 is satisfied. 

In order to complete the proof we need to show that Equation 7.1.55 reduces to Equa- 
tion 7.1.2, which means that the Boussinesq—Somigliana—Galerkin solution reduces to the 
Boussinesq—Papkovich—Neuber solution. With this in mind, we note that Equations 7.1.72 
and 7.1.73 can be written as 


g = 2(divg)-—x-p (7.1.79) 
y=V2 (7.1.80) 

Hence, 
divg = ; (op +x-wW) (7.1.81) 


Substituting Equations 7.1.80 and 7.1.81 into Equation 7.1.55, we arrive at Equation 7.1.2, 
which is the Boussinesq—Papkovitch—Neuber solution. 
This completes the proof of the theorem. 


Notes: 


(1) We observe that a solution given by Equation 7.1.22 of the displacement equation 
of equilibrium corresponding to the body force b, see Equation 7.1.21, 


b = Vh+curlk (7.1.82) 
is not complete in the following sense. Since, see Equation 7.1.22, 

u = Vg +curl@ (7.1.83) 
then 

divu = V’9 (7.1.84) 

and if h = 0, then, see Equation 7.1.23, 

divu = V’9 =0 (7.1.85) 
Therefore, the representation of u given by Equation 7.1.83 describes divergence 
free displacement only, that is, displacement without change of volume. Thus, the 
representation does not cover an arbitrary elastic displacement corresponding to a 


body force b. On the other hand, both the Boussinesq—Papkovitch—Neuber solution 
and the Boussinesq—Somigliana—Galerkin solution are complete solutions. 
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(2) Comparing the (T 1) Boussinesq—Papkovitch—Neuber solution, in short the (T 1) 
solution, with the (T 2) Boussinesq—Somigliana—Galerkin solution, in short the 
(T 2) solution, we make the following observations: 

(a) The displacement u in the (T 1) solution is expressed as a linear combination 
of the first derivatives of the auxiliary functions gy and w, while the dis- 
placement u in the (T 2) solution is expressed as a linear combination of the 
second derivatives of the auxiliary function g. The coefficients in the linear 
combination in the (T 1) solution depend on the spatial variable x, while 
those in the (T 2) solution are constants. 

(b) Incase of zero body forces, the functions g and w in the (T 1) solution are 
harmonic, while the function g in the (T 2) solution is biharmonic. 

(c) Finding suitable harmonic functions in curvilinear coordinates in case of the 
(T 1) solution may be less painful than obtaining biharmonic functions in 
such coordinates. 

(d) A large number of published papers devoted to analytical solutions of equa- 
tions of elastostatics for geometries like semispace, layer, thick cylinder, 
sphere, etc., indicate that the (T 1) solution and the (T 2) solution do not 
exclude each other, and both can be used effectively. 

(e) We will return to the (T 1) solution and the (T 2) solution while solving 
particular boundary value problems in Chapter 9. 


In closing this section, we present two special cases of the (T 1) and the (T 2) solutions 
that are extremely useful in solving axisymmetric problems. 


(1) Boussinesq’s Solution for Axial Symmetry. If b = 0 and Ww = wk, then the (T 1) 
solution reduces to 


1 
u= wk— EN: Vio+zw) (7.1.86) 


where 
zZ=x-k (7.1.87) 
with k being a unit vector along the x; axis, which is assumed to be the axis of symmetry 


of the body, and g and w are scalar-valued harmonic functions. 
In cylindrical coordinates (r, 0, z) and for an axially symmetric problem, 


u = [u,(r, z), 0, u(r, z)] (7.1.88) 
where 
= : 7.1.89 
ia qi gee (7.1.89) 
1 a) 
u, = Ww _ A=) az (py +z) (7.1.90) 
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and g = g(r, z) and yw = w(r, z) are harmonic functions, 
Vo=0, Vw=0 


with 


(7.1.91) 


2 10 @ 
V= 7.1.92 
or - r or " 022 ( ) 


Example 7.1.7 


Derive components of the stress tensor S associated with the displacements 7.1.89 and 
7.1.90. 
Solution 


The stress tensor S$ associated with the displacements 7.1.89 and 7.1.90 is given by the 
constitutive relations 


v 
Sir = Qu E;, SS (E,, Eg + E,,) 
1-—2v 


v 
1-—2v 


Soo = Qu E + (E,, ai lay + E.)| (a) 


Vv 
Sx = 2 Ey, _ (E,, + Epo oF E,z) 
1-—2v 


Siz = 2uE,,, Sv = S26 =0 


where 
ss oe ce Fs = ie 
E, = > (= a): Ey = Ex» =0 (b) 
Introduce the function 
(1, Z) = p(t, Z) +zW(r,Z) (Cc) 


Than the displacements 7.1.89 and 7.1.90 can be written in the form 


1 0 


“aa ar” . 


u, = 


and 


1 &® 


Yer = Fe Say az 
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Using (b), (d), and (e), we obtain 


ow 1 . 
+ + = — Vd f 
En Ege Ey az 1(1 v) ( ) 


where the Laplacian operator V’ is given by Equation 7.1.92. Also, note that, because 
of (c), 


Dk = Ox t+ b3eW + ZY (g) 
and 
Vb = Dkk = Pik + 253 + ZW Kk (h) 
Since, due to Equations 7.1.91, 
OK=V9=0, Va=Vy=0 (i) 


therefore, from (h), we obtain 


ants OW 
Vo= ag (j) 
and (f) reduces to 
_ 1-20 ay 
Ei, + Eog + En = Say ae (k) 
Now, by (b); and (d) we get 
2 
eens ee (! 
41 —v) ar 
Hence, substituting (k) and (I) into (a); we obtain 
7 bh ao ow 
Se = Fay (= ay ~~) my 
Also, by (b), and (d), we get 
1 1g 
FE 7 ar ” 
and substituting (k) and (n) into (a). we find 
2 mn 1 do aw 
50 = "Fay (; Tie my (0) 
Next, by (b)3; and (e), we get 
0 1 0? 
Ex — is ¢ (p) 


az =4(1—v) 02? 
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Therefore, from (k), (p), and (a)2, we write 


_ ML a° ay 
oO ap) E ae | q) 
Finally, by (b)4, (d), and (f), we get 
2 
SS E 5G | (9 
4(1 — v) | draz or 
and substituting (r) into (a), we arrive at 
= Me a aw 
Se = “FG — wy Ee ae) _ ts) 


Hence, the stress tensor S associated with the displacement vector u = [u,,0,u,] is 
given by the formulas 


- Me ag oy 

eae TEST (3 au ~) 

a 1a, av 

oe aval ar io 
_ ov 

Sez = Te —v) [oo 2 od 0 
ae aw 

Sa = Te —v) a ”) =| 


Sv = 0, sv =, 0) 


This completes the solution. 


(2) Love’s Solution. If b = 0 and g = xk, then the (T 2) solution reduces to Love’s solution 


1 
= 2 = : : 
u = (V°x)k x —v) V(Vx-k) (7.1.93) 
where 


V’V"7x =0 (7.1.94) 


Here, x is a scalar-valued function depending on r and z only, and k is a unit vector along 
the x3 axis. The function x (7, z) is called Love’s function [2,3]. 
In cylindrical coordinates (r, 0, z) and for an axially symmetric problem, 


= eee (7.1.95) 
M9 —v) Oraz.~ i 


ug = 0 (7.1.96) 


= | Doles ye. 2 (7.1.97) 
te =a) : od hea ~ 
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Example 7.1.8 


Show that the stress components corresponding to the displacements u, and u, given by 
Equations 7.1.95 and 7.1.97, respectively, take the form 


seth (m8); 
sat foo -Z]s 
Soe = 1 =a - (ov ; =) - ° 
Sa = 3 = . E ae =| a a) 
Sie = Soz = 0 e) 


Note that in the cylindrical coordinates (r, 6, z) double subscripts do not mean summa- 
tion. Thus, S,, is a single component of the stress tensor S in the r direction, and should 
not be confused with the trace of S. Similarly, 5,, and Sg stand for the components of $ 
in the z and @ directions, respectively. 


Solution 


The stress tensor S corresponding to the displacements u, and u, given by Equa- 
tions 7.1.95 and 7.1.97 is defined by the equations [cf. Equations (a) in Example 7.1.7] 


SS — Qu E + joy 20 coe + E.)| 


1- 


Soo = 2p EB SS rere: ce 


pee ar Fog =F E.)| 


SS = Qu E + pew + lay a8 E.)| 


1 - 
Siz = 2uE,,, Sv = sx = 0 


where 

a td r 0 Zz 

Ei _ oe 00 = zt EL, = 
or r Oz (2) 

8 

1 fou, du, 

Es ee , E, = E, = 
2 (= m i) aes 


Substituting u, and u, from Equations 7.1.95 and 7.1.97, respectively, into (g) we obtain 


1 a3 
E,, = —>——~ eet (h) 
2(1 —v) araz 
1 1 8? 
Ex = Z (i) 
2(1 —v) r oraz 
1 a 


02 
= 2: . 
SG [20 v)V =| x (j) 
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ee ot ee 
f= 3q xy aK v)V os] (k) 


Ey, = Eg =0 (I) 


Now, Equations (h) through (j) imply that 


1-—2v er 
2(1—v) az 


Ex + cog + ESy = (m) 


Therefore, substituting (h) and (m) into (f); we arrive at (a). Also, substituting (k) into (f), 
we obtain (b). Next, substituting (i) and (m) into (f). we get (c). Finally, if (j) and (m) are 
inserted into (f);, we find (d). This completes the solution. 


7.2.COMPLETE SOLUTIONS OF ELASTODYNAMICS 


In the previous section, we discussed two complete solutions of the displacement equation 
of equilibrium for a homogeneous isotropic body. Now we are to present two complete 
solutions to the displacement equation of motion for such a body. 

Let us recall the displacement equation of motion for a homogeneous isotropic elastic 
body, see Equation 4.2.23, 


2 
b 
sut+ (2) - i] vcaive +2 =0 (7.2.1) 
C2 LM 
where 
1, 1 1 
0? cy A+2B -c p 


We assume that the body force b is represented by Helmholtz’s decomposition formula, 
see Helmholtz’s Theorem, Section 2.3.3, 


b=—Vh—curlk, divk —0 (7.2.3) 


where h and k are prescribed fields on B x [0, 00). 

A solution u on B x [0, 00) to Equation 7.2.1 will be called an elastic motion correspond- 
ing to b. The notion of an elastic motion is a dynamic counterpart to an elastic displacement 
field of elastostatics. 

Before we formulate a theorem on the first dynamic complete solution we also recall an 
equivalent displacement equation of motion, compare Equation 4.2.20 


2 


Cc 1 
V(divu) — — curlcurlu— — ii 
va C; ea SOL 


=0 (7.2.4) 


(U 1) Green—Lamé Solution. Let 


u= V¢+curly (7.2.5) 
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where ¢ and w satisfy, respectively, the equations 


pci (7.2.6) 
ae oe Oy) — 
k 
Aya — G27) 
bb 
Then u is an elastic motion corresponding to b given by Equation 7.2.3. 
In Equation 7.2.6, 
Age 
1=W-s—a 7.2.8 
: COE ( ) 


Equations 7.2.5 through 7.2.7 define Green—Lamé solution. 


Proof. We need to show that u given by Equations 7.2.5 through 7.2.7 satisfies 
Equation 7.2.1, which is equivalent to Equation 7.2.4. To this end, we first note that 


divu = V’9 (7.2.9) 


Hence, substituting u from Equation 7.2.5 into the LHS of Equation 7.2.4, which we denote 
by £, we get 


2 1 b 
; Gc - 
£= V(divu) — = curlcurlu— = u+ 
Ci Cj A+ 2m 
‘ 1_. 1 “ eG 
=VVo-—— 5 V@-— zcurl ¥ — = curlcurlcurl » 
cy cy cj 
—Vh — curlk 7.2.10 
eh ( curl k) ( ) 
Since 
curlcurl y = Vdivy — V°-w (7.2.11) 
then 
curl curlcurl wy = —curl(V7p) (7.2.12) 


Therefore, and taking into account that 


2 
GS LL 

= 7.2.13 
cy A+2u ( ) 


we atrive at 


h mn k 
£=Vioeg- Mig eS TDIA 
( A tm) + te cut ( av = aie 
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Hence, since g and w satisfy Equations 7.2.6 and 7.2.7, respectively, € = 0, and this 
completes the proof of the theorem. 


Example 7.2.1 


Let 15 be the wave operator defined by 


0o=WV-aw (a) 
where Cy stands for a positive constant, and let f = f(t) be a function on [0, 00). Show 
that a solution of the wave equation 


oy = u f(t)S(x —&)e on E x [0, 00) (b) 
10) 


a 
where & is a fixed point, 5(x) is the three-dimensional Dirac delta function, and e is a 
constant unit vector, is given by 


1 1 R 
‘s —_ f 
Wx, §; t) 4nc R (: ~)e (c) 
where 
R=|x—6| (d) 
Solution 
It is sufficient to show that 
1 
6 Wo = —s FO d(x -&) (e) 
Co 
where 
1 1 R 
Wo aoa Wolx, é; t) = Ance R ic =) (f) 


Indeed, by multiplying Equation (e) by e we find that w = woe, given by Equation (c), 
satisfies Equation (b). 
We compute first, in components, wo, and the result is 


vom aa l(a), (-a)tal-ale(ra)] —® 
Ane R Jk Co R Co ie Co 6 


Next, we calculate wWo.. and find 


w= ((), 0-9-2009 
OK Ane RY Co Co \R/ , : Co 
1 $1 ; R heer R 
oo [Ruf (: ) RR, r( )]} (h) 
Co R Co Co Co 
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Since 


and 


hence, from (i) it follows that 
RyRy = 1 


and from (i) and (j) 


Moreover, 


3 (Xe — Ek) %e — &) 2 
R R3 ~R 


Ri = 


Substitution of (k) through (m) into (h) yields 


von= gta [() eB) eee(e-2) 
ES NNN RS i Ge GER Co 


Also, differentiating (f) twice with respect to time, we get 


Fy _ 1 ly ; =) 
° Are R Co 


We compute the LHS of (e) 


Now, since 


1 7 1 28 - 
(a) =" (a) = i a 
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Using the relation 


R 
i(t- K)s0-8) = f(t)d(x — &) (s) 
Co 


we find that Wo satisfies (e). This completes the solution. 


Note: The result in this example can be obtained in easier way if a spherical coordinate 
system with the origin at the point & is used, and one notes that 


v= ze + - ~ (72:15) 
In this case, the solution Wo depends on the radial spherical coordinate R only. 
Example 7.2.2 
Show that a solution to the nonhomogeneous wave equation 
Op 9%, ) = —F(x, 0 (a) 
subject to the homogeneous initial conditions 
g(x, 0) = 0, g(x, 0) = 0 (b) 
is given by the integral 
Ae = ‘i oe dug) () 
where 
Bo = {& : |k— &| < cot} (d) 


In (a), F = F(x,t) is a prescribed function on E° x [0, 00). If F(x, f) is prescribed over 
a finite domain B of E?, (c) describes a wave propagating with velocity co from B to 
infinity. 


Solution 


Let g = g(x,t;&,s) denote Green’s function for an unbounded domain for the wave 
operator Oi, that is, g(x, t; €, s) satisfies the equation 


2 g = —3(x — £)8(t—s) onF* x [0, 00) (e) 


where 
é is a fixed point of 
s is a fixed point on the t axis 
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Such a Green function may be derived from the solution given in the previous 
example if we let 


f(t) = 28(t—s) (f) 


Then from (f) in Example 7.2.1 we write 


. _ i 1 |x — | 
8(%, 68,5) = 7 at s) (g) 


Ix — &| Co 


Now, multiplying both sides of (e) by F(é, 5), assuming F(&,s5) to vanish outside of the 
region B, and integrating the result with respect to € over B, and with respect to s over 
the interval (0, t], we obtain 


09 =—F(x, t) (h) 
where 
v(x, = { gx, 8, s)FE, s) du) ds (i 
0B 
or, using (g), 
1 rd Fes) Ix — &| 
vou= ge f{[ EF s[e—s rz J dney} os (j) 


From the filtering property of the Dirac delta function 
£ 
J A) - 8) ds= ho), to € 0,0 (k) 
0 


where f(s) is an arbitrary function, and from the fact that the body is initially at rest, in 
particular, that F(x, t) = 0 for t < 0, we obtain from (j) 


1p FG, t= [x= €l/co) 
| xoH te) (I) 


where By is given by (d). Obviously, Bo is the interior of a sphere with the center at x 
and with radius Cot. 
Finally, if F = F(x, 0) is smooth on B x [0, co) then from (I) we find that 


y(x,0)=0, 9x,0)=0, xek (m) 


This completes the solution. 


Note: The function g(x, ft) given by (1) is called a retarded potential because 


(Flos F(¢.1- ==) (7.2.16) 


Co 
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represents a retarded value of the function F(&, 7?) relative to the point x. The physical 
meaning of {F}, is that a wave propagating from the point & reaches the point x after a 
finite time |x — &|/co. 


Example 7.2.3 
Let the body force b be prescribed by the formula, see Equation 7.2.3, 
b=—Vh-—curlk, divk=O onB x [0,c) (a) 


Show that a solution to the displacement equation of motion for a homogeneous 
isotropic elastic body corresponding to b may be obtained in the form 


> 1 {h}y 
i) =" Fo Ja eM) 
1 {k}, 
= ama vot Ix—€| du(é) (b) 
Here, 

B= {&:|x-—&|<ct}, i=1,2 (©) 
{h}, = (ee a) (d) 

1 
{k}p = K( st a) (e) 

2 


Moreover, the symbols V, and curl, indicate that gradient and curl are taken with respect 
to x, and c; and c, are defined by Equation 7.2.2. 


Solution 


Using the Green—Lamé solution corresponding to the body force b given by (a), we find 
that u is represented by (compare Equations 7.2.5 through 7.2.7) 


u=Vg-+curly (f) 
where 
h k 
Df. 2 ees 
eee eT 3W i (g) 


It follows from the solution in Example 7.2.2, Equations (c) and (d), that g and wp 
satisfying the first and the second of equations (g), respectively, may be represented by 


_ 1 thh 
=a! Koa (h) 
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and 


{epSSS tk}, 


a) ea (i) 


where B, and B, and {h}, and {k}, are defined by (c) through (e). Hence, substituting 
(h) and (i) into (f), we arrive at (b). This completes the solution. 


In the following, we prove that the Green—Lamé solution, given by Equations 7.2.5 
through 7.2.7, is complete in the sense similar to that of the Boussinesq—Papkovitch— 
Neuber solution of elastostatics, see Equations 7.1.2 through 7.1.4. More precisely, we 
prove the following theorem: 


(U 2) Completeness of the Green—Lamé Solution. Let u be an elastic motion 
corresponding to b, and let 


b= —VhA-—curlk, divk=0O onB x [0,00) (7.2.17) 


where / and k are prescribed on B x [0, oo). Then there exist a scalar function g(x, t) and 
a vector-valued function w (x, t) such that u(x, f) is represented by 


u= Ve+curly (7.2.18) 
with 
divy =0 (7.2.19) 


where (x, f) and w(x, f) satisfy the nonhomogeneous wave equations 


eet (7.2.20) 
iE ae Diy an 
b 
;y=— (7.2.21) 
pL 


Proof: Since wis an elastic motion corresponding to b, then u satisfies the displacement 
equation of motion, see Equation 7.2.4, 


b 
ii = c/ V(divu) — c5curlcurlu + — (7.2.22) 
p 
Integrating this equation twice with respect to ¢, and using the notation, see Equation 6.2.2, 
i(t)=t (7.2.23) 
we obtain 


1 
u= civ * divu) — c curl(i * curlu) + —f (7.2.24) 
p 
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where f is the pseudo-body force field defined by, see Equation 6.2.1, 
f=i*xb+ o(uUy + My) (7.2.25) 
Up = u(x,0), Uy = U(x, 0) (7.2.26) 


and « stands for the convolution product on the time axis. Note that in view of 
Equation 7.2.17 the pseudo-body force field f may also be written in the form 


f = —V(ix* h) —curl(i * k) + p(uo + MH) (7.2.27) 


Since Up and Up are prescribed functions on B, then by Helmholtz’s theorem, see 
Equations 2.3.25 and 2.3.26, there exist fields go, Wo, Go, and W, on B, such that 


U = V¢~+culY,, divp) =0 (7.2.28) 
tip = Va&+curlyy, divy, =0 (7.2.29) 

Substituting Equations 7.2.28 and 7.2.29 into Equation 7.2.27, we find 
f = —V[ixh— p(y + t%)] — curllixk — p(w) +t¥)] (7.2.30) 


Now, we define the functions g = (x,t) and W = W(x, f) by 
1 
g=crixdivu— —ixh+@+tdo (7.2.31) 
p 


1 ; 
w = —cjixcurlu——i*tk+,+thy (7.2.32) 
p 


and from Equations 7.2.24, 7.2.30, 7.2.31, and 7.2.32, we arrive at 
u= V¢+curly (7.2.33) 


which is the desired Equation 7.2.18. To obtain Equation 7.2.19, we note that by 
Equations 7.2.17, 7.2.28, and 7.2.29 


divk=0, divw,=0, div Vo =0 (7.2.34) 
Hence, applying operator div to Equation 7.2.32, and using the fact that 
div(curl u) = 0 (7.2.35) 


we arrive at Equation 7.2.19. 

To complete the proof of the theorem, it remains to show that gy and wp satisfy Equa- 
tions 7.2.20 and 7.2.21, respectively. To this end, we differentiate Equations 7.2.31 and 
7.2.32 twice with respect to time, and obtain 


h 
¢ =cidivu— z (7.2.36) 


ke k 
v= —c5 curlu — — (7.2.37) 
p 
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By applying the div operation to Equation 7.2.33, we get 
divu= V’9 (7.2.38) 


Substituting Equation 7.2.38 into Equation 7.2.36 we arrive at Equation 7.2.20. Next, we 
apply the operation curl to Equation 7.2.33 and we find 


curlu = curl curl wy = V(div yw) — V-w (7.2.39) 


Hence, and because of Equations 7.2.19 and 7.2.37, we arrive at Equation 7.2.21. This 
completes the proof of (U 2) theorem. 


Example 7.2.4 


Show that if u is an elastic motion corresponding to zero body forces, then there are 
vectors u, and u, on B x [0, 00) such that 


u=u, +W (a) 
where 
+u,=0, curlu,; =0 (b) 
+u,=0, divu, =0 (c) 
Solution 


It follows from (U 2) theorem that there exist functions g and w such that 


u=Vo-+culy, divw=0 (d) 

and 
19=0 (e) 
2¥=0 (f 


Hence, if we define u; and u, by 
u,; = Ve, uw =curly (g) 
then (d) and (g) imply that 
u =u, +U, (h) 


Also, by applying the operations V and curl to (e) and (f), respectively, and using (g), 
we arrive at 


> u, =0 (i) 
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and 


2 Ww =0 j) 


The second equation of (b) and the second equation of (c) are a direct consequence of 
(g). This completes the solution. 


Although the Green—Lamé solution of the (U 1) theorem is useful in solving a large 
number of initial-boundary value problems for a homogeneous isotropic elastic body, such 
problems may also be approached by using the so called Cauchy—Kovalevski-Somigliana 
solution. The latter is contained in the following theorem: 


(U 3) Cauchy—Kovalevski-Somigliana Solution. Let 


2: 
u=C?¢g+ € - 1) V(div g) (7.2.40) 


1 


where g satisfies the nonhomogeneous biwave equation 


b 
oh g=-— (7.2.41) 
pL 


Then u is an elastic motion corresponding to b. 


Proof. Since wis an elastic motion corresponding to b, then u satisfies the equation, see 
Equation 7.2.1, 


2 
b 
£ su+ (3 — i) V(divu) + a 0 (7.2.42) 


2 


Hence, substituting Equation 7.2.40 into Equation 7.2.42, we find 


2 
@=c2 iat (S-1) vaive)| 
1 


2 
2 


(3-1) ¥[si avn + (3-1) rave] +; 
+(+-1)V]o3 divg)+ (2-1) V’divg)|+— (7.2.43) 
c Ci pw 


Now, 


diene | 2 ma) WaNOS 2 Vie a 
1V Ss = 1V ={—> => 1V 
' . ce é ct ci ar & 


= — 3 (divg) (7.2.44) 


Substituting Equation 7.2.44 into Equation 7.2.43, we get 


= > V(div g) 


NN 
eN 
ve 
+ 
os 
RR 
RPNIND 
| 
Se 


eG . b b 
+(1-3)9 3 dive) + =clobe+— (7.2.45) 
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Since g satisfies Equation 7.2.41, 
£=0 (7.2.46) 


therefore, u is an elastic motion corresponding to b. This completes the proof of the (U 3) 
theorem. 


Note: If g is independent of the time, then Equations 7.2.40 and 7.2.41 reduce to 


1 
— V2o _— : 
u(x) = V°g en V (div g) (7.2.47) 


and 
2W2 b 
VV g=-— (7.2.48) 
a 


Equations 7.2.47 and 7.2.48 represent the Boussinesq—Somigliana—Galerkin solution of 
elastostatics for a homogeneous isotropic elastic body, see Equations 7.1.55 and 7.1.56. 


Example 7.2.5 


Show that the stress tensor 5; associated with vector g;, which appears in the (U 3) 
theorem, is given by 


1 v 
Si = uf ; ij + ii — rae Sk kip + fsa ; sud (a) 
Solution 
We use Hooke’s law in the form, see (b) in Example 7.1.6, 
2v 
Sj = (us + Uy + T_2» u1s8s) (b) 
Now, we write Equation 7.2.40 in components 
Up Gy (c) 
i—uy 8i 21 = v) 8k ki 
and compute u,, to obtain 
1 1—2v 1 
2 ae 
—j = Se = d 
Uk k 1 8k,k Tv) Sik =v) Silkk a 81 (d) 


Next, substituting (c) and (d) into the RHS of (b), we arrive at 


1 
Sj = bh + Bij; +8)) — Top Bik 


=v 


i 2v 1-2v 1. 5 (e) 
ior (aan er 
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Finally, if we use the identity 


Iwi 4 


1-2v 2 


we reduce (e) to the form 


1 
Sj = uf 1 (Bij + 8a) — Top bea + 


es sis8 


l-v 


This completes the solution. 


Note: Equation (a) in direct notation takes the form 


s=n[2 


= 1 . v ee 
, Vg — —— VV (div g) + —— 10; (ivg) 
l-—v l-—v 


(7.2.49) 


If b=0, then the following completeness theorem for the Cauchy—Kovalevski— 
Somigliana solution holds true: 


(U 4) Completeness of the Cauchy—Kovalevski-Somigliana Solution. Let u be an elastic 
motion corresponding to zero body forces. Then there exists a vector field g such that 


where 


2 C5 : 
u=O)g+ a V (div g) 


1 


10; g=0 


The proof of this theorem is omitted. 
Clearly, to solve an initial-boundary value problem by using Equations 7.2.50 and 7.2.51 
we need to find a solution g to Equation 7.2.51. 


(U 5) Boggio’s Theorem. Let g be a solution to the biwave equation 


Then 


13 g=0 


g=21+22 


where g; and g are fields on B x [0, 00) that satisfy the wave equations 


12: =0 


(7.2.50) 


(7.2.51) 


(7.2.52) 


(7.2.53) 


(7.2.54) 
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and 


72-0 (7.2.55) 


Proof: It is sufficient to show that there exists a field g, on B x [0, 00) such that 


12 =0, 05 (g-g) =0 (7.2.56) 


since if there is g, that satisfies Equations 7.2.56 then g, is defined by 


22=8- 21 (7.2.57) 
Also, note that the equation 
1g =0 (7.2.58) 
implies that 
5 1 1\.. 
281 = (= a =) £1 (7.2.59) 


i2=0, g#=f (7.2.60) 


where 


f= be (7.2.61) 
we NSE de 28 =: 


Note that since g is a solution to Equation 7.2.52, then applying the operator 1; to 7.2.61, 
we obtain 


>f=0 (7.2.62) 


Therefore, to complete the proof it suffices to show that there exists a field g, that satisfies 
Equations 7.2.60 subject to Equation 7.2.62. Obviously, a solution of the second equation 
of 7.2.60 takes the form 


gi (x,t) = ix f(x, f) + g(x, 0) + 18,(x,0) on B x [0,00) (7.2.63) 
where, see Equation 7.2.23, 
i(t)=t (7.2.64) 


g(x, 0) and g, (x, b) are unknown functions on B, and * stands for the convolution product 
on the time axis. Next, we show that g,(x,0) and g,(x,0) may be chosen in such a way 
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that the first equation of 7.2.60 is satisfied. To this end, we apply the operator C7 to 
Equation 7.2.63, and obtain 


1 
181 =i* VE(K,D) — = f(x, + V’gi(x, 0) + 1V7g; (x, 0) (7.2.65) 


cy 
Also, note that 


ix £(x,1t) = f(x, 1) — f(x, 0) — ff(x, 0) (7.2.66) 


Hence, applying the operation ix to Equation 7.2.62 and using Equation 7.2.66, we obtain 


ix Vf (x,t) — as [f(x, 1) — f(x, 0) — rf(x, 0)] =0 (7.2.67) 


2 
cy 


As aresult, Equation 7.2.65 may be written in the form 


1 1. 
7 81 = Vai (x, 0) — al, O)+t haa 0) — a f(x, 0) (7.2.68) 
1 


1 


So, if g(x, 0) and g; (x, 0) are taken in the form of the Newtonian potentials 


1 £6.0) 
4ncj J |x —&| 


1 ¢ £0) 
Ancy 2 Ix—8§| 


1 (x,0) = 


du(&) (7.2.69) 


£1(x, 0) = 


dv(&) (7.2.70) 


then the RHS of Equation 7.2.68 vanishes, and g, satisfies the first equation of 7.2.60. This 
completes the proof of the (U 5) theorem. 


Example 7.2.6 


Show that the Cauchy—Kovalevski-Somigliana solution corresponding to zero body 
forces, see Equations 7.2.50 and 7.2.51, reduces to the Green—Lamé solution, see 
Equations 7.2.5 through 7.2.7 with h = 0, k = 0, provided 


§=8 7% (a) 
18 =0, O3g,=0 (b) 


and 
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Solution 


Let g be a vector field that occurs in the Cauchy—Kovalevski-Somigliana solution 
corresponding to b = 0. Then, by Equations 7.2.50 and 7.2.51, we obtain 


2 C3 . 
u=o;g+ 2 = 1) Vidivg) (e) 
1 


where 


10; g=0 (f) 


Also, by (f) and by Boggio’s theorem, there exist functions g, and g, with the properties 


§=878 (g) 


18,=90, O)8,=0 (h) 


It follows then from the second equation of (h) that 
G 
18 = (: = =) Vv’, W 
1 


Thus, substituting (g) into (e), and using (h) and (i), we obtain 


Cc . ; 

u= (: _ a) [V’g, — V’ div, + g,)] (j) 
1 

Next, since 


V’g, = V(divg,) — curlcurlg, (k) 


therefore, (j) can be written as 


2 
u= (S = ') [V(div g,) + curl curl g,] (l) 


FI 


Finally, if we define functions g and w by (c) and (d), respectively, we arrive at 
u=V@¢+curly (m) 


where, because of (b), 


19g=0, Oy=0 (n) 


Equations (m) and (n) are identical to Equations 7.2.5 through 7.2.7 with h = O and 
k = 0. This completes the solution. 
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PROBLEMS 
7.1 The displacement u = u(x, &) at a point x due to a concentrated force £ applied at a 


7.2 


7.3 


point & of a homogeneous isotropic infinite elastic body is given by (x # &) 


u(x, §) = U(x, &)é 


where (see Equations 7.1.30 through 7.1.32) 


: 1 (x — &) @ (x — &) 
UM) Terao R E ices R | 
with 
R=|x—§| 


Use the stress—displacement relation to show that the associated stress S = S(x, &) 
takes the form 


S(x, §) = 


1 1 (3 
~ 8r(1 —v) R3 { Gl §)- x - 9) @ x - 8 


+1 -2){x-Het+e@w-f-t%-s-aM]| 


The displacement equation of thermoelastostatics for a homogeneous isotropic body 
subject to a temperature change T = T(x) takes the form (see Equation 4.1.19 with 
b=0) 


Vu + Tawi oVE=0 (a) 
1—2v 1—2v 

Let 

u=$-— _Va-¥+ (b) 
41 — v) 
where 

Vw =0 (c) 

and 
VG = —4(1 + v)aT (d) 


Show that u given by Equations (b) through (d) satisfies Equation (a). 
The temperature change T of a homogeneous isotropic infinite elastic body is 
represented by 


T(x) = T 8(x) (a) 
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7.4 


75 


where 
5 (x) = 6(%1)45 (%2)5 (X3) (b) 
6(x;), i = 1, 2,3, is a one-dimensional Dirac delta function, and T is a constant with 


the dimension (T] = [Temperature x Volume]. Show that an elastic displacement 
u(x) and stress S(x) corresponding to T(x) are given by 


sot pol ee Pe Vv — (c) 


and 


atWV=1v) _ (d) 


Aint: Use the representation (b) through (d) of Problem 7.2 in which w = 0 and 
T = T68(x). Also, note that 


ia 


sae TOR=aN) 


(VV —1V°)¢ (e) 


A solution g = (x, t) to the nonhomogeneous wave equation 


5 (x, t) = —F(x,t) on E° x [0,00) (a) 


subject to the homogeneous initial conditions 
y(x,0)=0, 9(x,0)=0 on E (b) 


takes the form (see Example 7.2.2) 


v(x, t) = cs f F(&,t— |x — §|/c) dv(&) on E® x [0, 00) (c) 
An |x — &| 
Ix-§ |<ct 
Here 
1 8 
a aaa C 


Show that an equivalent form of Equation (c) reads 


dv(&) on E? x [0, 00) (e) 


eves (pee 


4 rie I§| 


Let S = S(x,1f) be a solution to the stress equation of motion of a homogeneous 
anisotropic elastodynamics [see Equation 4.2.9 in which p and K are constants] 


V(div S) — pK[S] = —B_ on B x [0, 00) (a) 
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subject to the initial conditions 
S(x,0) =So(x),  S(x,0) = Spx) on B (b) 
Here, B = B(x, f), Sp = Sp(x), and So = So(x) are prescribed functions. 


Show that the compatibility condition 
curl curl K[S] = 0 onB x [0, 00) (c) 
is satisfied if and only if there exists a vector field u = u(x, tf) on B x [0, 00) such that 
Vii = p'B- onB x [0,0) (d) 
and 
So(x) = K"[Vu(x,0)],  So(x) = K![Va(x,0)] on B (e) 


Note that B in Equation (a) represents an arbitrary second-order symmetric tensor 
field on B x [0, 00) while Sp and So in Equation (b) stand for arbitrary second-order 
symmetric tensor fields on B. 

Consider a homogeneous isotropic elastic body occupying a region B. Let S = S(x, 1) 
be a tensor field defined by* 


S(x,f) = [(VV — v105) tx —20 —v)o;x] on B x [0, 00) (a) 


where x = x (x, f) isa symmetric second-order tensor field that satisfies the equations 


1 x 
: === VP on B x [0, 00) (b) 
—v 


and 
Vex+VV(trx) — 2V (div x)=90 on Bx [0,~w) (c) 


Show that S satisfies the stress equation of motion (see Equation 4.2.14) 


Vdivs) — 2 |§ — ——ar8)1| =—Fb on B x [0, 00) (d) 
2 l+ov 
In Equations (a) and (b) 
1 07 1 0 
Sy a ea 
! cj ar? < c3 Or? (©) 


1 11-2v 1p (f) 
eI Ip ap 


* The stress field S in the form of Equations (a) through (c) is a tensor solution of homogeneous isotropic 
elastodynamics of the Galerkin type. To show this we let x = — [w/(1 — v)|Vg, where g is the Galerkin 
vector satisfying Equation 7.2.41. Then Equations (b) and (c) are satisfied, and Equation (a) reduces to 
Equation 7.2.49. 
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7.7 


7.8 


Let S be the tensor solution of homogeneous isotropic elastodynamics of Problem 7.6 
corresponding to homogeneous initial conditions. Show that the solution is complete, 
that is, there exists a second-order symmetric tensor field x such that Equations (a) 
through (c) of Problem 7.6 are satisfied [4]. 

Consider the stress equation of motion 


Vdivs) — 2 E = ed] ——Jb onB x [0,00) (a) 
Qu l+ov 
subject to the initial conditions 
S(x,0) = So(x), S(x,0) = So(x) (b) 


where b, So, and So are prescribed functions. Define a scalar field w@ = a(x, ft) anda 
vector field B = B(x, t) by 


w(x.) = Fo dv Six a yee) (c) 
and 
ee. VANE?) 
B(x,t) = ee ale = duly) (d) 
where 
y (x,t) = b(x, t) + div [So(x) + 1So(x)] (e) 


Let ¢ and @ satisfy the equations 


ig =a on B x [0, co) (f) 


and 


so = B, diva=0O onBx [0, 00) (g) 


subject to the homogeneous initial conditions 


0) = o(x,0) = 0 
p(x, 0) = (x, 0) ee (hy 
@(x,0) = @(x,0) = 0 
Let 
S(x, 1) = So(x) + tSo(x) + 22[ VV + Vicurl)] + (2 — 22) V1) 


Show that S satisfies Equations (a) and (b).* 


* The 


solution (i), in which ¢ and @ satisfy Equations (f) through (h), represents a tensor solution of 


homogeneous isotropic elastodynamics of the Lamé-type (see Section 7.2). 
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7.9 Let S be a symmetric second-order tensor field on B x [0, 00) that satisfies the stress 
equation of motion 


Vdivs) — 2 E —~— "tr S| ——Jb onB x [0,00) (a) 
2u l+ov 


subject to the initial conditions 
S(x,0) = So(x), S(x,0) =So(x) onB (b) 


Show that there are a scalar field @ = (x,t) and a vector field @ = @(x, t) such that 


S = Sy + So + 23[VVG + Vcurl w)] + (c? — 23) (V79)1 (c) 
1? =a, $(,0) = J(x,0) =0 (d) 
nO) =8, divw=0, o@(x,0) = @(x,0) =0 (e) 


where the fields a and B are given by Equations (c) and (d), respectively, of 
Problem 7.8.* 
7.10 Consider the stress equation of motion in the form 


V (div S) — pK[S] = —B_ on B x [0, 00) (a) 
subject to the homogeneous initial conditions 
S(x,0)=0, S(x,0)=0 onB (b) 


where 


K(S] = = Is ioe -«rs)1| (c) 


1+ 


and B = B(x, f) is an arbitrary symmetric second-order tensor field on B x [0, 00). 
Define a vector field v = v(x, t) by 


242 =. a 
je f f[x — cof§, (1 — [€))2] dv(é) (d) 
4x I | 
§|<1 
where 
tix = |{(S-1)v t aivK"! 
Hails & + —; div K |B] ¢ (x, 2) (e) 
Cy pcg 
4 GE Ax — cit&, (1 — |€))4] 
gx = f a du(é) (f) 


\€|<1 


* Solution to Problem 7.9 implies that the tensor solution of Lamé-type [Equations (c) through (e)], is complete. 
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and 
Ws cdg tia ie ep 
h(x, t) = —, div div K [B] (x, 2) (g) 
pcy 
Let 


S(x, 1) = aK [Vv +B] «7 (h) 


Show that S satisfies Equations (a) and (b). 
Hint: Use the result of Problem 7.4 that the function 


dv(§) (i) 


Fee ea f F[x — cté, (1 — [é))¢] 


4n ie I§| 


satisfies the nonhomogeneous wave equation 


1 0? ; 
("aga )em ® 


subject to the homogeneous initial conditions 


g(x,0)=0, 9(x,0) =0 (k) 
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8 Formulation of 
Two-Dimensional Problems 


In the theory of elasticity, there is a class of problems in which an elastic state depends on 
two space variables only. For example, such a situation arises when a homogeneous isotropic 
infinitely long elastic cylinder is subject to a constant normal pressure on its lateral sur- 
face. In this chapter, the two-dimensional elastic states as well as the two-dimensional 
elastodynamic processes are discussed. In particular, a plane strain state and a generalized 
plane stress state of homogeneous isotropic elastostatics are defined and the associated field 
equations are obtained. Also, a plane strain process and a generalized plane stress process 
of homogeneous isotropic elastodynamics are defined, and the associated field equations 
in terms of the displacements and stresses are obtained. The governing field equations 
of a nonisothermal two-dimensional elastodynamics are also discussed. The chapter con- 
tains a number of worked examples, as well as end-of-chapter problems that cover the 
general complete solutions of homogeneous isotropic two-dimensional elastostatics and 
elastodynamics, including a general solution to the stress equation of two-dimensional 
elastodynamics. The solutions to problems are provided in the Solutions Manual. 


8.1 TWO-DIMENSIONAL PROBLEMS OF ELASTOSTATICS 


8.1.1 TWO-DIMENSIONAL PROBLEMS OF ISOTHERMAL ELASTOSTATICS 


Let B be a cylinder, not necessarily circular, made of a homogeneous isotropic elastic 
material, and referred to the Cartesian coordinate system, as shown in Figure 8.1. The 
X3-axis is parallel to the axis of the cylinder. 

The height of the cylinder is 2h, and its boundary 0B consists of the lateral surface S and 
of the upper and lower end surfaces, C; and C3, respectively, or 


dB=SUC,UC, (8.1.1) 
In addition, we assume that 
S= S$, U S$, S,NS8, = (8.1.2) 


which means that the lateral surface is a sum of two nonoverlapping parts S,; and S, over 
which two different types of boundary conditions will be prescribed. Surfaces S; and S, are 
received by dividing the lateral surface S with two straight lines on S, both parallel to the 
axis X3. 

We assume that a body force vector b on B, a surface displacement U on S,, and a surface 
traction $ on S, are independent of x; and parallel to the (x;,x) plane. In addition, we 
assume that the cylinder is kept at a constant temperature 6p. 

By a plane problem of elastostatics, we mean a problem of finding an elastic state 
s = [u, E, S] on B that corresponds to b and satisfies the mixed boundary conditions: 
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FIGURE 8.1 Cylinder of height 2h in the (x, x2, x3) coordinate system. 


u=u onS, (8.1.3) 
s=s onS; (8.1.4) 
s=0 onC, and C, (8.1.5) 


We recall that s = [u, E, S] is an elastic state corresponding to bif s satisfies the fundamental 
field equations of elastostatics, see Equations 4.1.76 through 4.1.78. 

Since the boundary data, W and ‘s, and the body force vector b are all independent of x3 
and parallel to the (x;, x.) plane we might expect that the displacement u is independent of 
x3. Taking this into account, we introduce the definition. 

A body is said to be in a state of plane strain in the (x,,x2) plane if the elastic state 
s = [u, E,S] complies with the conditions 


Ug = Ug(X1,X2), (8.1.6) 
uz; = 0 (8.1.7) 
The conditions 8.1.6 and 8.1.7 imply that E = E(,x.) and S = S(j, x2). Moreover, 


Equations 4.1.76 through 4.1.78, restricted to a homogeneous isotropic body, lead to the 
strain—displacement relations 


1 
Eup => 5 (Uap + Uga) (8.1.8) 
E\3 = Ex3 = E33 = 0 (8.1.9) 
the constitutive relations 
Sap = 2 gg + AE; dag (8.1.10) 
S13 = S23 = 0 (8.1.11) 
S33 = NE wa (8.1.12) 


and the equation of equilibrium 


Sap.p + ba =0 (8.1.13) 
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In Equations 8.1.6 through 8.1.13, and in all plane problems, the Greek subscripts a, B, 
and y take values 1 and 2. 
We note that in a plane strain problem the equation 


Sx;t+b3=0 i= 1,2,3 (8.1.14) 


is satisfied identically since, by virtue of Equations 8.1.11 and 8.1.12, $;;= $3; =0, and 
S333 =0 due to the fact that E,,, does not depend of x3, and b; = 0. We also note that by 
taking the trace of Equation 8.1.10 we get 


Su = 2A + Mb) Eon (8.1.15) 


Hence, from Equation 8.1.12 we obtain, see the table of relations between elasticity 
constants provided in the front matter, 


rv 


i 
e Up) 


Sua = VSoa (8.1.16) 


An alternative form of the constitutive relation 8.1.10 is 


Eng = (Sug — VS; Sap) (8.1.17) 


2u 


Let Co be a cross section of the cylinder at x, = 0, see Figure 8.1, and let dC denote its 
boundary. Then 


ACy = AC? UAC (8.1.18) 
where 
ACW? =S,NICy, ICP =S.NACo (8.1.19) 


Clearly, the closed curve 0Cp is a sum of two parts, acs and sc. over which the 
displacement and traction vector fields, respectively, are prescribed. 
A mixed problem of elastostatics for an isotropic elastic body subject to plane strain 
conditions is then formulated in the following way: 
Find a displacement u, and stress S,., that satisfy the field equations 
Supp tbe =O on Co (8.1.20) 


Sop = L(Ueg +Uga) + Adoply, On Co (8.1.21) 


subject to the mixed boundary conditions 


Ug =Uy on ac,” (8.1.22) 
Suptg =Sy on dc? (8.1.23) 
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If a solution [u,,,.S.g] to the problem stated by Equations 8.1.20 through 8.1.23 is found, 
then S33 is obtained from Equation 8.1.16, and E,., from Equation 8.1.17. 


Note: Let s* = [u*, E*,S*] be a three-dimensional elastic state on B that corresponds to 
zero body forces and an axial load along the x3-axis applied to the end surfaces C, and C), 

se = 6350 on Ci, Ss = —657380 on Cy i= 1,2, 3 (8.1.24) 
where sp is a positive constant. This is equivalent to a simple tension of the cylinder in the 


x3 direction of magnitude so. Such a three-dimensional elastic state depends on x), X2, x3, 
and it is described by 


u |-= Z es | (8.1.25) 
= |— = 50x}, —= SoX2, =X wl. 
po |e E 3 
Vv 
Ee 0 i 
Vv 
B=] 0-25 0] (8.1.26) 
Lo 0 8 
E 
and 
00 0 
s*=10 0 0 (8.1.27) 
0 0 So 


where E is Young’s modulus, see the table of relations between elasticity constants provided 
in the front matter, 

_ wGA+2n) 
oO Re 

If we superpose the three-dimensional elastic state s* on a plane strain elastic state s on the 


(x1, X2) plane, see Equations 8.1.6 through 8.1.13, we arrive at the three-dimensional elastic 
state 5’: 


E (8.1.28) 


s=s+s* (8.1.29) 
which is called a generalized plane strain state. The latter elastic state occurs in a study of 
rotating long cylinders [1]. 

With a two-dimensional problem of elastostatics, a generalized plane stress problem 
may also be associated. 


Let an elastic state s = [u, E,S] corresponding to the body force field b = (5), 2,0) be 
subject to the conditions 


S33 =0 onB (8.1.30) 


Ug (X1, X2,X3) = Ug (X1,X2, —X3) 


U3(X1,X2,X3) = —U3(%1, X2, —X3) (8.1.31) 
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Given a function f on B, let f denote its thickness average: 
h 
Fox) =< [ feiexnn) de (8.1.32) 
POSS Bhs. 1542542 3 ots 


Since the thickness average of an odd function with respect to x3 is zero, and since the 
derivative with respect to x; of an even function with respect to x3 is odd, it follows from 
the strain—displacement and constitutive relations, subject to Equation 8.1.31, that 


U3 = Ey = Ey; => Sia = Soa = 0 (8.1.33) 
and 

= i toon 7 

Exp = 5 (top + tiga) (8.1.34) 

Sap = 2ME gg + Sup (Eyy + Ess) (8.1.35) 

S33 = 2WE33 + A (E,y + Ess) (8.1.36) 
Since, by Equation 8.1.30, 

S33 = 0 (8.1.37) 


hence, it follows from Equation 8.1.36 that 


Ex3 = —— Ey, (8.1.38) 
Substituting Equation 8.1.38 into Equation 8.1.35 we obtain 
Sap = M (tap + ttpa) + Sapityy (8.1.39) 
where 
i * (8.1.40) 


Next, applying the thickness average operation to the equilibrium equations, we obtain 
Supp + de = 0 (8.1.41) 


A generalized plane stress state s = [U, E, S] corresponding to a body force b= (by, bo, 0) 
is defined as an elastic state, which complies with the conditions 8.1.33, 8.1.34, and 8.1.37 
through 8.1.41. 

As a result, a mixed problem of elastostatics for an isotropic elastic body subject to 
generalized plane stress conditions may be formulated as follows: 

Find a displacement u, and stress Sup that satisfy the field equations 


Supp + 0a =0 onCy (8.1.42) 
Sop = M (tap + liga) + Adapity,, On Co (8.1.43) 
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subject to the mixed boundary conditions 


Uy = Uy on acy” (8.1.44) 
Sugtg =Sy on dace” (8.1.45) 


where b,, M%,, and Sy are prescribed functions; and Co, ac? and ace have the same 


meaning as in the case of a plane strain state, see 8.1.18 and 8.1.19. 
_ Once a solution (4, Sag) to the problem 8.1.42 through 8.1.45 is found, the strain tensor 
E.p 18 computed from the formula 


1 - =e 
ES ii (Sag — DS) Sep) (8.1.46) 


where 


Xx v 


= = 1.47 
2+) lt+v oe 


v= 


It should be emphasized that the plane strain and generalized plane stress states, discussed in 
this section, correspond to the boundary conditions and body forces that are independent of 
x3 and parallel to the (x, x2) plane. Also note that both the plane strain state and generalized 
plane stress state are defined on the same representative cross section Cy of the cylinder 
lying in the plane x; = O (see Figure 8.1). If there is an elastic state s = [u, E,S] on B 
corresponding to an external x;-dependent displacement—force system with b; = 0 and 
such that S$; = 0 on B Gi = 1,2,3), then s is called a plane stress state on B. In this 
case s is a three-dimensional elastic state with the property that for any cross section of B 
perpendicular to the x;-axis S“ = 0, where S = S+ + §", and 


0 0 Ss 
i Siy S12 0 
St = 0 0 S3 |, S = So, Sx» O 
Sas, Se pee 


The tensors S- and $'' are called, respectively, the normal and tangential components of S 
with respect to the x; = 0 plane. 


Example 8.1.1 


Formulate the displacement boundary value problem for a body subject to plane strain 
conditions, in terms of the displacement vector u = (uj, U2). 
Solution 


In this case, in Equations 8.1.20 through 8.1.23 8Cy = aC\”, acy = B. Hence, by 
eliminating Sag from Equations 8.1.20 through 8.1.23 we arrive at the following problem: 
Find a displacement field u, on Co, that satisfies the field equation 


MWUayy + (A+ M)Uy ya + bg =O on Co (a) 
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and the boundary condition 


) 


on dC, (b) 


cS 
g 

II 

Cc 
g 


This completes the solution. 


Example 8.1.2 


Formulate a displacement boundary value problem for a body subject to generalized 
plane stress conditions in terms of the displacements. 


Solution 


We let CS” = in Equations 8.1.42 through 8.1.45, eliminate S,, from Equations 8.1.42 
and 8.1.43, and arrive at the following problem: 
Find a displacement field U, on Co, that satisfies the field equation 


Hug yy =F (A = M)Uy yo + by = 0) on Co (a) 
and the boundary condition 


Uy, =U, on dC (b) 


This completes the solution. 
Example 8.1.3 


(A) Show that in the case of zero body forces, and for a body subject to plane strain 
conditions the field equations written in terms of stresses take the form 


Savy =O, § =0 onG (a) 


ayy aa,yvy 


(B) Also, show that in the case of zero body forces and for a body subject to generalized 
plane stress conditions, the stress tensor S,, satisfies the field equations 


Sayiy = 0, Saiki = 6) on Co (b) 


Solution 


(A) The first equation of (a) is obtained from Equation 8.1.13 by letting b, = 0. To 
obtain the second equation of (a) we note that the strain tensor E,, associated with 
Sap Satisfies the compatibility relation, see Equation (f) in Example 3.1.13, 


2 F212 = Eit22 + E2211 (c) 


Now, from Equation 8.1.17 we obtain 


1 

Ey, = ii (Si1 = Si) (d) 
1 

E55 = 2u (S22 i 155) (e) 
1 

Ey) Sia. Sin (f) 


2b 
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Substituting (d) through (f) into (c), and multiplying the result by 24 we obtain 
2S 42,12 = Sii22 + $9211 = VS yy,35 (g) 
Writing the equation of equilibrium [the first of (a)] in an extended form yields 


Sia + S122 = 0 (h) 
Sto oh S999 =0 (i) 


Differentiating (h) with respect to x, and (i) with respect to x, and adding the results, 
we get 


2S12,12 = —Si111 — $22,22 (j) 
Now, substituting (j) into (g) and rearranging the terms, we obtain 
Strat + S11,22 + $2211 + $22.22 — VSyy,aa = 0 (k) 
or 
(1 = v)S) 00 = 0 (I) 


Since 1 — v > 0, then (I) implies the second equation of (a). This completes the 
solution of part (A). 
(B) Due to the similarity between Equations 8.1.13 and 8.1.42, and 8.1.17 and 8.1.46, 
proceeding as in the case of obtaining (A) we arrive at (B). 
This completes the solution of part (B). 


Example 8.1.4 


An Airy stress function F = F(x,,x,) of a two-dimensional elastostatics is related to Sup 
by, see Example 3.2.9, 


Sap > Eay pst ys (a) 
where €,, is the two-dimensional alternator defined by 


€12 = —€, = 1 (b) 


41 =€ = 0 (c) 
Equation (a) written in components is 
Sy = €1y€15F ys = €12€15F 25 = €12€12F 99 = F290 (d) 
Similarly, 
Sy = Fay (e) 
and 


Si2 = —Fin (f) 
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Show that a traction problem for a body subject to zero body forces and plane strain 
conditions may be reduced to the following boundary value problem for F: 
Find F = F(x;, X2) on Cy that satisfies the biharmonic equation 


VV7F=0 onC, (g) 
and the boundary condition 
Eay Eps yep =%S, on 0Co (h) 


where $, is a prescribed vector function and n, is the outward unit vector normal to 
dC. 


Solution 


It follows from (a) and also from (d) and (e) that 
Sa Fae (i) 


In addition, Sag given by (a) satisfies the first equation of part (A) in Example 8.1.3 
identically. Hence, substituting (a) of this example into the second equation of (A) of 
Example 8.1.3, and using (i), we arrive at (g). Obviously, the boundary condition (h) is 
obtained by inserting (a) into the traction boundary condition 


SupNg =<, on dCo j) 


This completes the solution. 


Notes: 


(1) Comparing a mixed boundary value problem for a body under plane strain con- 
ditions with that under generalized plane stress conditions, we observe that if 
a solution to one of these two problems is known, then a solution to the other 
problem may be found by an appropriate replacement of elastic constants.* In 
particular, if a plane strain problem with the material constants yz and v is solved, 
then a solution to the corresponding generalized plane stress problem is obtained 
by replacing the pair (2, v) by (2, v) in the plane strain solution. 

(2) From Examples 8.1.3 and 8.2.14, it follows that a stress field S,.. corresponding 
to a solution to the traction problem for a body under both plane strain conditions 
and generalized plane stress conditions does not depend on elastic constants, 
see (a) and (b) in Example 8.1.3, and (g) and (h) in Example 8.2.14. This fact is 
utilized in photoelasticity. Namely, thin optically sensitive disks are used in finding 
two-dimensional stress fields experimentally by photoelastic methods. Such stress 
fields are the same as in thin plates made of, say, steel, if loading conditions are 
identical. 


* See a detailed discussion in [2]. 
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(3) Since Poisson’s ratio v ranges over the interval, see Example 3.3.9, 


1 
-l<v< 5 (8.1.48) 


then, by Equation 8.1.47, “Poisson’s ratio” v for a generalized plane stress state 
ranges over the interval 


1 
-o<p< 3 (8.1.49) 
For engineering materials, the range of v is restricted to 


1 
O<v<5 (8.1.50) 


Hence, the range of v, corresponding to 8.1.50 is confined to 


0<p< (8.1.51) 


8.1.2. TWO-DIMENSIONAL PROBLEMS OF NONISOTHERMAL ELASTOSTATICS 


In this section, we discuss two-dimensional field equations for a cylindrical body under 
plane strain and generalized plane stress conditions, see Section 8.1.1, and subject to a two- 
dimensional temperature field, zero body forces, and two-dimensional boundary conditions. 
The cylindrical body is as shown in Figure 8.1. 

We begin with a nonisothermal plane strain state in the (x;,X2) plane, which is defined 
as a thermoelastic state s = [u, E, S] corresponding to a temperature change T = T(x, x2) 
and satisfying the conditions, see Equations 8.1.6 and 8.1.7, 


Ug = Ug (X1,X2), U3 >= 0 (8.1.52) 


Clearly, Equation 8.1.52 implies that E = E(x, x2) and S =S(x, x2). In addition, the field 
equations of static thermoelasticity, see Equations 4.1.46 through 4.1.48, restricted to the 
case b = 0, take the form of the strain—displacement relations 


Eup = 5 Wap + Upa) (8.1.53) 
Ey. = Ey3 = E33 = 0 (8.1.54) 
the equation of equilibrium 
Sapp = (8.1.55) 
and the constitutive relations 
Sop = 2WEgp + AE) Sug — (3A + 2)aAT Sop (8.1.56) 
Si3 = Sy =0 (8.1.57) 


S33 = AE,, — 3A + 2w)aT (8.1.58) 
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By taking the trace of Equation 8.1.56, we obtain 


Sua = 2(A + pw) Eo — 2130 + 2)aT (8.1.59) 
Hence 
1 3D 
ee LEM nee eee (8.1.60) 
2(A + pL) A+ bh 


Substituting this in Equation 8.1.58, we get 


3A +2 
— & —— aT 8.1.61 
a ea ( ) 


33 


ak 
— 2aA+p) 


Also, using Equations 8.1.56 and 8.1.60, we arrive at the inverted form of the constitutive 
relation 


st aN ia bs as es (8.1.62) 
Ome TP Wat w 2a t py i 


Note that Equations 8.1.56 and 8.1.61, respectively, written in terms of jz and v take the 
forms 


ee 244 (Ba ia ae Eybu) eee Le (8.1.63) 
1—2v 1—2v 
and 
533 = VSea — 2UC1 + vyeT, (8.1.64) 
while Equation 8.1.62 may be written as 
Eup = (Sap — VSyySep) + CL + vy@T Sug (8.1.65) 


Qu 


To express Equations 8.1.63 through 8.1.65 in terms of F and v, we substitute in these 
equations 4 = E/2(1 + v). The presence of the stress components $33 given by Equa- 
tion 8.1.64 complies with the condition that E33; vanishes everywhere in the cylinder, see 
Equation 8.1.54. 

A mixed problem of nonisothermal elastostatics for an isotropic elastic body subject to 
plane strain conditions is now formulated in the following way: 

Find a displacement u, and stress S,., that satisfy the field equations 


Sapp =O onCo (8.1.66) 


Sap = Mh (Uap + Upa) + Adapguyy — BA+2u) aT Sup on Co (8.1.67) 
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subject to the mixed boundary conditions 


nm 


Uy = Uy on adac\” (8.1.68) 
Saptp =3, on 8c? (8.1.69) 


Here T is a prescribed temperature change on Co, and %, and‘s,, are prescribed functions 
on oC. and ace. respectively. In a general case, the function T = T(x;, x) is a solution 
to Poisson’s equation (see Equation 4.2.56 with a time independent temperature T and Q), 


WwW 
WTra—= = =— ong (8.1.70) 


subject to suitable boundary conditions on dCo. In Equation 8.1.70 Q(x1,%2) = 
KW(x,x2)/k) denotes a prescribed heat supply field, W is the internal heat generated 
per unit volume per unit time, while k denotes the thermal conductivity, and x is the 
thermal diffusivity. 

A nonisothermal generalized plane stress state in (x;,x2) plane corresponding to zero 
body forces is defined as a thermoelastic state s = [u,E,S] that complies with the two- 
dimensional field equations: 

the strain—displacement relation 


Eup = ; (tag + tip.) (8.1.71) 
the equilibrium equation 
Supp = 0 (8.1.72) 
the constitutive relation 
Sap = 2ME ap + Sup (Eyy + Ess) — BA +2) aT Sap (8.1.73) 


where E33 in Equation 8.1.73 is obtained, in terms of E,,,, and T, from the condition 
Sy3 = 2uEs3 + A (E,, + £3) — BA +2u) aT =0 (8.1.74) 
In addition, it is assumed that, see Equations 8.1.33, 
uz; = 0 (8.1.75) 
and 


Ey = Ex = S13 = Sx3 = 0 (8.1.76) 


In Equations 8.1.71 through 8.1.76 the bar over a function denotes its thickness average, 
see Equation 8.1.32, 


s ee 
f@,%) = 35 J Semen) dx; (8.1.77) 
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By solving Equation 8.1.74 with respect to £33, we arrive at 


Xn = 3A4+2u = 
eae 


Ey = — 8.1.78 
33 x 4 an yy 5, 4 an a ( ) 
Substitution of Equation 8.1.78 into Equation 8.1.73 yields 
2 _ ai 3A+2u = 
Sap = 2UE op + NE yy Sup = 2 mu on aT Sap (8.1.79) 
where, see Equation 8.1.40, 
- 2pr 
pane (8.1.80) 
A+ 2 
Taking the trace of Equation 8.1.79 we get 
e e = 3A+2u = 
Sua = 2(A Eouaw — 444 ———— aT 8.1.81 
(A + 1) Woy. © ( ) 
or, using Equation 8.1.80, 
= 3A4+ 2 - 3442 - 
pee oa) RIP CA (8.1.82) 
A+ 2m A+2p 
Hence, 
- A+2u - _ 
oe = —— > Seg £ 20T 8.1.83 
2u(3A + 22) ( ) 
Substituting Equation 8.1.83 into Equation 8.1.79 and solving for Eup we obtain 
_ — Js _ 
Eup = an (Sop a VS yy Sap) + aT Sap (8.1.84) 
LL 
where, see Equation 8.1.47, 
p= — (8.1.85) 
v= — l: 
l+v 
Also, substitution of Equation 8.1.83 into Equation 8.1.78 yields 
E ; Seat (8.1.86) 
= —-— ~— _ San +o A. 
Pi Bhan 


To express the formulas 8.1.79, 8.1.82, 8.1.83, and 8.1.86 in terms of jz and v we use the 
relation 


2 
pt So 


= 8.1.87 
1—2v ( ) 
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and obtain 
= p> Ss It+v - 

Sup = 2 Eup + i= 4i Ey Sop = Qu ‘ aT Sup (8.1.88) 

3s 1 a - 

Sea = 2yt a (Exe — 20) (8.1.89) 

E Le our (8.1.90) 
aa = 2 Saw a ots 

Qu + v) 

a v - _ 

E33 = ———— . Sug T 8.1.91 
33 aD) + a ( ) 


To express Equations 8.1.88 through 8.1.91 in terms of E and v we substitute in these 
equations w = E/2(1+ v). 

A mixed problem of nonisothermal elastostatics for an isotropic elastic body subject to 
generalized plane stress conditions is now formulated in the following way: 

Find a displacement u, and stress Sup that satisfy the field equations 


Sopp =O on Co (8.1.92) 
Sap = Map + tiga) + Aityy Sap — 2 eat aT Sap on Co (8.1.93) 
A+ 2 
subject to the mixed boundary conditions 
iy = Uy on adc” (8.1.94) 
Supbp =3, on 8CY (8.1.95) 


where 7, Z,, and Sy are prescribed functions. 
Similarly as in the nonisothermal plane strain case, JT may be taken as a solution to 
Poisson’s equation 


VT= _2 on Co (8.1.96) 
K 


where Q and k have the same meaning as in Equation 8.1.70. 


Notes: 


(1) If the temperature change T in a plane strain problem depends also on the time, 
and if T satisfies the parabolic heat conduction equation 


vr-lra_2 on Cy x [0, 00) (8.1.97) 
K 7 K 7 : as 


subject to the initial condition 


T(x,0) = To(x), xEC (8.1.98) 
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and suitable boundary conditions on dC, then the two-dimensional thermoe- 
lastic state s = [u,E,S] depends on the time, and the problem described by 
Equations 8.1.66 through 8.1.69 is called a plane strain problem of quasi-static 
thermoelasticity. 

(2) If the temperature change T in a generalized plane stress problem depends on the 
time, and if T is a solution to the parabolic equation 


vrei _2 on Cy x [0, 00) (8.1.99) 
ge ee * , is 


with the initial condition 
T(x,0) = T)(x) x EC (8.1.100) 


and suitable boundary conditions on dC, then the two-dimensional thermoe- 
lastic state s = [u,E,S] depends on the time, and the problem described by 
Equations 8.1.92 through 8.1.95 is called a generalized plane stress problem of 
quasi-static thermoelasticity. 


Example 8.1.5 


Formulate a displacement boundary value problem of thermoelastostatics for a body 
under plane strain conditions subject to zero body forces and the temperature change 
T, in terms of the displacement vector. 


Solution 
This is a particular case of the mixed problem given by Equations 8.1.66 through 8.1.69 
in which 8C{” = AC, that is, CY” = B. Hence, by eliminating S.,, from Equations 8.1.66 
and 8.1.67 we arrive at the following problem: 
Find a displacement field u, on Cy that satisfies the equation 

Ma yy HAF MWUy ya — VT =O on Co (a) 

and the boundary condition 
Uy =U, On IdCy (b) 


where y, as in Equation 4.1.51, means 


y = BA+2u)a (c) 


and u, and T are prescribed functions. This completes the solution. 


Example 8.1.6 


Formulate a displacement boundary value problem of thermoelastostatics for a body 
under generalized plane stress conditions subject to zero body forces and the tempera- 
ture change T, in terms of the displacements. 
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Solution 


Proceeding in a similar way as in the previous example, in particular, by eliminating 
Sag from Equations 8.1.92 and 8.1.93 we arrive at the following problem: 
Find a displacement field u, on Cy that satisfies the equation 


Muay + (A + 1) Uy, ya — uly =0 onC, (a) 


and the boundary condition 


Uy = Uy On dCo (b) 
where 
a 3A + 2p 
= 2 
Y bh ara (c) 


and @, and T are prescribed functions. This completes the solution. 


Example 8.1.7 


Show that the stress-temperature compatibility condition of thermoelastostatics for a 
body under plane strain state and for zero body forces takes the form 


Diya + Ty, =0 (a) 


Solution 


For a plane strain problem of thermoelastostatics and for zero body forces, the equi- 
librium equation and the strain—-stress-temperature relation, see Equations 8.1.55 and 
8.1.65, take the form, respectively, 


Sup, = 0 (b) 


and 


1 
En ae (Sup — VSyy Sap) + (1 + v)aT Sap (c) 


In addition, E,, satisfies the compatibility relation, see (c) in Example 8.1.3, 


JF y2 12 = Fiij22 + Frat (d) 
From (c) we get 

1 

Ey, = my) (Sir a VS yy) + @| + vjal (e) 
1 

En = Or (S22 = VS 5s) +1 + vjaT (f) 
1 

Fix = — Si (g) 


2M 
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Substituting (e) through (g) into (d), we obtain 
212,12 = S1122 + $22.11 — VSyyaa + EAT yy (h) 

Now, by equilibrium equations (b), see (j) in Example 8.1.3, we find 
2S12,12 = —St111 — $2222 i) 


Therefore, substituting (i) into (h) and dividing by 1 — v we arrive at (a). This completes 
the solution. 


Example 8.1.8 


Show that the stress-temperature compatibility condition of thermoelastostatics for a 
body under generalized plane stress state and for zero body forces takes the form 


Svea + CET oq = 0 (a) 


Solution 


In this case, the equilibrium equation and the strain-stress—temperature relation, see 
Equations 8.1.72 and 8.1.84, take the form, respectively, 


Sup, p = 0 (b) 
and 
2 io oe : 
Eup = a (Sup — DS yySap) + aT bog (c) 
Equation (c) in components reads 
: i (ere: _ 7 
Fi, = Vu. (S11 — vS,,)+aT (d) 
i its “pz sé 2 
E59 = on (522 = Vy) tal (e) 
Paes (f) 
12. yn 12 


The compatibility relation for a generalized plane stress state takes the form, see (d) 
in Example 8.1.7, 


See = ee ae eer (g) 
Substituting (d) through (f) into (g) and using the relation, see (i) in Example 8.1.7, 


251912 = Sia = 599,11 (h) 
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we arrive at 
(1 —5)S,,00 + 2u0T,, =0 (i) 
If we note that, see Equation 8.1.85, 


v E 
T+’ l+ov 


p= 


then dividing (i) by (1 — v) = 1/(1 + v) we arrive at (a). This completes the solution. 


Example 8.1.9 


Show that a traction problem of thermoelastostatics for a body subject to zero body 
forces and plane strain conditions may be reduced to the following boundary value 
problem for an Airy stress function F: 

Find F = F(x,, X2) on Cy that satisfies the equation 


3 
VV2F + — VT=0 onG (a) 
—v 


subject to the condition 


~ 


(V? Fug = Fup) Ng = Sy on dC (b) 


wheres, is a prescribed load on dCo. 


Solution 


A traction problem of thermoelastostatics for a body under plane strain conditions, 
and subject to zero body forces and temperature change T, is described by the stress— 
temperature field equations, see (a) and (b) in Example 8.1.7 


Sup, p =O on Co (c) 
E 
Swa,B8 + 7. T 6p — 0) on Cp (d) 
and the boundary condition 
Sauplp =<, on 0Co (e) 


Let F = F(x;, Xz) be an Airy stress function defined by, see (a) in Example 8.2.14, 
Sup = V? Fag — F op (f) 
By substituting (f) into (c) we find that (c) is identically satisfied. Next, by (f), we obtain 


Saa= V?F (g) 
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Hence, substituting (g) and (f) into Equations (d) and (e), respectively, we arrive at (a) 
and (b). This completes the solution. 


Example 8.1.10 


Show that a traction problem of thermoelastostatics for a body corresponding to zero 
body forces and generalized plane stress conditions may be reduced to the following 
problem for an Airy stress function F: 

Find F = F(x,, x») on Co that satisfies the equation 


VWF+EaV?T =0 onCy (a) 
subject to the condition 
(V?F5ap — Fp) Np =Su ON Co (b) 


Solution 


We proceed in a way similar to that in the previous example. In particular, we express 


Sap in terms of F by 
Se = V>Foap = Fs (c) 
and satisfy identically the equilibrium equation 


Sup, p = 0 (d) 


Next, we substitute (c) into (a) of Example 8.1.8 and arrive at (a) of this example. The 
boundary condition (b) is obtained by inserting (c) into the traction boundary condition 


Saag a (e) 


This completes the solution. 


Note: It follows from the last two examples that a stress field S,, corresponding to an 
external load (‘s,,, 7) and to a plane strain state is known if a stress field Sup corresponding 
to an external load (%,,, 7) and to a generalized plane stress state is known. Namely, in order 
to obtain S,, from Sup we replace in the generalized plane stress solution (Sy, 7) by (Sy, T) 
and Ea by Ea/(1 — v). 


Example 8.1.11 


Show that a traction problem of thermoelastostatics for a body under plane strain con- 
ditions (or for a body under generalized plane stress conditions) has a unique solution. 


Solution 


We will treat here the case of a body under plane strain conditions, and the case of a 
body under generalized plane stress conditions may be treated in a similar way. 
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It is sufficient to show that the homogeneous field equations, see Equations 8.1.53 
and 8.1.55 and Equation 8.1.65 with T = 0, 


1 
Eup = 7 (Ua, + Up.a) on Co (a) 
Sup, p =O on Co (b) 
1 
Eup = om (Sup _— VS yySap) on Co (c) 


subject to the homogeneous traction boundary condition 
SapNg =O on dCo (d) 
imply that 
$.4= 0: ony (e) 
To prove this we multiply (b) by u, and obtain 
UgSag,p =O on Co (f) 
or 
(UgSog),6 — Uwp) Sep =O ON Co (g) 


Now, integration of (g) over Co, and using (d) and the divergence theorem, yields 


J Hen Sep da => 0) (h) 


Co 
This, by virtue of (a) and (c) is equivalent to 


1 


oh J SapSap — vS2,) da =0 (i) 


Co 


Next, we write S,, in the form 

Sup = 58 + 5 Sy Sup () 
where 5“ is the deviatoric part of 5, given by 

SO = Sap = . Seu (k) 


Substituting (j) into (i) we get 


1 ad! o 2 = 
au | (sess +5 5}, —v5;,) da =0 (!) 
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or 


1-—2v 
f (ss i s:,) da =0 (m) 
Co 


Since 1 — 2v > 0, the integrand in (m) is the sum of two nonnegative terms, hence, by 
(m) each of the two terms must vanish, that is 

SP =0 on, (n) 
and 

Sy, =O onC (0) 


Using the formulas (j), (n), and (0), we arrive at (e). 
This completes the proof of the uniqueness theorem stated in the example. 


Notes: 


(1) The uniqueness result in the last example settles the question of uniqueness of the 
solution to a traction problem of two-dimensional elastostatics or thermoelastostat- 
ics. In particular, it covers uniqueness for isothermal plane strain and generalized 
plane stress traction problems. 

(2) If heat sources are absent in a two-dimensional problem of thermoelastostatics, 
body forces are zero, and the boundary is traction free, then from the uniqueness 
result given in the last example and from Examples 8.1.9 and 8.1.10, it follows 
that there are no thermal stresses inside a cylinder in plane strain state or a thin 
disk in a generalized plane stress state. Indeed, in this case, for a plane strain state 


VT=0 onG (8.1.101) 


and the traction problem described in Example 8.1.9 reduces to the homogeneous 
equation 


VWF =0 ony (8.1.102) 
subject to the homogeneous boundary condition 
(VF Sag — Fag) ng =0 on dCo (8.1.103) 


By the uniqueness theorem of isothermal two-dimensional elastostatics, the 
problem described by Equations 8.1.102 and 8.1.103 has only zero solution. 

In case of a generalized plane stress state, subject to a harmonic temperature 
change T, and for a stress free boundary dC, the situation is similar, that is 


Sag =O on Co (8.1.104) 
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FIGURE 8.2 Semi-infinite disk with a heat supply Q(1), x2) over Q. 


Example 8.1.12 


Consider a semi-infinite disk x; >0, —oo < xX) <00, —h <x; <h, in a generalized plane 
stress state, subject to a heat supply Q(x, x.) over a domain Q entirely contained inside 
the semispace, see Figure 8.2. 

The two-dimensional domain Cy over which the generalized plane stress state is 
defined is described by the inequalities x; >0 and —oo < x) < 00, and Q is contained in 
Co. The body forces are assumed to be zero on Cp and the boundary x, = 0 is traction 
free. Moreover, stresses S,, vanish as x? + x3 > oo. 

Show that 5,,, produced by the heat supply Q may be obtained from the formula 


ve = VFSap Sao ae (a) 
where F = F(x;,X2) is a solution to the following boundary value problem: 


Find a function F = F(x;,x2) for x, > 0, —oo < x) < oe, that satisfies the field 
equation 


VWF = ae on Co (b) 
K 
subject to the conditions 
F=F,=0 on x; = 0, —oo < xX; < oO (c) 


and vanishing conditions at infinity. Note that in Equation (b), Q/« = W/k. 


Solution 


In this case, the stress field $,, corresponds to a temperature change T that satisfies 
Poisson’s equation 


vrFu--& for x; > 0, —co < x) < (d) 
K 
Substituting (d) into (a) of Example 8.1.10, and taking into account the formulation of a 


generalized plane stress problem given in Example 8.1.10, we find that S., is related to 
a stress function F by 


ie = V>Foug = Fos (e) 
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where 
2025 Q 
VV*F =aE— for x; > 0, —00 < x) < © (f) 
K 


and 
Foo =0, Fi.=0 for x; =0, —-O <X< © (g) 


and F together with its partial derivatives vanish at infinity. The boundary conditions 
(g) imply that the boundary of the disk is stress free. Next, we note that if F satisfies the 
boundary conditions 


F=0, F,=0 for x; =0, —0o0O <x)» < (h) 


then differentiating the first boundary condition of (h) twice with respect to x,, and 
the second boundary condition of (h) with respect to x, we arrive at (g). Hence, a 
formulation of the problem of finding 5,, corresponding to the heat supply Q in the 
semi-infinite disk may be reduced to that of solving (b) subject to the conditions (c). This 
completes the solution. 


Notes: 


(1) A boundary value problem for the function F is the one in which F satisfies the 
nonhomogeneous field equation (b) subject to the conditions that F and its normal 
derivative 0F/dn = dF /dx, vanish on the boundary of the body. One may show 
that in case of a general cross section Cy with a smooth boundary dC) a plane 
problem of the thermoelastostatics with a prescribed heat supply Q on Q C Cy and 
with traction free boundary dC) can by formulated as the one in which a function 
F = F(x,, Xx) satisfies the field equation, see (b), 


VWF= wEL on Coy (8.1.105) 
K 


subject to the boundary conditions 


-_ OF 
F=—=0 ondC (8.1.106) 
on 
(2) Let F* = F*(x,&) be a stress function that generates a thermoelastic generalized 
plane stress state in the semispace x, > 0, |x2| < oo subject to a zero boundary 
load, and to the concentrated heat source located at a point € = (&,&) of the 
semispace 


QO" (x, §) = 8(x1 — &1)5 2 — &) (8.1.107) 


where 5 = 8(x) is the Dirac delta function. Then, the stress function F = F(x) 
discussed in Example 8.1.12 may be computed from the formula 


F(x) = | F~ 08) da(&) (8.1.108) 
Q 
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As will be shown in Chapter 9, the function F* = F*(x, €) may be obtained in a 
closed form by using a Fourier integral method. 


In modern theory of engineering materials, an important role is played by inhomogenous 
elastic materials, see definition of such materials in Section 3.3.1. For an inhomogeneous 
isotropic elastic body, Young’s modulus E and Poisson’s ratio v depend on the space 
variable x, that is, E = E(x) and v = v(x). In the following example, there is shown a result 
of two-dimensional isothermal inhomogeneous isotropic elastostatics for determining the 
so called effective moduli of elastic composites. 


Example 8.1.13 
Show that a solution Sog = Sug(X), X= (X1, Xz), to a two-dimensional traction problem 


of isothermal inhomogeneous isotropic elastostatics with zero body forces is invariant 
under the transformation of material parameters 


A(x) ~ A*(x) = MA(X) + Ao + AgXa (a) 
S(x) > S*(x) = mS(x) — Ap — AgXu (b) 
where 
1 —2v(x) 1 
A(x) = ————,,. S(x) = —— 
=e = 1% . 


for a body under plane strain conditions, and 


Age (d) 


eee Ee 
mootl-=vool” 


~ HX) 


for a body under generalized plane stress conditions; and m 4 0, Ao, Ay(a = 1,2) 
are constants selected in such a way that the bulk and shear compliances A* and S*, 
respectively, be nonnegative. 


Solution 


First, we note that the strain-stress relations for a two-dimensional isothermal inhomo- 
geneous isotropic elastostatics can be written in the form (see Equations 8.1.17 and 
8.1.46) 


1 A-S 
Eup — 7 Sup + Grr Sup on Co (e) 


Therefore, the traction boundary value problem in terms of stresses reads: Find a stress 
field Sg = S.,(x) that satisfies the equilibrium equation 


Saprp =0 on Co (f) 


and the stress compatibility equation 


1 A-S 1 A-S 
(5550 + “= s,) oie (555» 5 As 5,) m1 —(SSi2)142=0 ono (g) 
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subject to the boundary condition 
SupNg =S, on dCo (h) 


where $, is a prescribed vector field. 
Next, we note that an equivalent form of the field equations reads 


Supp = O on Co (i) 


and 


A+S : 
(“Ss,,) rota —S,ap Sap — 0) on Co (j) 
Also, it follows from (a) and (b) that 


A+S  A*+S* 
2 — 2m 


1 
and Saf = eb on Co (k) 


Therefore, substituting (k) into (j), and multiplying the result by m we obtain 


A* + S* 
(= s,,) 1 —S* ap Sup = 0 on Co (I) 
Hence, from a uniqueness theorem for a two-dimensional traction boundary value prob- 
lem of inhomogeneous isotropic elastostatics in which the bulk and shear compliances 
are nonnegative we conclude that 


Sup = Sap on Co = Co U 0Co (m) 
where 5°, = S*,(x) is a solution to the traction problem described by the field equations 


(i) and (I) subject to the boundary condition (h). 
This completes the solution. 


Notes: 


(1) The result obtained in Example 8.1.13 is also called a CLM stress invariance 
theorem [3]. It has been widely used to determine the effective moduli of elastic 
composites.* 

(2) The CLM shift on the compliances can serve as a check for analytical and computa- 
tional results for both stress fields and effective properties of an elastic composite. 
Also, it reduces a number of needed experiments or calculations for characterizing 
materials, and it gives exact relations for the constitutive parameters which are 
independent of the geometry [6]. 

(3) The CLM theorem relies heavily on the hypotheses of a two-dimensional inho- 
mogeneous isotropic elastostatics and finding its counterpart to a pure stress 
two-dimensional inhomogeneous isotropic elastodynamics would be useful. 


* See, for example, [4,5]. 
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8.2. TWO-DIMENSIONAL PROBLEMS OF ELASTODYNAMICS 


8.2.1 TWO-DIMENSIONAL PROBLEMS OF ISOTHERMAL ELASTODYNAMICS 


In Section 8.1.1, we introduced two types of two-dimensional problems: a plane strain 
problem and a generalized plane stress problem of isothermal elastostatics. In both these 
problems, an elastic state s = [u, E, S] is generated by solving a two-dimensional boundary 
value problem in the (x;, x2) plane. In case of a plane strain state, the problem is described 
by Equations 8.1.20 through 8.1.23, and in case of a generalized plane stress state, the 
problem is described by Equations 8.1.42 through 8.1.45. In both these formulations the 
body forces, the boundary data, and the solution itself depend on x, and x, only. 

In this section, we generalize the two-dimensional problems of isothermal elastostatics 
into two-dimensional problems of isothermal elastodynamics by including inertia terms 
and initial data into consideration. In addition, we assume that the body forces and the 
boundary data depend not only on x, and x, but also on the time f. 

Proceeding in a manner similar to that of a plane strain problem of elastostatics, see 
Equations 8.1.20 through 8.1.23, we formulate the following mixed problem of isothermal 
elastodynamics for an isotropic elastic body subject to plane strain conditions. 

Find a displacement u,, = u,(Xx, ft) and stress Syg = Sop (x,t) on Co x [0, 00) that satisfy 
the field equations 


Supp + dy = Pg ON Co x [0,00) (8.2.1) 
Soup = LUeg + Uga) + Adgguy,y On Co X [0, 00) (8.2.2) 
subject to the initial conditions 


Ug(x,0) =u, tty (x,0) =u, onCo (8.2.3) 


a? 


and the mixed boundary conditions 


Uy = lg on dC\” x [0,00) (8.2.4) 
Supp =Sy on CY x [0, 00) (8.2.5) 


Here u and i are prescribed functions on Co, and %, and Sy are prescribed vector fields 
on acy’ x [0, oo) and aCe x [0, oo), respectively. The other symbols are the same as in 
the elastostatics formulation. 

Similarly, the following mixed problem of isothermal elastodynamics for an isotropic 
elastic body subject to generalized plane stress conditions may be formulated, see 
Equations 8.1.42 through 8.1.45. 

Find a displacement u, = U, (Xx, f) and stress Sup = Sup (x, t) on Cy x [0, 0c) that satisfy 
the field equations 


Supp + ba = Pilg on Cy x [0, 00) (8.2.6) 
Sup =p (ta. + ip.) + Mapity » on Cy x [0, oo) (8.2.7) 
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the initial conditions 
iy(X,0) =u, tg (x,0) = 0 on Cy (8.2.8) 
and the mixed boundary conditions 
ly =Uy on dC” x [0, 00) (8.2.9) 
Sapp =Sy on 8C\ x [0,00) (8.2.10) 
Here b,, wu, uw, H,, and, are prescribed functions. 
Observe that the strain tensor E,, is related to S,., by, see Equation 8.1.17, 
Ey= Ee (Sug — VSyy Sap) (8.2.11) 
2 
while the strain tensor Eup is related to Sup by the formula, see Equation 8.1.46, 
Eup a = (Sop _ Sy Sap) (8.2.12) 
2b 
where 
a (8.2.13) 
v= 2: 
l+ov 


Example 8.2.1 


Formulate the displacement initial-boundary value problem of isothermal elastodynam- 
ics for a body subject to plane strain conditions, in terms of a displacement u. 


Solution 


We restrict the formulation described by Equations 8.2.1 through 8.2.5 to the case 
acy = G, eliminate S., from Equations 8.2.1 and 8.2.2, and arrive at the following 
problem: 

Find a displacement field u, on Cy x [0, 00) that satisfies the field equation 


MUsyy + (A+ Uy ya + by = pily On Co x [0, 00) (a) 
the initial conditions 
us 0) =u, a0) =O son C, (b) 
and the boundary condition 


~ 


Uy =U, On dC, x [0, oo) (c) 


This completes the solution. 
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Example 8.2.2 


Formulate the displacement initial-boundary value problem of isothermal elastody- 
namics for a body subject to generalized plane stress conditions in terms of the 
displacements. 


Solution 


Similarly as in the previous example, we restrict the formulation, given by Equa- 
tions 8.2.6 through 8.2.10 to the case dC =G, eliminate S,, from Equations 8.2.6 
and 8.2.7, and arrive at the formulation: 

Find a displacement field U, on Cy x [0, 00) that satisfies the field equation 


[ayy + (A+ W)Uyya + by = pla On Co x [0, 00) (a) 


the initial conditions 


(0) 


a 


Ga (X,0) =u, U,(x,0) = UY on Cy (b) 
and the boundary condition 


Ug = Uy ON dC x [0, 00) (c) 


This completes the solution. 


Example 8.2.3 


Formulate the traction initial-boundary value problem of isothermal elastodynamics for 
a body subject to plane strain conditions in terms of the stresses. 


Solution 


First, we write Equations 8.2.1 and 8.2.2 in an alternative form 


Savy + bq = pug On Cy x [0, 00) (a) 
1 
Uap) = oh (Sup — VSyySap) On Co x [0, 00) (b) 


By differentiating (a) with respect to x,, we get 
Say vp + Bap = Plas (c) 
and taking the symmetric part of this equation with respect to indices w and 8, we obtain 
Sayrp) + Dia.) = PUa,p) (d) 


By substituting (b) into (d), we receive the stress equation of motion 


p , 
Ster.v8) — 7 (Sap — V5yy5ap) = —Dea,p) (e) 
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Next, it follows from Equations 8.2.2 and 8.2.3 that 
S60) = Sie Sea 0) = Sop ONC, (f) 
where 
Sup = (Uns + Uga) + Adagu, (g) 
and 
Sop = M (dep + Upa) + Adaph? (h) 


Hence, restricting the mixed problem described by Equations 8.2.1 through 8.2.5 to 
the case 8C,” = G, and using (e) through (h), we arrive at the following initial-boundary 
value problem in terms of stresses Sag: 

Find a stress field 5,, on Co x [0, 00) that satisfies the equation 


Swev.rB) — 7 (Sup - VS yy Sup) = —diap) on Co x [0, 00) (i) 
the initial conditions 
Sup(x, 0) = Sop, Sup(%,0) = Sop on Co (j) 
and the boundary condition 


SupNg =, on dCo x [O, oo) (k) 


where Dw, Sup, Sas, and S, are prescribed functions. This completes the solution. 


Example 8.2.4 


Formulate the traction initial-boundary value problem of isothermal elastodynamics for 
a body subject to generalized plane stress conditions in terms of the stresses. 


Solution 


The process leading to the formulation is similar to that of the previous example, and it 
is based upon a restriction of the problem described by Equations 8.2.6 through 8.2.10 
to the case 8C\” = Y. As a result we arrive at the formulation: 

Find a stress field $.,, on Co x [0, 00) that satisfies the equation 


Saves = oa (5. — 5 5ap = hos on Co x [O, oo) (a) 
the initial conditions 


Sup(%, 0) = 5°), Sup(x,0) = 5% on Co (b) 


and the boundary condition 


Sapflg =Sy On OCy x [0, 00) (c) 
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Here, 5? and 5® are obtained from (g) and (h), respectively, by replacing 4 by 4, see 
Equation 8.2.7. 


Notes: 


(1) If Sup is a solution to the initial-boundary value problem described by (i) through 
(k) of Example 8.2.3, then the associated displacement field u, and strain field Ey, 
may be obtained from the formulas 


1 
Uy (X, t) = —(i * Sop.p + fy) (8.2.14) 
p 
1 
Eup (X; t) = 3p One = VS 5 bap) (8.2.15) 
where 
i=i(t)=t (8.2.16) 


and f, is the two-dimensional pseudo-body force field, see Equations 6.2.1 and 
6.2.2. 


fa(x,t) =i by + p (u + a) (8.2.17) 


(2) In the case of a dynamic generalized plane stress state when Sue is described by 
(a) through (c) of Example 8.2.4 the appropriate formulas for the displacement u, 
and strain field E,, read 


1 = 2 
ity (X,t) = — (i * Supp + fa) (8.2.18) 
re) 
_ ee = 
Ege) = aa (Sap — DS, dep) (8.2.19) 
where 
filx,t) =i* by + p (uM + tu) (8.2.20) 


(3) In the case of zero body forces and for arbitrary initial symmetric tensor fields 
Se and Se in the formulation (i) through (k) of Example 8.2.3, the plane strain 
problem is the one of a two-dimensional incompatible elastodynamics in which 
stress waves are produced by the initial incompatibilities continuously distributed 
throughout the body. Therefore, in this case the problem belongs to a class of 
problems of incompatible elastodynamics. 


As for the stress formulation (a) through (c) of Example 8.2.4 covering a generalized 
plane stress process, a similar remark applies, that is, if So and Sy are arbitrary symmetric 
tensor fields, and b, vanishes, then a solution to the problem (a) through (c) of Example 
8.2.4 represents stress waves of an incompatible elastodynamics. 
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8.2.2. TWO-DIMENSIONAL PROBLEMS OF NONISOTHERMAL ELASTODYNAMICS 


The two-dimensional formulations of nonisothermal elastodynamics are obtained by suit- 
able generalization and parametrization of the two-dimensional nonisothermal elastostatics 
discussed in Section 8.1.2. The generalization is done by including the inertia terms and 
initial conditions into consideration, and the parameterization means that both a thermoe- 
lastic state and the corresponding thermomechanical load depend not only on x, and x2, but 
also on the time f. As in the two-dimensional thermoelastostatics, we assume that there are 
no body forces. 

As a result of the generalization and parameterization of Equations 8.1.53, 8.1.55, and 
8.1.56 we arrive at the following field equations of nonisothermal elastodynamics for a 
body subject to plane strain conditions: 

the strain—displacement relations 


LS ; (Uap + Usa) (8.2.21) 
the equation of motion 
Supp = Ue (8.2.22) 
and the constitutive relations 
Sup = 2WE gp + Ey, dag — (3A + 2)aT Sap (8.2.23) 


Here ug, Eog, and Sag are unknown fields on Co x [0, 00), and T is a solution to the parabolic 
heat conduction equation 


; 1 . QO 
WT -—--—T=-—— onC x [0, 00) (8.2.24) 
K K 
subject to the initial condition 
T(x,0) = To(x) on Co (8.2.25) 


and a boundary condition on dC . We note that in Equation 8.2.24 Q/k = W/k. 

Similarly, a generalization of Equations 8.1.71, 8.1.72, and 8.1.79 leads to the field 
equations of nonisothermal elastodynamics for a body subject to generalized plane stress 
conditions: 

the strain—displacement relations 


1 = 
Eup = 5 (tag + Up.) (8.2.26) 
the equation of motion 


Sua = Pity (8.2.27) 
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and the constitutive relations 


3A + 2 


SS DUE pA oe 
B Mop + AL yy Sap aaa yy 


OT Sup (8.2.28) 


The functions u,, Exp and Sup are unknown fields on Cy x [0,00), and T is a solution to 
the parabolic heat conduction equation 


vr_ipa-2Z on Cy x [0, 00) (8.2.29) 
K 


subject to the initial condition 
T(x,0) = T(x) on Cy (8.2.30) 


and a boundary condition on dC». 
Note that an equivalent form of the constitutive relations 8.2.23 reads, see Equa- 
tion 8.1.65, 


1 
Ew = 57 (Sap — VSyySap) + 1 + v)aT Sug (8.2.31) 


Also, note that an equivalent form of the constitutive relations 8.2.28 is, see Equation 8.1.84, 


ieee a - 
Eup = i (Sup — VS, Sug) + AT Sep (8.2.32) 


Now, by eliminating E,, from the Equations 8.2.21 through 8.2.23 we arrive at the following 
formulation of a mixed problem of nonisothermal elastodynamics for an isotropic elastic 
body subject to plane strain conditions: 

Find a displacement u,, = ua, (x,t) and stress Syg = Sop (X,t) on Co x [0, 00) that satisfy 
the field equations 


Sapp = Pug On Co x [0, 00) (8.2.33) 
Sop = (Ue, + Uga) + AUyy Sap — 3A + 2)aTSag On Co x [0, 00) (8.2.34) 
subject to the initial conditions 


Ua(X,0) =U, tg (x,0) =u, on Co (8.2.35) 


a? 


and the mixed boundary conditions 


Uy = ly on dC\” x [0,00) (8.2.36) 
Supp =Sy on 9CY x [0,00) (8.2.37) 


Here u, u, ty, Sy, and T are prescribed functions. 
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Similarly, Equations 8.2.26 through 8.2.28 imply the formulation of a mixed problem of 
nonisothermal elastodynamics for a body subject to generalized plane stress conditions: 

Find a displacement u, = U,(x, t) and stress Sup | Sup (x,t) on Cy x [0, co) that satisfy 
the field equations 


Sup,p = Pug on Cy x [0, 00) (8.2.38) 
Sap = (ita,p + tiga) + Aity y Sap — jr ea aT Sup On Cy x [0,00) (8.2.39) 
A+ 2 
subject to the initial conditions 

iy(X,0) =u, ig (x,0) = 0, on Cy (8.2.40) 

and the mixed boundary conditions 
iy =Uy on dC” x [0, 00) (8.2.41) 
Saptp =S, on 8C” x [0,00) (8.2.42) 


Here u, w, iy, Sy, and T are prescribed functions. 


Example 8.2.5 


Formulate the displacement initial-boundary value problem of nonisothermal elastody- 
namics for a body subject to plane strain conditions, in terms of the displacements. 


Solution 


We restrict the formulation described by Equations 8.2.33 through 8.2.37 to the case 
aCy? = G, eliminate S. from Equations 8.2.33 and 8.2.34, and arrive at the following 
problem. 
Find a displacement field u, on Co x [0, 00) that satisfies the field equation 
Mg yy + (A+ My ya — VT = PUy ON Co x [0, 00) (a) 
the initial conditions 
Ax OHSU) TOO SO: on, (b) 
and the boundary condition 
Uy = Uy On dCp x [0, oo) (c) 


Here, see (c) in Example 8.1.5, 


y = BA+2p)a (d) 


and u®, @, G,, and T are prescribed functions. This completes the solution. 
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Example 8.2.6 


Formulate the displacement initial-boundary value problem of nonisothermal elasto- 
dynamics for a body subject to generalized plane stress conditions, in terms of the 
displacements. 


Solution 


Similarly as in the previous example, a restriction of the formulation 8.2.38 through 
8.2.42 to the case CY’ = G and elimination of 5, from Equations 8.2.38 and 8.2.39 
lead to the following problem: 

Find a displacement field U, on Cy x [0, 00) that satisfies the field equation 


MUa,yy + (A + L)Uy ya = ae = Uy on Co x [0, oo) (a) 


the initial conditions 


Ga(x,0) =u’, U_(x,0) = UP on Co (b) 
and the boundary condition 
Uy =U On dCo x [0, 00) (c) 
where 
os 3A + 2p 
yy a d 
Y ere Di a (d) 


and u®, gd, G1, and T are prescribed functions. This completes the solution. 


Example 8.2.7 


Formulate the traction initial-boundary value problem of nonisothermal elastodynamics 
for a body subject to plane strain conditions in terms of the stresses. 


Solution 


First we write Equations 8.2.21 through 8.2.23 in an alternative form 
Sa = pus (a) 
Eup = Ue,p) = 5 (Sap — VSyy Sap) + + vowT Sup (b) 
By differentiating (a) with respect to xz, we write 
Say.yp = PUa,p (Cc) 
and taking the symmetric part of this equation with respect to indexes a and £, we find 


Stay,yp) = PUca.p) (d) 


Formulation of Two-Dimensional Problems 415 


Now, substituting (b) into (d), we obtain the stress equation of motion of nonisothermal 
elastodynamics 


p . ‘ee “ 
Swaryp) _ 2a (Sus = vS,5ap) — pd + V)aT bog (e) 


Next, it follows from Equations 8.2.34 and 8.2.35 that 


Sup (x, 0) = Sop, Sap (x, 0) = Sop (f) 
where 
SY = Ww (ul), + usr) +AU” bug — BAF 2W)aT Sag (g) 
and 
5 = Me (Uep + Upp) +A Sap — BA + 2)aT 3g (h) 


Here T® and 7 are the initial distributions of temperature T and temperature rate T, 
respectively. 

Hence, restricting the mixed problem described by Equations 8.2.33 through 8.2.37 
to the case aC} = @, and using (e) through (h), we arrive at the following initial— 
boundary value problem in terms of stresses Sy: 

Find a stress field 5,, on Co x [0, oo) that satisfies the equation 


Gi srises a (54s — vS))ap) — PC + v)@F yp =0 on Cy x [0, 00) (i) 
the initial conditions 
Se 0): 59, Sale/O)S Se von-Go (j) 


and the boundary condition 


SupNg =%S, on 0Co x [O, oo) (k) 


where T, SU, 5&, and, are prescribed functions. This completes the solution. 


Example 8.2.8 


Formulate the traction initial-boundary value problem of nonisothermal elastodynamics 
for a body subject to generalized plane stress conditions in terms of the stresses. 


Solution 


The method leading to the formulation is similar to that of the previous example, and it 
is based upon a restriction of the mixed problem described by Equations 8.2.38 through 
8.2.42 to the case dC.” =9. As a result we arrive at the formulation: 

Find a stress field S., on Co x [0, 00) that satisfies the equation 


ee oi (Sep 15») pal Sy,=0 on Cy x [0, 00) (a) 
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the initial conditions 
5u0(X,0) = 5%, Sup(x,0) = 5 on Co (b) 
and the boundary condition 


SapNp =Sa ON OCo x [0, 00) (c) 


Here, SY? and $° Be, and 7 are prescribed functions. In particular, see Equations 8.2.39 
and 8.2.40, 


Z : 3A+4+2u = 
Sup = H (Wu + Ubu) + AUY) Sap — 2U 7) 7 aT Sag (d) 
and 
re 5 - =. 3A +2 2 
Sop = (G0), + Gg) + AGO 645 — 2 aT Sup (e) 


A+2 


This completes the solution. 


Notes: 
(1) If Sup is a solution to the initial-boundary value problem described by (i) through 


(k) in Example 8.2.7, then the associated displacement field u, and strain field Ey, 
may be generated from the formulas 


Uy (X,t) = ; (i * Supp +fx) (8.2.43) 
Eup (x,t) = = (Sag — VSy7Sap) + (1 + v)aT Sag (8.2.44) 
where, see Equations 8.2.16 and 8.2.17, 
i=i(t)=t (8.2.45) 
and 
fal, t) = p (u® + ti) (8.2.46) 


(2) In the case of a nonisothermal dynamic generalized plane stress state when Sa is 
described by Equations (a) through (c) of Example 8.2.8, the appropriate formulas 
for the displacement u, and strain field E,,, read 


1 = pe 
U(X, t) = 5 (i * Supp + So) (8.2.47) 


= 1. be é = 
Eup(X,t) = 7 (Sop — VS, Sap) + aT Sup (8.2.48) 
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(3) If Su and SA in the formulation (i) through (k) of Example 8.2.7 are arbitrary 
symmetric second-order tensor fields, the problem belongs to a class of problems 
of a nonisothermal incompatible elastodynamics. 

Similarly, if Sy and Oe in the pure stress initial-boundary value problem 
described by (a) through (c) of Example 8.2.8 are arbitrary symmetric second- 
order tensor fields, which are not related to (uo, a) and (a TO) by (d) and 
(e) in that example, then the problem belongs also to a class of problems of a 
nonisothermal incompatible elastodynamics. 

(4) The initial fields T® and 7 that occur in (g) and (h) in Example 8.2.7 are 
obtained from the formulation of the heat conduction problem 8.2.24 and 8.2.25. 
From 8.2.25 we obtain 


T® =T (x) onCy (8.2.49) 
and from 8.2.24 taken at t = 0, we get 
T® =KV?To(x) + Qo on Co (8.2.50) 


where Ty = Ty(x) is a prescribed temperature on Cy and Qo = Q(x, 0) is prescribed 
on Cp. ; 

Similarly, the functions T® and T® in (d) and (e) of Example 8.2.8 are 
computed from the formulas, see Equations 8.2.29 and 8.2.30, 


T® =T(x) onCy (8.2.51) 


T® =KV°To(x) + Qo on Co (8.2.52) 


Example 8.2.9 


Show that a stress tensor S,, of nonisothermal elastodynamics for a body subject to plane 
strain conditions satisfies the stress compatibility equation of the Beltrami—Michell type 


i 1 1 Mop 
Bact eat (< =) 2+ pW) pete Tae S 
where 
1 0? 
2_ 392 
3. C Ot (b) 
1 p 1 p 
el , a= (c) 
cj A+2u CG pb 


and, see Example 4.1.8, 
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Solution 


For a body subject to plane strain conditions the displacement equation of motion takes 
the form, see Example 8.2.5, 


ayy + A a M)Uy yo = VTw = pu, (e) 
where 
y = GBA+2p)o (f) 


By differentiating (e) with respect to xz, and taking the symmetric part of the resulting 
equation with respect to indexes w and £, we obtain 


MU a,pyy + (A+ M)Uy,yop — VT op = PU a,p) (g) 
Now, since 
Uap) = Cap (h) 
then (g) can be rewritten as 
2 WE ap, yy +2(A + WE yyap — 27 Tap = 2pEag (i) 


Also, recall the strain-stress-temperature relation for a body subject to plane strain 
conditions, see Equation 8.1.62, 


1 Xr 3A4+2bu : 
Eng = Sey Sy 0w ——— a Tb, 
= a Se Fae | + Sag OT : 
By taking the trace of (j), we get 
2A + WE, = Syy + 2yT (k) 


Substituting Equations (j) and (k) into Equation (i), we arrive at the tensor equation 


Xr 3A +2 
Si Syyab — = Sy 588 —— _ aT, 
Bry 1 Syy0p 2A+ pH) yy d60ap + ML carer QT yy Oop 
sha Be ae Bo 1 
eee in Stud ee a ge = Fe | 
zl game TCE ae 7 5 ee eee o 
Next, by taking the trace of Equation (I), we obtain 
; Sea + 2M ; T=0 (m) 
where m is given by Equation (d), and 
1 0 
(2 Sa ae (n) 
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An alternative form of Equation (m) reads 


ie 
Syy,35 = 3 SK = 2um T (o) 
1 


Now, if we substitute Equation (0) into Equation (I), we arrive at Equation (a). 
This completes the solution. 


Example 8.2.10 


Show that a stress tensor S,g from the previous example also satisfies the equation 


2 { 1 Sop —M [2W(Thag — Tyy Sap) + (Sap T |} =0 (a) 


Solution 


We apply the operator 07 to Equation (a) of Example 8.2.9, use the relation (m) from 
Example 8.2.9, and obtain 


AG rae Th ( bad os ae anya Tt 
12 ap Me 2 | op a e)Jatp Mb 2 


+ 2um O70} Td, = 0 (b) 


This may be reduced to the form 


WX 1s 
| ?Sa+2um{ ; bap Ton — 3 Fb) | =0 (c) 


which is equivalent to Equation (a). 
This completes the solution. 


Example 8.2.11 


Show that a stress tensor 5, of nonisothermal elastodynamics for a body subject to 
generalized plane stress conditions satisfies the stress compatibility equation of the 
Beltrami—Michell type: 


eS - 1 1 Xx a 3A +2 S 
Ace Syy,0 eh === > Tb, =0 a 
2 pr yy.ap + C aa Eyer vy “op LE Maul, B (a) 
where 
1 A+2 
=-f f° (b) 


A+ 2u 4m +E 
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Solution 


We recall the displacement-temperature equation of motion for a body subject to 
generalized plane stress conditions, see Equation (a) in Example 8.2.6, 


[ayy ag A ad M)Uy yo aa ae = pUy (c) 
where 
z 2yxr 3442 
A= i : y = 2p oA Tt ae a (d) 
A+2u A+2u 


Using the strain-displacement relation 


Eup = Uap) (e) 


we find that Equation (c) implies the equation 


QE ap yy +2 (A+B) Evy op — 27 Tap = 20E ap (f) 
Next, we recall the strain—stress—temperature relation in the form, see Equation 8.2.32, 


_ Pics 540 : 
Eup — oh (Si = Sey Onn) + aT dup (g) 


where 


v xr 


Cae Been 


Hence, an alternative form of Equation (g) reads 


- 1 (/- xr J - 
Eg = Sa Sy Sa, Td, i 

a = ( = ara tae ») +a q (i) 
and it follows from Equation (i) that 


7 1 RA 


=~ ~—__ $,, + 2aT 
vY 2u 3A +2 yy + a (j) 


Now, substituting Equations (i) and (j) into Equation (f), we arrive at 


Supyy — 30420 SsyySap + Syyap 
1 7 x “ 2 
Sa Sy Oy 2 é Tbyg = 0 k 
3 (Se 3A + 2p pan) + 2p : wy 


Taking the trace of this equation, we obtain 


ie BRAD 
1 aa A+ yp 


NN 
si 
II 
js) 
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where 
= 1 8 
2 
=W-s==— m 
: 3 at mn) 
Next, we rewrite Equation (I) in the form 
e 1 = 3A +2 = 
Sssyy _ @ Sss ean T (n) 
Finally, substituting Equation (n) into Equation (k) we arrive at Equation (a). 
This completes the solution. 
Example 8.2.12 
Show that a stress tensor 5,, from the previous example also satisfies the equation 
mn A - “ 
; 1 Sup —m [2 Tap _ T yy Sap) + pat} =0 (a) 
where 
3A 42 
mee gy (b) 
2(A + LL) 
Solution 


2 


We apply the operator 0, to Equation (a) in Example 8.2.11, use the relation (I) in 
Example 8.2.11, and obtain 


Nh 
sr 


340m Ge Tet (oS |g eo 
m s = bh 

es aes Au cG G/ 3aA4+2u 

2 


+2um O, G2 78, =0 (c) 


This may be reduced to the form 


ta Sy dem ye. toe 2s 2 leo (d) 
a es ss ihc i ran oy | 


Finally, by taking into account the relation 


1 1 1 Xr p 
ata et lear ee = (e) 
Cj co C7 J BA4+2u 2p 


we reduce Equation (d) to Equation (a). 
This completes the solution. 
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Example 8.2.13 
Show that: 
(A) A particular solution to Equation (a) of Example 8.2.10 takes the form 
Sup = 2U (Gap — PrySup) + PSup (a) 


where ¢ satisfies the equation 


f¢=m7, O=WV-s =a (b) 


(B) A particular solution to Equation (a) of Example 8.2.12 is given by 


Sup = 2H (Pag — P.yySap) + pda (c) 


where ¢ satisfies the equation 


2 2 1 8 
1 


g=ml, O=VW-s~— (d) 


Solution 


Part (A). Applying the operator 07 to Equation (a) and using Equation (b), we obtain 


aS =m [2u (Tap a T isOap) ao (5.8 T] (e) 


Next, applying the operator 05 to Equation (e) we arrive at Equation (a) of Example 
8.2.10. ; 

Part (B). Proof of this part is similar to that of Part A. By applying G, to (c) and using 
(d), we get 


ee 


gle m|2 Se ea pias f 


o 


Finally, applying 03 to (f) we find that S,, satisfies Equation (a) of Example 8.2.12. 


Example 8.2.14 


Show that S,, and S,, in the previous example satisfy the stress-temperature equations 
of motion: Equation (i) of Example 8.2.7 and Equation (a) of Example 8.2.8, respectively. 


Solution 


We recall Equation (i) of Example 8.2.7 in the form 


i (Sap — VSyy5up) — 01 + v)aTSyg = 0 (a) 


Lop = Sway,rp) 
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Since 


Sup =2u (Dp + yy Sap) + Sup 


therefore 


Siey = PP a) Sway,yB) = 2B apr Si ==2 (ud,, 1 po) 


Also note that 


Xr 
v= —_ 
2+ pL) 
sO Lys in (a) may be written as 
p [- Xr a 3A +2 
Lup = Sa Sa $5 | — 2=>——~ 
B (ay, vB) £| B 2Aa+p) vy | ree ih i 


Substituting (b) and (c) into (e), we obtain 


Lop = PP op aa ad [2u (bap ~~ P yy Sap) =e bap? | 


2 
0 2X - 30A4+2u 
(bry — PO) dap — p ——— & 
2u 2(A+p) 2(A + 1) 
Hence 
af aA+2u p «=. 3A+2u 
Lap = Pup 2 VY a 
a2 | 20 + 1) 20-4 Dw 
or 


a A+ 2p ay 
aE Fhe ay ©? aR 


1@ — mT) 


and by virtue of (b) of the previous example we get 


Lig =O 


ap 


op 


i 
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(i) 


which means that 5S. of the previous example satisfies Equation (i) of Example 8.2.7. 
In a similar way we show that S., given by Equations (c) and (d) of the previous 


example satisfies Equation (a) of Example 8.2.8. 
This completes the solution. 


Note: 


If the two-dimensional domain C) of a plane strain problem of the nonisothermal isotropic 


homogeneous elastodynamics is described by the inequalities 


O<x, <h, |x| <co (h=const.) 


(8.2.53) 
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and the external thermomechanical load is independent of x, for every t>0, then the 
problem becomes one-dimensional in which the fields u, E, and S are represented by 
(=x) 


u = [u, (x, 2), 0, 0] (8.2.54) 
| E;, 0 O | 
E= 0 0 O (8.2.55) 
0 O O 
and 
| Si, O 0 | 
S= 0 Sx» O (8.2.56) 
0 0 $3 
where 
Ey =u) (8.2.57) 
Sip = A+ 2W)E — 3A + 2u)aT 
(8.2.58) 
So = S93 = AE \, = (3A + 2uW)aT 
Letting 
u, = u(x,t), Sy; = S(x,f) (8.2.59) 


the following one-dimensional initial-boundary value problem may be formulated: Find a 
pair (u, S) on [0,4] x [0, oo) that satisfies the field equations 


S,—pu=0 
(8.2.60) 
S=(QA+2pu)u,—-— GBA+2uw)aT on[0,h] x [0,00) 
subject to the initial conditions 
u(x,0) = u(x), u(x,0) = u(x) on [0, A] (8.2.61) 
and the boundary conditions 
SO,)=-pO, Sho=qO 120 (8.2.62) 


where T = T(x, t), u(x), Uo(x), p(t), and q(t) are prescribed functions. 
The function T = T(x, t) is obtained by solving the one-dimensional parabolic equation 


Tx — i Poe th [0, h] x [0, 00) (8.2.63) 
K K 
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subject to the initial condition 
T(x, 0) = To(x) on [0,h] (8.2.64) 
and the boundary conditions 
TOO=fcd, ThO=fph0Q t=O (8.2.65) 
Here, QO = QO(x,1), To(x), fit), and f2(f) are prescribed functions. 
By eliminating u from the field equations 8.2.60 we arrive at the nonhomogeneous stress 


equation of motion 


a? 1 0° - 
so Bap S=pmT on[0,h] x [0, 00) (8.2.66) 
1 


As a result, the following problem may be formulated: Find a stress field S = S(x,f) on 
[0, h] x [0, cc) that satisfies the field equation 


2 18 : 
ad 7 pa) S= emt on [0,h] x (0,00) (8.2.67) 
1 


subject to the initial conditions 
S(x,0) = So(x),  S(x,0) = So(x) on [0, A] (8.2.68) 

and the boundary conditions, (see 8.2.62), 

S0,)=-p), Shpj=qt t=0 (8.2.69) 
where 

So(x) = (A+ 2p)uox — 3A + 2p)aT 

So(x) = (A + 2p)tio, — GA + 2)aTy (8.2.70) 

T(x) = O(x,0) + kTox 


If the external thermomechanical load of the problem 8.2.67 through 8.2.69 satisfies the 
conditions 


To(x) = uo(x) = u(x) = O(x,0) = 0, x € [0,A] 
AO=fHO, AhO=pOH=qH=0, t>0 


(8.2.71) 


where H = H(t) is the Heaviside function defined in Equation 2.3.53, and fo is a constant, 
then the problem 8.2.67 through 8.2.69 reduces to a thermoelastic shock problem for the 
layer 0 < x < h. For h — ov, a solution to the problem describes thermal stresses 
propagating in the semispace x > 0 due to a sudden heating of its boundary x = 0. 
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PROBLEMS 
8.1 The displacement equations of elastostatics for a body subject to plane strain 
conditions take the form (see Example 8.1.1) 
Mug yy “fb (A = [)Uy ya + Deg =0 (a) 
where u,, is the displacement corresponding to the body force b, (a, y = 1, 2). 
Let 
=w (XyWy +9) (b) 
ME Eee ee 
where 
Da (x, by) 
Wa, =, Pyy = ae (c) 
WY: m vy m 
Show that u, defined by Equations (b) and (c) satisfies Equation (a). 
8.2 The displacement equations of equilibrium for a body subject to generalized plane 
stress conditions take the form (see Example 8.1.2) 
May y “+f (A oF [)ty ya “he Da =0 (a) 
where i, is the displacement corresponding to the body force by (a, y = 1,2), and 
= 2 
t= (b) 
A+ 2 
Let 
—— 1 Be es 
Uy = Vy — 40-0) ay, + Pa (c) 
where 
= De x (x,b,) 
Giese. Ge (d) 
VY lL VY LL 
and 
b= — () 
v= e 
l+v 
Show that m, defined by Equations (c) through (e) satisfies the equilibrium 
equation (a). 
8.3 The displacement equations of thermoelastostatics for a body under plane strain 


conditions subject to a temperature change T = T(x) take the form (see Example 8.1.5) 


Uayy 1 


Y 
1-2 Uy ya — i T, = 0 (a) 
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8.4 


8.5 


where 
l+uv 
=) b 
a i (b) 
Let 
Ve : (c) 
Ug = Oe OM pe, 5 a 
ame TG Raa aaa 
where 
VV'g. = —T, (d) 
in 


Show that u, given by Equations (c) and (d) satisfies Equation (a). 

The displacement equations of thermoelastostatics for a body under generalized 
plane stress conditions subject to a temperature change T = 7(x) take the form (see 
Example 8.1.6) 


= = V= 
Ug yy + 1_%w Uy ya = a Ly — 0 (a) 
where 
v l+uv 
v= y=2 b 
ima ee (b) 
Let 
Up Ve —- (c) 
Ug = Oo tape ae ao 
Pa leap 
where 
VV°2, = ~T. (a) 
bl 


Show that 7, given by Equations (c) and (d) satisfies Equation (a). 


The displacement equations of isothermal elastodynamics for a body subject to plane 
strain conditions take the form (see Example 8.2.14) 
Mayy + (A+ W)Uy ya + da = Pit (a) 
Let 
by = —hy — €ap3k.p (b) 


where h = h(x) and k = k(x) are prescribed scalar fields. 
Let 


Ug = Pa + Eup We (c) 
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where ¢ and y satisfy, respectively, the equations 


eee (d) 
a A+ 2 
and 
‘5 k 
v= — (e) 
in 


Show that u, given by Equations (c) through (e) satisfies Equation (a). 
8.6 The displacement equations of isothermal elastodynamics for a body subject to 
generalized plane stress conditions take the form (see Example 8.2.2) 


[ayy + (A+ ML) Ty ya + ba = pity (a) 


Let 


be = —hy a €agsk.p (b) 


where h = h(x) and k = k(x) are prescribed fields. 
Let 


Ug = Ga + EupsW pg (c) 


where @ and j satisfy, respectively, the equations 


a h (a) 
ae A+ 2p 
and 
aise Ue 
A (e) 
ia 
Here, see Equation 8.1.40, 
—2 1 0 1 p 
a Ve (f) 


: Ce ame OO eo 
Show that 7, given by Equations (c) through (f) satisfies Equation (a). 


8.7 The displacement equations of isothermal elastodynamics for a body subject to plane 
strain conditions take the form (see Problem 8.5) 


Mug yy =F (A = LL) Uy yee =F by = Pity (a) 
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8.8 


8.9 


Let u, be a vector field defined by 


2 
_— ae b 
Ue =O} Sa +1 S Byya (b) 
cy 
where 
Da 
103 8a =—-— (c) 
mn 


Show that u, given by Equations (b) and (c) satisfies Equation (a). 
The stress equations of elastodynamics for a body subject to plane strain conditions 
take the form (see Example 8.2.3) 


p és oe 
S(ay.y6) — In (Sap — VSyySap) = —Dea.) (a) 


Let S,, be a tensor field defined by 


> 1 
sup = 2 1Xoep — Td =) 


(Xyy.0b — Wap 21) | (b) 


where Xog 1S a symmetric second-order tensor field that satisfies the equations 


b 
Paap) (a,B) 
Xap = (c) 
172 LL 
and 
Xubry + Xvy.ab — 2Xay.yp) = 9 (d) 


Show that S,, given by Equations (b) through (d) satisfies the tensorial equation (a). 
Note: If Xog = 8w,g), Where g, is the vector field of Galerkin type from Problem 8.7, 
then x,.g Satisfies Equation (d) identically, and Syg is the stress tensor corresponding 


to the displacement vector u, of Problem 8.7. 
Let S,, be a solution to the stress equations of elastodynamics (see Problem 8.8) 


S(ay.yp) — i (Sup — v8,,5up) = —Bra.p) (a) 

subject to the homogeneous initial conditions 
Sup(X,0) =0, Sag(x,0) = 0 (b) 
Show that there is a second-order symmetric tensor field x,g that satisfies Equa- 


tions (b) through (d) of Problem 8.8, that is, the stress representation of Problem 8.8 
is complete. 
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8.10 A homogeneous isotropic infinite elastic body under plane strain conditions and 


initially at rest is subject to a temperature change T=T7(x,t) for every (x,f) € 
E” x [0, 00). Show that the dynamic thermal stresses Sg = Su (x, f) corresponding to 
the temperature T = T(x, t) are represented by the formulas (see Examples 8.1.3 and 
8.2.14) 


Sop — 2 (Dap = P yy Sap) + PPSap (a) 
where 
t 
mc T(&,t — t)da 
ox) =—SS fdr i : : 2 @) (b) 
Cit: =" |x 
0 jx-E|<cyt : 
and 
1+ 1 
m= i (8.2.72) 
l-—v Cl A+ 2u 
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Part Il 
(Chapters 9-13) 


Applications and Problems 


9 Solutions to Particular 
Three-Dimensional 
Boundary Value Problems 
of Elastostatics 


In Chapter 7, a number of general solutions of three-dimensional homogeneous isotropic 
elastostatics were introduced. In this chapter the Boussinesq—Papkovitch—Neuber represen- 
tation is used to obtain a closed-form solution to the problem of finding an elastic state in 
a semispace subject to a concentrated force normal to its boundary. Also, the Boussinesq— 
Somigliana—Galerkin representation is utilized for obtaining a closed-form solution to the 
problem of finding an elastic state in a semispace subject to a concentrated force tan- 
gent to its boundary. In addition, Love’s representation of Chapter 7 is used for obtaining 
closed-form solutions to three-dimensional boundary value problems of nonisothermal 
elastostatics: (1) the thermoelastic state in a semi-infinite body corresponding to an internal 
source of heat, and (ii) the thermoelastic state in a semi-infinite body corresponding to a 
heat exposure on the boundary plane. An approximate three-dimensional theory of torsion 
of a homogeneous isotropic elastic prismatic bar is also included in this chapter. The chapter 
ends up with torsion problems, with the solutions included in the Solutions Manual. 


9.1 THREE-DIMENSIONAL SOLUTIONS OF ISOTHERMAL 
ELASTOSTATICS 


In this section a number of closed-form solutions to three-dimensional boundary value 
problems (BVP) of isothermal elastostatics are presented. In Chapter 7 a closed-form solu- 
tion to the problem of finding an elastic state s = [u, E,S] corresponding to a concentrated 
force in a homogeneous isotropic infinite body was obtained (see Equation 7.1.30). In the 
following we discuss (A) an elastic state in a homogeneous isotropic semispace subjected 
to a concentrated force normal to its boundary (Boussinesq’s solution), and (B) an elastic 
state in a homogeneous isotropic semispace subject to a concentrated force tangent to its 
boundary (Cerruti’s solution). In both cases the closed-form solutions are obtained by using 
general solutions of three-dimensional elastostatics introduced in Chapter 7. 


9.1.1 AN ELASTIC STATE INA HOMOGENEOUS ISOTROPIC SEMISPACE SUBJECT 
TO A CONCENTRATED FORCE NORMAL TO ITS BOUNDARY: BOUSSINESQ’S 
SOLUTION 


Consider a homogeneous isotropic semi-infinite elastic solid subjected to a concentrated 
normal force on its boundary as shown in Figure 9.1. An elastic state s=[u,E,S] 
corresponding to the concentrated load is axially symmetric with respect to the x3 = z axis. 
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Py This means that s is independent of 6 of the cylindrical coor- 
dinate system (7,0,z) and u = u(r,z), E = E(r,z), and 

S = S(r,z). Since action of the force Py is not to be felt far 

away from the load region, s is to satisfy the fundamental 

system of field equations of three-dimensional elastostatics 

for a homogeneous isotropic solid in the domain 0 < r < 00, 

0 <6 < 27,0 <z < o subject to the boundary conditions 

é(r) 
S.(7,0) = —Py) ——, S,(7,0) =0 forr>0O (9.1.1) 


20r 
FIGURE 9.1 Normal force 


Po acting on the boundary of and suitable vanishing conditions at infinity. In Equa- 
a semi-infinite solid. tion 9.1.1, 6 = (7) is the Dirac delta function that satisfies 
the relation 


{ 6@ar e54 (9.1.2) 
0 
Clearly, the boundary conditions 9.1.1 imply that 


S.(r,0)d@ r dr = —Po (9.1.3) 


oy g 
oi 


A problem of finding s corresponding to the situation shown in Figure 9.1 is called 
Boussinesq’s problem. A solution to the problem can be found by using the Boussinesq— 
Papkovitch—Neuber representation of the displacement u for an axially symmetric problem 
(cf. Equations 7.1.88 through 7.1.92) 


u = [u,(7, 2), 0, u,(7, 2)] (9.1.4) 
where 
_ 1 ol) 
uy = AQ — v) or (9.1.5) 
oy eee 
u.=W Aaa) os (9.1.6) 
p=o+w (9.1.7) 


and » = y(r,z) and w = w(r,z) are harmonic functions, 
Vo =0, Vyw=0 (9.1.8) 


with 


V= + + (9.1.9) 
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The associated strain tensor E and stress tensor S are computed from the formulas [cf. 
Example 7.1.7, Equations (1), (n), (p), (x), and (t)] 


= 1 a¢ 

Ey = ~ 4( — v) or? (9.1.10) 
ne es 

Foo = A=) 6 OF (9.1.11) 
_ av 1 #¢ 

E.= az 40») 0 (9.1.12) 
2 1 ao Vv 

E,, = ees Ee == yn (9.1.13) 

Ew=0, Ex» =0 (9.1.14) 

and 

Sy = sae => (TS -2» & *) (9.1.15) 

Soo = : 9.1.16 

i “sam (GO <) eee 
= ao v 

c as <A Ee 105 nd (9.1.17) 
_ aay! 

Sy Se an [-* 2(1 — v) | (9.1.18) 

Se =0, Sx» =0 (9.1.19) 


To obtain a solution to the problem, we note that the first of the boundary conditions 
9.1.1 may be written in the integral form [1] 


P (oe) 
S.s(r,0) = ~~ J edo(oer)de (9.1.20) 
0 


where Jy = Jo(a@r) is the Bessel function of order zero and of the first kind that satisfies the 
differential equation 


(V? + a7) Jo(ar) =0 (9.1.21) 


in which 


Vast (9.1.22) 
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Also, note that [2] 


f e"Jn(ar)de i eae 


0 


(= Zz)" 
R 


n=0,1,2,... (9.1.23) 


where 
R=Vrt+2, z>0 (9.1.24) 


and J,, = J, (ar), n > O, is the Bessel function of order n and of the first kind that satisfies 
the differential equation 


[y+ (#5) | stan =o (9.1.25) 
: 3) {Jn = Ae 


Clearly, if n = 0, Equation 9.1.25 reduces to Equation 9.1.21, and, by Equation 9.1.21, we 
obtain 


V*[e““Jo(ar)] = 0 (9.1.26) 
and 
VV? laze “Jo(ar)] = 0 (9.1.27) 
Since, in view of Equations 9.1.7 through 9.1.9, 


3 
Vo = 2, V4 =0, V2v26=0 (9.1.28) 
z 


and S., is given by Equation 9.1.17, to satisfy the boundary conditions 9.1.1, we postulate 
¢ and vy in the forms 


(1,2) = [A + azBe“Jo(oer)da (9.1.29) 
0 

W(r,2) = | Ce“ Jolanda (9.1.30) 
0 


where A=A(qa), B= B(a), and C=C(q@) are unknown functions of @ to be determined 
from the two boundary conditions 9.1.1 and from the first of Equations 9.1.28. Clearly, @ 
and w comply with the second and third of Equations 9.1.28, because of Equations 9.1.26 
and 9.1.27. Substituting 9.1.29 and 9.1.30 into the first of Equations 9.1.28, we arrive at 
the relation 


J[-20°Be-*“Jo(arr)|dor =) [ CayCe-*Jo(ar)de (9.1.31) 
0 0 
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This implies that C = wB, and Equation 9.1.30 reduces to 


w(r,z) = f aBe*Jg (ar)da (9.1.32) 
0 
Therefore, the problem is reduced to finding A and B in such a way that the two boundary 
conditions 9.1.1 are satisfied. 


By substituting Equations 9.1.29 and 9.1.32 into Equation 9.1.18 and letting z = 0 we 
find that the boundary condition 


S,.(r,0) = 0 (9.1.33) 
is satisfied provided 
A=-—(1—2v)B (9.1.34) 


As a result, the function ¢ given by Equation 9.1.29 may be written in the form 
o(r,z) = { BI-a — 2v)+azle “Jo(ar)da (9.1.35) 
0 


Finally, by substituting the integrals 9.1.32 and 9.1.35 into Equation 9.1.17, letting z = 0, 
and using the boundary condition 9.1.20, we obtain 


ee ie ee 
aay = 


Ba (9.1.36) 


Therefore, using Equations 9.1.32, 9.1.35, and 9.1.36, the following formulas are obtained: 


y= Foy) fe Jolar)der (9.1.37) 
a 

ag _ Po(l — v) fia S59) ale “donee (9.1.38) 
or pA 4 

d¢ _ Pol — v) fea eye" nande (9.1.39) 
Oz MIC 4 


Note that Equation 9.1.38 is obtained from Equation 9.1.35 by using the relation 


ld 
Ji (ar) = ae a ee) (9.1.40) 
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In the following, we show that the integrals 9.1.37 through 9.1.39 can be expressed in terms 
of elementary functions. To this end we note that, because of Equation 9.1.23 with n = 0 
and n = 1, we get 


r 1 
fe" Jolar)der =5 (9.1.41) 
0 
and 
fem ae 7 (9.1.42) 
e 5 arjaa = = pa PA 
' r R R(R+2) 


0 


By differentiating Equations 9.1.41 and 9.1.42 with respect to z, we obtain, respectively 


fac (aryda = 2 (=) (9.1.43) 
) dz \R 
and 
foes (ar)da = aff Fees (9.1.44) 
~ az |RR+D - 


0 


Therefore, using Equations 9.1.41 through 9.1.44, we reduce Equations 9.1.37 
through 9.1.39 to the forms 


Poi -—v) 1 
pa (9.1.45) 
pt R 
op -“- v) a 1 
1-2 9.1.46 
or f oF ait Fees ( ) 
ag —«— v) a (1 
— 20 -—v)=+z—(- 9.1.47 
ef fra -we+en (5) 0.1.47) 
Now, since 
0 1 1 0 (1 Zz 
— | ———_ ]=-—, =—[-]=-— 9.1.48 
0z Feel R3° 0z (z) R3 ( ) 
from Equations 9.1.46 and 9.1.47 we get 
0 Pod - 1 
DO ot aig © a6 (9.1.49) 
or pm RR+z R 
and 


a6 — Po(l—v) 2 
ee [2a - ve- 5 (9.1.50) 
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and substituting Equations 9.1.49 and 9.1.50 into Equations 9.1.5 and 9.1.6, respectively, 


we atrive at the displacement components 


(9.1.51) 


(9.1.52) 


To compute the strain components, we differentiate Equations 9.1.49 and 9.1.50 with 


respect to r and z, respectively, and obtain 


ad - Poi —v)[ z Vea 1 
oP ax lie Is ee -353| a ee | 


and 


ap Ss Pothiesy) z Ee -22-»]} 
027 pu 


Also, differentiating Equation 9.1.45 with respect to z we write 


ay Po(l—v) z 


Oz px = 


and differentiating Equation 9.1.45 with respect to r we obtain 


av Po(l—v) r 


or [Amt R3 
Now, substituting Equation 9.1.53 into Equation 9.1.10, we get 


Fare ee FS eee eral Weer ee 
oar a ale 7 merol 


Next, substituting Equation 9.1.49 into Equation 9.1.11, we obtain 


Po 1 Zz 
PySoy) 
Ar REZ: 


Also, substituting Equations 9.1.54 and 9.1.55 into Equation 9.1.12, we write 


(9.1.53) 


(9.1.54) 


(9.1.55) 


(9.1.56) 


(9.1.57) 


(9.1.58) 


(9.1.59) 
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To obtain E,, note that because of Equations 9.1.45 and 9.1.50 we have 


a 2 
of 20 - »y res (9.1.60) 


pr RR 


Hence, differentiation of Equation 9.1.60 with respect to r and using Equation 9.1.13, we 
obtain 


3Py) 2 
b= ar = (9.1.61) 


It follows from Equations 9.1.57 through 9.1.59 that 


Po z 
Ey, + Eog + Ex, = aris PVs (9.1.62) 
This result is in compliance with the equation 
a (9.1.63) 
rr 60 BS OL =) az os 


which is obtained by using Equations 9.1.10 through 9.1.12 and the first of Equations 9.1.28. 
To obtain the stress components we proceed in the following way. To get S,, we insert 
Equations 9.1.53 and 9.1.55 into Equation 9.1.15 and obtain 


P 3r° 1—3v)R 
ce ae (Lata (9.1.64) 
27 R? R? R+z 
Substitution of Equations 9.1.49 and 9.1.55 into Equation 9.1.16 yields 
(1 —2v)Po [z R 
Rts = 9.1.65 
“ 2nR? \R R+z ae) 
Next, inserting Equations 9.1.54 and 9.1.55 into Equation 9.1.17, we obtain 
3Py 2 


Finally, by differentiating Equation 9.1.60 with respect to r, and substituting the result into 
Equation 9.1.18, we get 


Gea (9.1.67) 


It follows from Equations 9.1.64 through 9.1.66 that 


_ Poll EB) 4g 


Sv + See + S. => = R (9.1.68) 
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Also, Equations 9.1.62 and 9.1.68 imply the well known result (cf. Equation 4.1.23) 


1 1-—2v 
Ey + Eoo + E. =e (S,, + Soo + Sz) (9. 1.69) 
2u itv 
In the direct notation this reads 
po (9.1.70) 
= r mall 
2u 1+v 


9.1.1.1 Analysis of the Solution 


The solution is represented by the elastic state s = [u,E,S] in which u is given by 
Equations 9.1.4, 9.1.51, and 9.1.52, E is defined by Equations 9.1.57 through 9.1.59 and 
9.1.61, and S is defined by Equations 9.1.64 through 9.1.67. The state s is singular at R = 0, 
and s—> 0 as R— oo. Moreover, s has the following properties: (i) u,(0, z) =0 for z > 0; 
u,(r, 0) <O and u,(r,0) > 0 for r > 0; (ii) tr E(r, 0) = 0 for r > 0; and the stress components 
S,, and S,, are independent of elastic constants throughout the semispace 0 < r < o, 
0 < z < cw; in addition 


oo 2m 
[ \see zrdrdd =—P, forevery z>0 (9.1.71) 
0 0 


oo 2m : oe) ue 
J J Ser, ar dr dO = —3Poz" | Se (9.1.72) 
0 0 0 
Since 
ee ee (9.1.73) 
RB 3 ar \R3 
therefore 
co 20 1 r=0o0 
{J Se(,2)rdr do = Por’ 
R 
0 0 r=0 
3 1 
= Por’ | -= ) = —Po (9.1.74) 
& 
Similarly, by Equation 9.1.67, we get 
oo 2m 
[ fsee z)rdrd0 =—Py for every z>0 (9.1.75) 
0 0 
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To prove Equation 9.1.75 we use Equation 9.1.67 and write 


oo 20 OO 4 
a (rar 
J J Se, drdrdé = -3P 92 tl 
RS 
0 0 0 


Since 


rd 17 a(1 
f a fr dr 
R 3 or \R? 
0 0 
therefore, the integration by parts leads to 
_ dr Pile ae 
= r -l!az> 
J R Si de se J R3 
0 = 0 


Substituting Equation 9.1.78 into Equation 9.1.76, we get 


20 ee) 
ae. 

J Silt, dr dr d= Poe = 

dz 4 R 


or 


Qn 


0 

J S.r,drdrdo = Poe lin(r + R)] 
z 

0 


r=00 


— 
R(R+r) 


r=0 


Note that by Equations 9.1.66 and 9.1.67 


S.(r,0) = S,,(r,0) for every r > 0 


r=00 


r=0 


(9.1.76) 


(9.1.77) 


(9.1.78) 


(9.1.79) 


(9.1.80) 


(9.1.81) 


In the following, Boussinesq’s solution will be used to obtain a solution of three-dimensional 
elastostatics for a semi-infinite solid subjected to an arbitrary normal load on its boundary. 
To this end we transform the elastic state s = s(r,z) into Cartesian coordinates (x,, x2, x3) 


using the formulas 


uy; = u,cos@ 
Ur = u,sin@ 
U3 = U, 
S13 = S,, cos 6 
S93 = Si sin 0 
S33 = S-, 


(9.1.82) 


(9.1.83) 
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and 
Si, = S,, Cos? 6 + Soo sin? @ 
Sx = S,, sin’ 0 + So cos 0 (9.1.84) 
Sp = 5S — Soo) sin 20 

where 


cos @ = ae sind = ge (9.1.85) 
r r 


Substituting u, and u, from Equations 9.1.51 and 9.1.52, and cos@ and sin@ from Equa- 
tion 9.1.85 into Equations 9.1.82, we obtain the Cartesian components of the displacement 
vector 


P 
Se | Oy 
4a R | R2 R+x3 
P 1 
pe ee | Se Fs) (9.1.86) 
4a R | R? R+x3 
Po 1 a 
° we a | +2 ) 


3Po Axe 3Po X9X3 3Po x 
_ 2 Re is 2m Ie - 2a R ( ) 


Finally, substituting S,,, and Seg from Equations 9.1.64 and 9.1.65 into Equations 9.1.84, 
we get 


P. 3x2 R 2(2R 
a 0 x7 X3 Say EF ject + |} 


—OnR2 | R Ro R+x3) RR +23) 
Po 3x5X3 X3 R a (2R + x3) 
SoS —(1-2 — 9.1.88 
= 27 R? R? w Ro R+x3  R(R+4%3)? : 
Po 3x3 (2R + x3) 
Spo ey ek 
ORE RO MRR +a)? 


Similar formulas may be obtained for Cartesian components of the strain tensor E. 
Now, let ahomogeneous isotropic elastic semi-infinite solid, described by the inequalities 


Ix]}< oo, |x| <co, 0<%%<c@ (9.1.89) 
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be subjected to a normal load p = p(x, x2) ona finite domain Q of the boundary x; = 0, i.e., 


S33(%1,X2,0) = —p(X1,X2) for (Xj,x2) € Q 
(9.1.90) 
S13 (%1, X2, 0) = $93(%1,%2,0) = 0 for |x;| < 00, |x| < 00 


where p = p(x),X2) is a prescribed function on Q. Then the displacement u = u(x) and 
stress S = S(x) for any point of the solid may be computed from the formulas 


u(x) = f u* (x, — 1x2 — Eos es) pE, &2)dbid& 
Q 


(9.1.91) 
S(x) = | S*(1 — &.2 — &3.35)p Ei, fe)dbid& 
Q 


where u* and S* are obtained from Equations 9.1.86 and 9.1.87 and 9.1.88, respectively; 
in which we put Py = 1; and replace x; and x by x, — & and x2 — &, respectively. For 
example, for $33 we obtain 


2 
gs i p(k, &)dé dé, 


(9.1.92) 
2m Ax; 4 [Qa -— &)? + G2 — &)? + xy” 


9.1.2 AN ELASTIC STATE INA HOMOGENEOUS ISOTROPIC SEMISPACE 
SUBJECT TO A CONCENTRATED FORCE TANGENT TO ITS BOUNDARY: 
CERRUTI’S SOLUTION 


Let us consider a homogeneous isotropic elastic semi-infinite solid on the boundary of 
which acts a concentrated tangential force Py (see Figure 9.2). 

A problem of finding an elastic state s = [u, E, S] corresponding to the situation shown 
in Figure 9.2 is called Cerruti’s problem. A solution to the problem is represented by s that 
satisfies the field equations of three-dimensional homogeneous isotropic elastostatics in the 
region 


|x| < 00, |x] < 00, 0<2x3 < 00 (9.1.93) 
subject to the boundary conditions 


S13(%1,X2,0) = —Po 5(%1)d x2) (9.1.94) 
So3 (%1,¥2,0) = $33(%1,%2,0) = 0 (9.1.95) 


FIGURE 9.2 Tangential ; oie a 
force P, acting on the bound- and suitable vanishing conditions at R—> oo, where R= 


ary of a semi-infinite solid. eo + a + ae In Equation 9.1.94 6 = 5(x,) and 6 = d(%) 
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are the Dirac delta functions on the x-axis and x-axis, respectively. Since 


+00 +00 
f d@de, = 1 and f 8@)dx2 = 1 (9.1.96) 


from Equation 9.1.94 we get 


+00 +00 
i i S13(%1, X2, 0)dx,dx2 = —Po (9.1.97) 


To obtain s = [u, E, S] we let [3] 
sas) 4 5% (9.1.98) 


where s) is generated by a scalar potential ¢, and s® is generated by a Boussinesq— 
Somigliana—Galerkin solution (cf. Equations 7.1.55 and 7.1.56 with b = 0), 


sO = fa BO, §] (9.1.99) 
where 
u') = Vo 
E” = VV¢ (9.1.100) 
S° = 2uVVo 
V7¢=0 (9.1.101) 
and 
5? = [u® B® $2] (9.1.102) 
where 
u®? = Vg — oes V (div g) (9.1.103) 
i= p) ~ 
(2) 220 1 : 
E® = V?(Vg) — ———— V V(div g) (9.1.104) 
2(1 — v) 
8S? =p {2v°@ g)+ =a [vV? (div g)1 — VV (div al} (9.1.105) 
V’V*s =0 (9.1.106) 


It follows from Equations 9.1.100 and 9.1.103 through 9.1.105 that in components 


u) = @; ee = o,, s. = 2ud jj (9.1.107) 
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and 

UP = Vg — 5 — Bu (9.1.108) 
i 1 2(1 = v) k,ki ol [es 

Ce en ae (9.1.109) 
7) ges oe Deen 

1 
Si =i V"(8i,j + gi) + —— (vdy8ieun — Brij) (9.1.110) 
l-—v 


In particular, it follows from Equations 9.1.107 through 9.1.110 that the boundary stress 
components at x; = 0 take the forms 


S38 =2uds, SS =2udn, Si) =2uds (9.1.111) 
and 
1 

Se =p [2v%., a (= (VV" gx = sun) (9.1.112) 
Q) 2 1 

S37 = | V"(g32 + 823) — <7 8kk23 (9.1.113) 
2) 2 1 

S3, = H| V"(913 + 831) — a 8kK13 (9.1.114) 


Now, we are to show that s given by Equation 9.1.98 is a solution to Cerruti’s problem 
provided @¢ and g, are taken in the forms 


x\ 
= 9.1.115 
p aie ( ) 
and 
R 
ge = ARS, + Bx, In ( =) Sui (9.1.116) 
where 
2 2: 2\ 1/2 
R= (i +%43+4%) (9.1.117) 


A, B, and C are suitably selected constants, and L is a positive constant of the length 
dimension. To this end, we prove that (i) @ is harmonic and g; is biharmonic in the 
semispace described by the inequalities 9.1.93, (ii) A, B, and C are uniquely determined by 
the boundary conditions 9.1.94 and 9.1.95, and (iii) s ~ Oas R > oo. 
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Proof of (i). To show that ¢@ is harmonic, we apply the Laplacian operator to 
Equation 9.1.115 and write 


Vb = CL (R +3) Lex 
= C[5(R +43) | — x (R+43) 7° RT + 530) ] , 
= C[—25.(R + x3) 7 (4 R| + 83x) 


+ 2x1(R +.x3) 2 (ag R | + 534) (XR + 53x) 


—x,(R +x3)° GR! — x.4,R~)] (9.1.118) 

Since 
514 (x,pR| + 534) = xR (9.1.119) 
(x,R7! + 53.) (Ro! + 83.) = 2R71(R + x3) (9.1.120) 


therefore, from Equation 9.1.118 follows 


V°p = C[—2x,R1(R 4.43) 7 + 40 R'(R +23) 7 


— 24 R'(R+x3)7] =0 (9.1.121) 


This proves that @ is harmonic. 
To prove that g, is biharmonic, we take gradient of Equation 9.1.116, and obtain 


R 
8k j= AxjR7'8x1 + Bb {eu [in ( **)] 


+ x1 (jR7' + 63)(R + | (9.1.122) 


Next, the differentiation of this equation with respect to x; yields 
Skip = ABR | — xjR7XR Oia + Bes [251 (GR! + 8)3)(R + x3)! 
+.x1(3R7' —xjR°x,R7')(R +3)! 
— x1 (Ro! + 53) QjR| + d)(R +3) 7] 
Hence 


8k,jj = 2AdaR| + 2Bbjgx,R-'(R + x3)! (9.1.123) 
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Also note that 
WR! = (R")e = —ORR™) ge 
= —(3R? — 3x,R*x,R7') = 0 (9.1.124) 


and 


V2 In (* +) = in (- +) = [(uR 3+ 63) R40), 
kk 


= [(R7! — xR xR!) (R +.x3)7' — 2R" (R+33) |] =0 (9.1.125) 


In addition 


x,R7(R4+x3)7' = in (=) (9.1.126) 
al 


Therefore, applying V* to Equation 9.1.123 and using Equations 9.1.124 through 9.1.126, 
we find that g, is biharmonic. This completes the proof of (i). 


Proof of (ii). To show that A, B, and C are uniquely determined by the boundary conditions 
9.1.94 and 9.1.95 we need to compute the stress components $33, 5)3, and S23. To this end 
we insert ¢, given by Equation 9.1.115, into Equations 9.1.111, and obtain 

Si) = 2uC [x(R +3) "] ,, = 2uCxyR™ (9.1.127) 


SO = 2uCla(R + x3) as 


x 2R + X3 
= —2uCR'(R ‘(1-2 9.1.128 
lb (R + x3) ( R Rix ( ) 
Sie = 2nC [mR +x3)"'] 5 
2R 
= 2uCxyx,R3(R + x3)! ( Z =) (9.1.129) 
R + X3 
Next, from Equation 9.1.122, we get 
Sire = (A+ B)xiR" (9.1.130) 
and this implies that 
Skkp = (A+B) (51pR7! — x1xpR~*) (9.1.131) 


and 


Skkpqg = —(A + B)R™ (81pXq + S1gXp + 18 pq — 3x1%pxQR”) (9.1.132) 
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Also, by Equation 9.1.123, 


V2; = 2A5;,R7! + 2Bby in (- +) (9.1.133) 
wl 
Hence 
V’ gi, = —2AdxjR? + 2B5i3 [CXR + 83) (R +23) "'] , (9.1.134) 
Since 
[GjR! + 3)(R +43)" '] , = [(G R71 — xgR™) (R443) 
— (4 R7! + 83) R71 (R+ x3) 7] (9.1.135) 
therefore 


V* (gi; + 8’) = —2A (Sx; + dxi) R> + 2B {53(R +23)! 
[(d:R7' — xixjR~) — (Ro! + 83) RR +3) |] 
+ 83(R + x3)! [(6nR7* — 114;R~) 
— (xR! + 43) RR +x3)']} (9.1.136) 
Now, by letting p = q in Equation 9.1.132, we write 
Vgkk = Skkpp = —2(A+ BR? (9.1.137) 


Next, by letting p = g = 3 in Equation 9.1.132 and i=j = 3 in Equation 9.1.136, we obtain, 
respectively 


8x 433 = —(A + B)x,R™ (1 = =) (9.1.138) 


and 
2V°g33 = —4Bx,R~ (9.1.139) 


Similarly, by letting p = 2, g=3 in Equation 9.1.132 and i= 2, j=3 in Equation 9.1.136, 
we write, respectively 


8403 = 3(A + B)xyx2x3R~ (9.1.140) 
and 


V"(g03 + 832) = —2Bx1x2R 3(R + x3) 7(2R + x3) (9.1.141) 
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Finally, by letting p = 1, g =3 in Equation 9.1.132 and i= 1, j =3 in Equation 9.1.136, we 
get, respectively 


3 2, 
sins = —(A+ BR? (1 = a) (9.1.142) 
and 
x? AR+x 
V?(g13 + 831) = —2Ax3R™ + 2BR7'(R + x3)! (1 — a ae ‘) (9.1.143) 
3 


Now, we substitute V7 9x4, 24.433, and 2V7g33 from Equations 9.1.137, 9.1.138, and 9.1.139, 
respectively, into Equation 9.1.112, and obtain 


1 3x3 
Ss? = {spk vies [-20«4 + B)xyR™ + (A + BR” (1 7 z)| 
=—YV 


(9.1.144) 


Also, the substitution of gx423 and V*(g23 + g32) from Equations 9.1.140 and 9.1.141, 
respectively, into Equation 9.1.113, yields 


3 
Sse [28k *R +3)? QR +33) — A+ Byxinonk | (9.1.145) 


Finally, by inserting 9,413 and V"(213 + g3,) from Equations 9.1.142 and 9.1.143, 
respectively, into Equation 9.1.114, we arrive at 


2 
Q) _ 3 4 4 x2 R+x3 
S33 = [2a + 2BR(R + x3) (1 ae reac 
1 3x2 
+ AF B)nR? (: - z)| (0.1.146) 


Therefore, the stress components $33, 523, and $;3 are given by 


S33 = SY + 89 (9.1.147) 
Sy = SQ + 89 (9.1.148) 
S3 =SQ4+ 8° (9.1.149) 


where SS (i = 1,2,3) is given by Equations 9.1.127 through 9.1.129 and sO is given by 
Equations 9.1.144 through 9.1.146. 
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To compute the constants A, B, and C, we note that the boundary conditions 


S33(%1,%2,0) = 0, $23(0%1,22,0) = 0 


are satisfied provided 


1—2v 
=p. 


—B+C=0 
Hence, the constants are 
1 
A B, C=B 
1—2v 

To satisfy the boundary condition 

+00 +00 

J f S131, X2, O)dxdxy = — 


we note that, because of Equations 9.1.149 and 9.1.1 52, we obtain 


2B 3x?x3 
S13 (11, X2,.%3) = —4 — ee 
Also, we note that for x; > 0 
+00 +00 9 
l= J if AF de dxy = 5 


To prove 9.1.155 we observe that 


if wt =2 5 jet =—5 ae (qe) a 


~) 


Xx] =00 


2 1 
=~ 3lR 


therefore 


r=00 


ee f a0 f rdr _ 20 x3 _ 
3 0x3 5g VP +3 3 P48 pe 
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(9.1.150) 


(9.1.151) 


(9.1.152) 


(9.1.153) 


(9.1.154) 


(9.1.155) 
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This completes proof of Equation 9.1.155. Therefore, integrating Equation 9.1.154 over 
the (x),x2) plane and using Equation 9.1.155, we obtain 


ne 4Bun 


ii J S13 (1, X2,.X3)dx,dx. = ——_ (9.1.156) 
1—2v 


Letting x; = 0 in Equation 9.1.156 and substituting into Equation 9.1.153, we find that 


_ = v)Po 


B 
Ar 


(9.1.157) 


As a result, the boundary conditions 9.1.94 and 9.1.95 are satisfied provided (cf. 
Equation 9.1.152) 


Po = (1 — 2v)Po Ce (1 — 2v)Po 


ang 9.1.158 
An 4a An w 


This completes the proof of (ii). 


Proof of (iii). To prove that s > 0 as R > oo, we compute u and S, and show that u > 0 
and S — 0as R — ov. Then it follows from Hooke’s law that E — 0 as R — ov. First, 
we compute the stress components. To find ie we substitute C from Equation 9.1.158 into 
Equations 9.1.127 through 9.1.129, and arrive at 


5s) — (1—2v)Po x1 

ae 20 R3 
a) 7 qd _ 2v)Po X1X2 2R + x3 ld 
32> a R (R+x5) (9.1.159) 
sO = (1 — 2v)Po 1 x, 2R+%3 

aa Qn = R(R+-X3) R? R+x; 


Also, by substituting A and B from Equation 9.1.158 into Equations 9.1.144 through 9.1.146, 
we get 


(1—2v)Po x;  3Po x1x3 


§2 See 
33 20 R?> Qn R 
(1 —2v)Po x1xX. 2R+ x3 3Po X1X2X3 
§2 a me = 
nF Qn R3 (R+x3)2 20 RS C2 P00) 
rome (1 —2v)Pp 1 7 xt 2R+X _ 3Po xix3 
. Qn  R(R+x3) R? R+x; 2n RS 
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To find Ss? and se we use the formulas (cf. Equations 9.1.107 and 9.1.110) 


x 
SY = 2c ( ) 
: R + X3 12 


(9.1.161) 
SS) = 2nC ( “ ) 
22 M eee - 
and 
Q) 2 i 
Sip = K| Vo (812 + 821) — [op eee 
(9.1.162) 
1 
Ss? > [27222 oe i-v (Y 8x — 7) 
where (cf. Equation 9.1.116) 
R 
ge = ARSy + Bx, In ( =*) ve (9.1.163) 
Substituting C from Equation 9.1.158 into Equation 9.1.161 we write 
sO 2 (1 —2v)Po x2 1 CR 2xtR 
si Qn RR} (Rx)? R+x3 
(9.1.164) 


si - (1 —2v)Po x1 1 ( 2_ pry 2x5R ) 


In RB (Rm? 


Next, substituting A and B from Equation 9.1.158 into Equation 9.1.163, we get 


P R 
a= ee Ru + (1 — 2v)x, in( +) | (9.1.165) 
4 pu L 


Hence, we obtain (cf. Equations 9.1.130 through 9.1.133 and 9.1.136 and 9.1.137) 


Po —v) XxX) 
SRR =a a oe 


(9.1.166) 
2m R 
Po(i — v) 1 Xx\Xx, 
Skip = a (03 _ a ) (9.1.167) 
Poi-v) 1 1 
8kkpq = ao) a RB inky + Oigdp + Mens = 3x1 %pXq Re (9.1.168) 


Po 1 R+x%,3 
ikk = —— 4 Ou= 1 — 2v)d33 | 1 - 9.1.169 
pres =| int 6 ») s|in( L ih 
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V(g+8) = stk (5;1x; + 54x;) | ae (is 21)Fo 
8i,j 8}. In w il’ jlAi R pean 


1 1 xx; x, 1 xX; 
5; Rose) = (= 53) 
«| oR ALGe) | (ag “= RRGeAR 


1 1 XX; XxX 1 Xj 
eee ee me (+ 5:3) 9.1.170 
tgp l(oR- Fe) FERRET] O17 


Now, by letting p = 1, g = 2 in Equation 9.1.168, and i = 1, j = 2 in Equation 9.1.170 
and substituting into Equation 9.1.162,, we get 


2 
Ss (9.1.171) 


Next, by letting p = gq = / in Equation 9.1.168, we write 


Po XxX) 
2m R3 


8m = —2(1 — v) (9.1.172) 


Therefore, substituting Equations 9.1.168 and 9.1.172 with p = q = 2, and 9.1.70 with 
i=j = 2, into 9.1.1625, we obtain 


P 3x5 
SP = el e2 ja = oS 4 (9.1.173) 
1 R 


To find S{) and Se , we calculate the components (cf. Equations 9.1.107 and 9.1.110) 


s® = 2c (—! 9.1.174 
11 UL Rae ey ( ) 


and 


1 
See = [2¥%e0, + i 


(Venu = a) (9.1.175) 


By substituting C from Equation 9.1.158 into Equation 9.1.174, and differentiating, we 
obtain 


(1 —2v)Po x1 1 2x°R 
SO = 2 ope 2 9.1.176 
H Qn R3 (R+ x3)? ‘ . R+4%x3 


Also, by substituting Equations 9.1.170 with i=j= 1, 9.1.168 with p=q=1, and 9.1.172 
into Equation 9.1.175, we get 


14 3x7 
So = mala ja —2p)— | (9.1.177) 
1 R 
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It follows from Equations 9.1.159,, 9.1.1645, and 9.1.176, that 


Sy SS PS Soe SSS 0 Oe) 


as should be expected since, by Equation 9.1.107, 
SO = 2uV°o =0 (9.1.179) 
On the other hand, Equations 9.1.160,, 9.1.173, and 9.1.177 imply that 


— Pol +v) x 
a R: 


Si +52 + Sy = Sy =tr 8° = (9.1.180) 


Therefore, using Equations 9.1.159, 9.1.160, 9.1.164, 9.1.171, 9.1.173, 9.1.176, 9.1.177, 
and the relation 


Sy= s. he s (9.1.181) 
we arrive at 
Po x { 3x2 (1—2v) 2R 
su = ir R 2 * RTE)? [P84 a Ny es 
3 3 
Pj Se, Bie. 1 S90) 25- + 2R 
Sp= on RB |-3 = (R+x3) R x; ee eer (9.1.183) 
Poa { Bie SAS) fee 5 2R 
= = BRP — xe (1 9.1.184 
= Fi *{ R + Rx) WON Yeas ( ) 
3P 
Ssae a (9.1.185) 
3P 
Gis a (9.1.186) 
3Pox xe 
ee a (9.1.187) 


This completes the derivation of S in Cerruti’s problem. To obtain the associated 
displacement field u, we use the formula 


uj = ul? + u® (9.1.188) 


where uw‘) and u® are given by Equations 9.1.107 and 9.1.108, respectively. Hence, 
substituting 


om: dd = 2v)Po xX 
g= re (4) (9.1.189) 
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into Equation 9.1.107,, and Equations 9.1.167 with p = iand 9.1.169 into Equation 9.1.108, 
we obtain 


Pai ee eg eo ee a (9.1.190) 
uy = a = = wt. 
' Aa uR R2 R+x,  (R+2x3) 
P R 
pe a pe (9.1.191) 
4a R? (R + x3)? 
Po X, | X3 
= ma alata ae) 9.1.192 
U3 Anu R2 E + ( de ( ) 


It follows from Equations 9.1.182 through 9.1.187 and 9.1.190 through 9.1.192 that 
S=S,)0(R’) asR— oo (9.1.193) 
and 
u=up0(R') asR— oo (9.1.194) 


where So and up are a given tensor and a given vector, respectively, and the symbol 0(1) 
has the usual meaning: O[f(R)]/f(R) — O01) < co as R > o~, where f = f(R) is the 
prescribed function. The relations 9.1.193 and 9.1.194 imply that s = [u,E,S] > 0 as 
R— o, and this completes the proof of (iii). 


9.2 THREE-DIMENSIONAL SOLUTIONS OF NONISOTHERMAL 
ELASTOSTATICS 


In this section, a number of closed-form solutions to three-dimensional BVP of nonisother- 
mal elastostatics are presented. In Chapter 4, a closed-form solution to the problem of 
finding a thermoelastic state s = [u, E, S] corresponding to a temperature change T, which 
is constant inside a sphere of radius r = a and vanishes outside of the sphere in a homo- 
geneous isotropic infinite body, was obtained (see Examples 4.1.10 and 4.1.11). In the 
following we discuss (A) a thermoelastic state in a homogeneous isotropic infinite body 
corresponding to a concentrated source of heat, (B) a thermoelastic state in a homoge- 
neous isotropic semi-infinite body corresponding to an internal source of heat, and (C) a 
thermoelastic state in a homogeneous isotropic semi-infinite body corresponding to a heat 
exposure on the boundary plane. In all three cases, the closed-form solution is obtained 
in the form s = s; + 5, where s, is a particular thermoelastic state of three-dimensional 
thermoelastostatics, and sy is an elastic state of three-dimensional isothermal elastostatics. 


9.2.1 A THERMOELASTIC STATE DUE TO THE ACTION OF A POINT SOURCE OF HEAT 
IN AN INFINITE BODY 


Let a homogeneous isotropic infinite elastic body be referred to the Cartesian coordinate 
system {x;}, and let a point source of heat be located at the origin of the system. A temperature 


pjwstk|402064] 1435597650 
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field T = T(x) produced by the heat source in the body then satisfies Poisson’s equation 
(see Equation 4.1.72 with Q = 794(x)) 


2 Yo 3 
VT =—— 6(x) forxeE (9.2.1) 
K 
subject to the vanishing condition at infinity 
T(x) > 0. as |x| ~ c& (9.2.2) 


Here, 5(x) = 6(%,)d(%2)5(x3), is a three-dimensional Dirac delta function, rp represents a 
constant intensity of the heat source, and « stands for the diffusivity coefficient [4]. 
Since 


1 
V? B= 475) (9.2.3) 
where 


R= |x| (9.2.4) 


therefore, the only solution to Equation 9.2.1 that satisfies the condition 9.2.2 takes the 
form 


ees (9.2.5) 

x) = — — 2, 
4nk R 

Clearly, the temperature field T has a spherical symmetry, T = T(R), where R is the radial 

component of a point P referred to the spherical coordinates (R, y, 8) shown in Figure 9.3 

and the operator V? may be written in the form 


a? 20 
V=— 4+ —— 9.2.6 
OR? a3 ROR ( ) 
In view of the spherical symmetry, a thermoelastic state s = [u, E, S] corresponding to the 
temperature T = 7(R) is generated by a thermoelastic displacement potential 6 = @(R) 
through the formulas (cf. Example 4.1.9) 


(R, F, @) 


FIGURE 9.3 The spherical coordinates in the heat source problem. 
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u= V¢ 
E=VV¢ (9.2.7) 
S = 2u( VV¢ — V’1) 


where ¢ satisfies Poisson’s equation 


Vd = mT (9.2.8) 
with 
1 
a (9.2.9) 
l-—vy 


Here, jz, v, and a denote the shear modulus, Poisson’s ratio, and the coefficient of linear 
thermal expansion, respectively. 
In the spherical coordinates Equations 9.2.7 take the form 


ap 
= [up, 0,0] = | —,0,0 9.2.10 
Uu = [Up ] E ( ) 
02 
| af 0 0 
Err Ey Ero aa 
BE | ee Boye Ee = 2 OG | (9.2.11) 
Eor Ep Evo noe 
y 1 a¢ 
0 QO: == 
RAR 
Srr Sro Sro 
S=] Sor Sop Sye 
OR Soy 60 
ao 
24 | =v" 0 0 
| (Gar) | 
1a¢ _, 
= 0 2 Sey 0 9.2.12 
| 1 (1% vs) | eam 
19a 
0 0 ys) Rs tay 
R AR 


Now, if the following asymptotic conditions are imposed on s = [u, E, S] 
u— [uv),0,0], E>0, S+0 as R>o (9.2.13) 


where ui, is a constant radial displacement, then it is easy to show that the only solution to 
Poisson’s equation 9.2.8 for an infinite body takes the form 


o =u,R + do (9.2.14) 
where 


Ss (9.2.15) 
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and ¢p is an arbitrary constant. By substituting @ from Equation 9.2.14 into Equations 9.2.10 
through 9.2.12, and using V? in the form 9.2.6, we arrive at 


in = u?, (9.2.16) 
| 9 9 0 
ES) 0 1-0 (9.2.17) 
FV 20 Od 
gol 2005-0 
S=-2n—“] 0 1 0 (9.2.18) 
Rl 001 


Therefore, a thermoelastic state s = [u, E,S] corresponding to the action of a point heat 
source in a homogeneous isotropic infinite elastic body and satisfying the asymptotic 
conditions 9.2.13 is represented by Equations 9.2.16 through 9.2.18. Note that s is obtained 
in the form 


S=S, +5 (9.2.19) 


where s, = [u, E, S] is a thermoelastic state of three-dimensional theory, while s. = [0, 0, 0] 
is a zero elastic state of three-dimensional isothermal elastostatics. 


Notes: 


(1) In the Cartesian coordinates {x;} we have R = ./x;x;, so substitution of @ from 
Equation 9.2.14 into Equations 9.2.7 yields 


u; = 6, = uo _ (9.2.20) 
Oy = XiX; 
Been (3 . “) (9.2.21) 
Oyj XiX; 
s,= —28 (E+) (9.2.22) 


(2) In the cylindrical coordinates (7, g,z), shown in Figure 9.4, we obtain R = 
/r? + 2; so if the potential ¢ is treated as a function of r and z, thatis, @ = @(r, z), 
the formulas 9.2.7 reduce to 


) Fr) 
Uy, = a uy =0, u;= ee (9.2.23) 
or Oz 
0? 0? 
E,, = a Evg = 0, E,. = p 
or oraz 
Lag 
E,-=90, E,.=-—. E,,=0 9.2.24 
gy PP r or PZ ( ) 
0? oe 
nr id > Exp = 0, E., _ Ze 
draz az? 
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(1,9, 2) 


1 
FIGURE 9.4 The cylindrical coordinates in the heat source problem. 


re) 0° a? 
Sry = —2u (- ag + =) ’ Srg = 0, Sr = 2 


r or dz2 oroz 
rp IO 
Day = 0, Sag = —2u (<$ + ==) > Sez =0 (9.2.25) 
ao 1a¢ a 
S, = 2 > S, = 0, S,, = —2 —) ——— —— 
i drdz a 7 ie (- or ” a) 


Therefore, substituting @ from Equation 9.2.14 into Equations 9.2.23 through 
9.2.25, we arrive at 


u, = uo a u,=0, u,=uo = (9.2.26) 
En =u(Z-Z). E,,=0, E, —uh = 
uw 
Ene) Lins re E,, =0 (9.2.27) 
2 

E,, = —u? E»y=0, E,=u (; 2 s) 

a gr 
S,, = —2puh, Zi (1 + x) 5 Se =O; Se==—2au, a 

u2 
5 = 0). Spe a 20 se S20 (9.2.28) 


The formulas 9.2.28 will be used to obtain a solution to a heat source problem for 
a semispace. 
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9.2.2 A THERMOELASTIC STATE INA HOMOGENEOUS ISOTROPIC SEMI-INFINITE 
Bopby CAUSED BY AN INTERNAL SOURCE OF HEAT 


In this section, we are to find a thermoelastic state s = [u, E, S] produced by a concentrated 
source of heat located at an internal point of a semispace. The source is located at a point 
(0,0, ¢) of the Cartesian system of coordinates (%1,x2,x3) and ¢ > 0; the semispace is 
described by the inequalities 


Ix|<00, |ml<o, x20 (9.2.29) 


It is assumed that a temperature field T = T(x) produced by a heat source of intensity ro 
satisfies Poisson’s equation 


Vraa 5(x1)d(x2)d(%3 — €) for |x1| < &, |x.| < 00, x3 > 0 (9.2.30) 
K 


subject to the boundary condition 
T(x},%2,0) =O for |x,;| < co, |x| < co (9.2.31) 
and the vanishing condition at infinity 
T—>O asR=\|x|—~ @w (9.2.32) 


The heat conduction BVP described by Equations 9.2.30 through 9.2.32 is axially symmetric 
with respect to the x3-axis, so it can be replaced by the cylindrical coordinate formulation: 
Find a temperature T = T(r, z) for r > 0, z > O, that satisfies Poisson’s equation 


) ro 6(7) 
VT =—— —d(z-¢) forr>0, z>0 (9.2.33) 
kK 2mr 


subject to the boundary condition 


T(r,0) =0 forr>0 (9.2.34) 
and the asymptotic condition 
T—>O0O aR=Vr+2> 0 (9.2.35) 
Here 
a 1a a? 
V= 9.2.36 
or? ror = az" ( ) 
and 
d(r) 
— = (x) )d (>) (9.2.37) 
2mr 
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In addition, it is assumed that the thermoelastic state s = [u,E,S] produced by the 
temperature T = T(r, z) satisfies the boundary conditions 


S.(r,0) = S,.(r,0) =0 forr>0 (9.2.38) 
and suitable vanishing conditions as R = Vr? + 22 > oo. 


9.2.2.1. Solution to the Heat Conduction Problem 


A solution to Poisson’s equation subject to the conditions 9.2.34 and 9.2.35 is represented 
in the form 


P= 17,2) + 12,2) (9.2.39) 
where 
2 A) d(r) 
WT, = —— — 6(z-¢) forr>0, |z|<o@ (9.2.40) 
kK 2nr 
T,; ~0 as R->oo (9.2.41) 
and 
V’T,=0 forr>0, z>0 (9.2.42) 
To(r,0) = —T (7,0) forr > 0 (9.2.43) 
Ty, 7-0 asR> Co (9.2.44) 


We note that if 7; satisfies Equations 9.2.40 and 9.2.41 and T, meets Equations 9.2.42 
through 9.2.44, then 7 is a solution to the heat conduction problem 9.2.33 through 9.2.35. 

Since the problem associated with 7, is the one for an infinite body, therefore, by virtue 
of Equations 9.2.1 through 9.2.5 in which x; is shifted to x3 — ¢, we obtain 


To 1 
N72) = ran (9.2.45) 
1 


where 


R=VP+e—ty (9.2.46) 


Also, it is easy to check that 
A 
Th(r,z) = = (9.2.47) 
Ry 


where 


R=VP+et+ty (9.2.48) 
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and 


y. eee (9.2.49) 


Hence, a solution to the heat conduction problem, by virtue of Equation 9.2.39, takes 
the form 


TY,2 =A (= _ =) , r>0, z>0 (9.2.50) 


9.2.2.2 Solution to the Thermoelastic Problem 


A solution s = [u, E, S] to the thermoelastic problem for the semispace is sought in the form 
S=S, +52 (9.2.51) 


where s, = [u'?, E‘?, S“] is a thermoelastic state for an infinite space corresponding to the 
temperature field given by Equation 9.2.50; and s, = [u®, E®, S] is an elastic state for a 
semispace produced by the boundary load 


SP7r,0) = —SP(r,0),  SO(r,0) = —SP (7,0) for r > 0 (9.2.52) 


and corresponding to vanishing conditions at infinity. 
By using a superposition principle of linear thermoelasticity and the solution of Part A, 
it is easy to see that 


5) =S8, +5 (9.2.53) 


where $, = [a°, E®,§] is obtained from Equations 9.2.26 through 9.2.28 in which z 
is replaced by z — ¢, and 3, = [a®,E®,§®] is obtained from Equations 9.2.26 through 
9.2.28 in which ro is replaced by —ro, and z by z+ ¢. In the expanded form Equation 9.2.53 
then reads 


1 1 ‘as ae aa al 4 

(1) _ 5,0 dg) _ ad _ ,,0 
i =a, (= = =) > t= 0, u,” =Up ( R, = R ) (9.2.54) 
EO ale-2-?(s =) | 

“ R, R Ri R3 
EE) =0, EO =—ur GS = <*) 

1 2 

=9 goa ~p(L_ 1) poXZ0 (9.2.55) 

gr ’ ey R R, R, i gz = 

, Ri Ry 


| oe (Z@—¢y (+e) 
eo =u | ( Re ae )| 
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e 1 1 
so — 92 0 Seg an Be 2: ee 
rr Mele RT NR 


- +f 
SS = 0, A = —2uu? r (: $ = s ) 
| AR, ie 
1 1 
CQ) @M _ 0 @ 
Sor => 0, Sy, = —2UUp (= = x) 5 So => 0, (9.2.56) 


Now, we note that Equations 9.2.56 imply that 


() = (1) =e 0 r 
ies (r, 0) = 0, Be. (r, 0) = 4pure +E?” r>0 (9.2.57) 


so the boundary conditions 9.2.52 take the form 


SP(r,0) = 0, SPr,0) = —4 pepe r>0 (9.2.58) 


r 
(r2 + £2)3/2’ 


To obtain the isothermal elastic state 5) = [u~,E@,S®] we use Love’s solution (see 
Equations 7.1.93 through 7.1.97 and Example 7.1.8 in which 6 = 9) 


u® = [u, 0, u] (9.2.59) 
where 
2 
u” — to ie x 
‘ 2(1 — v) draz 
; 2 (9.2.60) 
uw? = —_____ |2(1 — v)V? - — | x 
: 21 — v) 027 
and 


V’V"x =0 (9.2.61) 
The associated strain and stress tensors are obtained from the formulas 


3 
po: 1 a” x _ E2 =0 
zs 2(1 — v) dr2dz * 


ti 4 92 
E® = __ | (dd — vv? —- — 
= = 9 =) .or [ y) ol a 


(2) _ 
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1 1 @ 
E2 =0, E%=— , E®=0 9.2.62 
y ee 20 —v) r raz” ee) 


(2) _ Fe) (2) _ 
Ex aan Ee ? Ex =0 


and 


so— 2 (ow -3)x s® =0 


a a? 
(Oe 28 loys 
hae ere ee 
0 1 o 
s®=0, s®a—" 2 (yw--2),, s®=0 9.2.63 
ee ve —-1—v az id r or is #8 ( ) 


(2) _ ¢(2) (2) 
SS >> Sy ? cee =0 


0 a? 
s? = E —v)V? - =| x 


l—v az 


The biharmonic function x = x(r,z) is to be selected in such a way that the boundary 
conditions 9.2.58 are satisfied, and 


sy = [u®?, E®,S°] > [0,0,0] asR=Vr?2+2 > 00 
A hint to obtain y comes from the fact that the function r(r? + ¢7)~*/? occurring in the 
second of the boundary conditions may be represented by the integral (cf. Equation 9.1.41 
in which z = €) 


f = ( : Oe yd (9.2.64) 
oe =—-— |e“ Jj(ar)da 2. 
(r? + £7)3/2 ar VP +0 or J 
as well as from the observation that the integral 
x(",2) = J [A(a) + B(w)az] ec Jo(ar)da (9.2.65) 
0 


in which A=A(q@) and B= B(q) are arbitrary functions, is biharmonic for r>0, z>0, 
and vanishes as R= /r? + z* > oo. Substituting Equation 9.2.65 into the equation (cf. 
Equations 9.2.63) 


3 0 
$2 = — = E wv = =| x (9.2.66) 
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and using the relation (see Equations 9.1.21 and 9.1.22) 


(V; + a7) Jo(ar) = 0 (9.2.67) 
in which 
OP. 2x0 
Ve=at+-=— (9.2.68) 
or? or Or 
we arrive at 
82% (r,2) = — [a8 [A + (= 2v)B + zB] e“Jo(ar)dor (9.2.69) 
0 


Hence, the first of boundary conditions 9.2.58 is satisfied provided 
A(a) = —(1 — 2v)B(@) (9.2.70) 


Substituting Equation 9.2.70 into Equation 9.2.69 we get 


(oe) 


ae f wB(ae® Jolanda (9.2.71) 
0 


l—v 


S%(r,2) = 
and inserting Equation 9.2.70 into Equation 9.2.65 we obtain 
x(77,2=- fla — 2v) —az]B(a)e ™ Jo(ar)da (9.2.72) 
0 


The only unknown function B = B(q) is to be found from the second of boundary conditions 
9.2.58. To this end we substitute Equation 9.2.72 into the relation (see Equations 9.2.63) 


a a 
SO Sie = 9.2.73 
@=—* ~la-yv- sx (9.2.73) 
and get 
59,2) = -r— ie — J a( = a2)Blae Ji(aryda (9.2.74) 


0 


Now, we insert Equation 9.2.64 into the second of boundary conditions 9.2.58 and obtain 
SP(r,0) = Aue [ve Iy(ar)dor (9.2.75) 
0 


Finally, by equating the RHS of Equation 9.2.74 at z = 0 to the RHS of Equation 9.2.75 
we have 


B(a) = 401 — v)w.oae (9.2.76) 
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And, inserting Equation 9.2.76 into Equations 9.2.71 and 9.2.74, we write, respectively 


S2(r,2) = Amuptz | are "9 Jo(ar)dor (9.2.77) 
0 
and 
8) = pups { a(1 — azye "9 Jy (ardor (9.2.78) 
0 


The remaining stress components are obtained from the relations (see Equations 9.2.63) 


F) 0? 
GO) wae NES Sei ie an 9.2.79 
Too easy ae v a2 | x ( ) 

F) 19a 
GOies ats SU oye Ss 9.2.80 
pe =v = (» sa) x ( ) 

Using the relations 

V*{[—(. — 2v) + azje~™ Jo(ar)} = —2a7e~% Jo(ar) (9.2.81) 

0? J 
Lay A ee Ac eee (9.2.82) 

or ar 
J 

Se Ar ree a (9.2.83) 

r or ar 


and substituting x from Equation 9.2.72 into Equations 9.2.79 and 9.2.80, we obtain, 
respectively 


SoS Es f {0 —azje Jo(ar) — [2(1 — v) — ace 07} a Bia)da (9.2.84) 
l-—v ; ar 
and 
| {2ve-*otar) + 120 — v)— acle 207} a'Bla)da (9.2.85) 
l-v ‘ ar 


Finally, by inserting Equation 9.2.76 into Equations 9.2.84 and 9.2.85, we arrive at, 
respectively 


Ji (ar) 
ar 


SO (r,z) = 4yupe jae {0 — az) Jo(ar) — [201 — v) — az] da (9.2.86) 
0 
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and 


(9.2.87) 


f J 
Sol 2) = Anaad faces {2»Jotan +[20 — v) — az] eed 
ar 
0 


To find the displacement components associated with the elastic state s., we substitute x 
from Equation 9.2.72 into Equations 9.2.60, and 9.2.60, and obtain, respectively 


d= ae [erway —2v —azje Ji (aryda (9.2.88) 
eae 2(1— v) 3 mes 
and 
1 CO 
uo (r,z) = =a) Jorma —2v+azje“Jy(ar)da (9.2.89) 


Finally, in view of Equation 9.2.76, we write 


uw (r,z) = 2ude fe —2v —azye*) Js (ard (9.2.90) 
0 
and 
u(r, 2) = —2upe [= 2v + azye "= Jo(cer)da (9.2.91) 
0 


Next, we use Equations 9.2.90 and 9.2.91 to find the diagonal components of the strain 
tensor E® from the formulas (cf. also Equations 9.2.62) 


du u” du 
E®=—r, FOS FO 9.2.92 
rr or ee r zz Oz ( ) 
Hence, we obtain 
(2) aa veers J\ (ar) 
E® = We fae — 2v —az)e* | Jy(ar) — + | da (9.2.93) 
ar 
0 
£2 208 CQ e) HO) Tard 9.2.94 
a= up | ( — 2v—az)e i(ar)da (9.2.94) 
0 


ED = —2uhe | av — are“ Jg(ar)dar (9.2.95) 
0 
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In addition, the use of the relation 


1 
EO = ——s§® (9.2.96) 
z Qu Z 
and Equation 9.2.78, leads to 
EO = whe | a(l — azo" J, (ar)da (9.2.97) 
0 


It follows from Equations 9.2.93 through 9.2.95 that 
trE® = 4upc(1 — 2v) faerwer Jo(ar)da (9.2.98) 
0 
Also, from Equations 9.2.77, 9.2.86, and 9.2.87, we have 
tS? = 8ul¢u( + v) foewer Jo(ar)da (9.2.99) 
0 


Hence, Equations 9.2.98 and 9.2.99 imply the well-known result of isothermal elasticity 
(cf. Equation 4.1.23) 


ti T= 9p 
trE® = — ——— trs® 9.2.100 
: oe te ( ) 


Now, we will show that the integral representation of s, = [u®, E®, S@] can be reduced 
to a closed form involving elementary functions. To this end, we use the results (cf. 
Equation 9.1.23) 


os 1 
f ee Jglaryder = — (9.2.101) 
0 Re 
and 
oo 1 1 OR 
few Manda = 2 . (: 7 = 
J Ry Ro+z+6 O46 dz 
where 


R=Vr4+(2+6)2, z+o>0 r>0 (9.2.102) 
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Note that by differentiation of Equations 9.2.101 and 9.2.102 with respect to z we get, 
respectively 


(oe) 


f ae 9 Jo(ar)do = ere (9.2.103) 
2 
and 
fear Hanae s = (9.2.104) 
2 


Therefore, by using Equations 9.2.101 through 9.2.104, and 9.2.90 and 9.2.91, the closed- 
form displacement components are obtained 


al-v)  z 
u(r, 2) = 2upe = ‘ 
OSS eee Re 


(9.2.105) 


1 zz+¢C) 
(2) — 9,07 x 
ul (7, Z) = —2ugl B ja 2v) + R 


To obtain the strain components in a closed form, we find that by Equations 9.2.102 and 
9.2.103 we get 


(oe) 


J 1 1 
faceet oe al fie (: ae ) (9.2.106) 
" ar Ro RS R, + z + g 


and the differentiation of Equation 9.2.106 with respect to z leads to 


CO 


7 Ji (ar) 1 3r? 
2 ,—a(z+¢) = —. = 
je e Joven ae |e =e (1 rp (9.2.107) 


From this relation and from Equation 9.2.93 we arrive at 


21—v) (zt+é 1 Zz 3r* 
(rz) = 2w? | ( 2 ) 2 (1 woe 9.2.108 
ames eS Ry Rp +z4+5)— RK R 


Next, it follows from Equation 9.2.94 that 


(9.2.109) 


1 | 20- 
ES unt Gay . 


R,+z4+¢ RR 
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To find E® (r, z) we note that by differentiating Equation 9.2.103 with respect to z we obtain 

fae —a(cté) | 3r° 

[ ae" Jo(ar)da = ale ae (9.2.10) 
2 


0 


From this relation and from Equations 9.2.103 and 9.2.95 follows 


(Z+f) Zz 3r° 
E® (r,z) = —2upe 2» = (2 = (9.2.111) 
‘ R; R; R3 


Finally, from Equations 9.2.97 and 9.2.104, follows 


I. . Sale o) 
2 0 
EO(r,2) = —2u er E a: (9.2.112) 
It is easy to check that (see Equation 9.2.98) 
£2 4 £2 4 £9 = 4c — 2) Et (9.2.113) 


R 


To find the closed-form stress components, note that it follows from Equations 9.2.78 and 
9.2.104 that 


1. -32z(z+- 
P(r) = —Ayalper| Fe — SED) (2.114) 
2 2 
while Equations 9.2.77 and 9.2.110 lead to 
S%(r,2 =4 Me 2- 3° (9.2.115) 
zz 5 = 4 R RB R3 vas 
Also, from Equations 9.2.86, 9.2.102, 9.2.103, and 9.2.104, we obtain 
Let). 397 2(1 — v) 1 Zz 
SO(r,z) = 4d 7 (: 7 7 : 
- . R3 R3 R3 R, Rot+zt+o Rj 
(9.2.116) 
and Equations 9.2.87, 9.2.102 through 9.2.104 yield 
(Zo). (20h) I z 
SO (r,2) = 4h | 2 —_— —____ - — 9.2.117 
ge (r 2) HURe v R3 oF R> R, 474 c R3 ( ) 


This completes the derivation of the closed-form stress components of tensor S. 
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It is easy to check that (see Equation 9.2.99) 
& za g) 
R3 


Finally, using Equations 9.2.54 through 9.2.56, 9.2.105, 9.2.108 and 9.2.109, 9.2.111 
and 9.2.112, and 9.2.114 through 9.2.117, the closed form of s = s; + sz is obtained: 


SO 480 + 5 = 8uupe(1 + v) (9.2.118) 


The displacement components 


cia! (; - are 21—v) 2 
. Ri, Rp Ro+z+6 Ry 


a= uh | (258 - FFE) 2 ee [a 2 + SEE (9.2.119) 


Ry R 


Up = 0 


wonl(-B)-o(B 
™="RIAR, Ro) \RS RE 
C zt+¢ 1 Zz 3r° 
+25 fpa-» (et -garee) a (- BI 
ee 8 &/ 20=0) 2 
Bow =| a) +e lee ral 
(F-z)- Ga Gy - eeey 
Ri BR R R 
Cc 3r2 
- 25 [ave+e-2(2- 7) I} 


z-€ zt+e 2 3z(z+ ¢) 
B= utr |( ae - SF) 4 [1 S| 


Py 30 Bex 0: (9.2.120) 
esau ds ls Bye gt 
| a u ae tn Bee r 3, ay 
MRL, Rp RR 


_ 26 (26+5) 2 ice OF thes. 2(1—v) 
RL R 2 RR) RE Ry +z4+6 


R 
ens ; 1 a 1 (z+ ¢) Zz 21 — v) 
ie 2ule|( a ae R3 Sere || 
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i 1 1 1 3r 
samt (G2) “Ce a) 28 C-) 
R, R> Ri R R3 Ry 


—-€ zt+¢ 2¢ 3z(z + ¢) 
ee ana (5 7 ) 5 [: 7 i} 
wie Re) TR Ri 


Sy =0, Sy =0. (9.2.121) 


It follows from Equations 9.2.119 that 

u->0 asr>co and 0<z<oo (9.2.122) 
and 

u->0 asz->co and O0<r<oo (9.2.123) 


while Equations 9.2.120 and 9.2.121 lead to the asymptotic conditions 


E-0, S>0 asR=Vr+2>0 (9.2.124) 
Also, Equations 9.2.121 imply that 
S..(7,0)=0, S,(7,0)=0 r>0 (9.2.125) 


which means that s = [u, E, S] corresponds to a stress free boundary of the semispace with 
an internal heat source. 


9.2.3. THERMOELASTIC STATE IN A SEMISPACE CAUSED BY A BOUNDARY 
HEAT EXPOSURE 


Let a homogeneous isotropic elastic semispace occupy the region described by the 
inequalities 


Ix|<c, |ml<o, x»2>0 (9.2.126) 
and let the semispace be subject to a temperature field 7 that satisfies the field equation 
WT =0 for |x| < 0, |x| < 00, 4 >0 (9.2.127) 
the boundary condition 
T (x1,X2,0) = f(x1,%2) for |x,| < 00, |x2| < co (9.2.128) 


and the vanishing condition at infinity 


T>0O asR= /xi+x3+%3 > 00 (9.2.129) 
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where f = f (x1, x2) is a prescribed function. We are to find a thermoelastic state s = [u, E, S] 
corresponding to the temperature T = T(x, x2,x3) and subject to the stress free boundary 
conditions 


S33 (%1, X2,0) = $1311, X2,0) = Sx3(%1,%2,0) = 0 
for |x| < 00, |x.| < co (9.2.130) 
and the vanishing condition at infinity 
s— [0,0,0] asR— oo (9.2.131) 


9.2.3.1 Thermoelastic Green’s Function for a Semispace with a Boundary 
Heat Exposure 


Let us consider the heat conduction equation in cylindrical coordinates (r, z) 


VT* =0 forr>0,z>0 (9.2.132) 
with the boundary condition 
é(r) 
T*(r,0) = —— (9.2.133) 
2nr 


and the vanishing condition at infinity 
T*(r,z2) 20 asR=VPr4+22-> 00 (9.2.134) 


Since (cf. Equations 9.1.1 and 9.1.20) 


5 1? 
OM), can [ edo(or)de (9.2.135) 
2nr ™ 
and 
V-[e “Jo(ar)] =0 (9.2.136) 


therefore, a solution to the heat conduction problem described by Equations 9.2.132 
through 9.2.134 takes the form 


1 (oe) 
T(r.2) = 5 f ae*Jo(ar)da (9.2.137) 
0 


or, using Equation 9.2.103 with ¢ = 0, 


1 es eA 
Pens == (9.2.138) 
2m R? 2m Oz 
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Let s* = [u*, E*,S*] denote a thermoelastic state defined for r > 0 and z > O that 
corresponds to the temperature 7* = 7*(r,z) and satisfies the boundary conditions 


S*(r7,0) =0, Si(r,0)=0 forr > 0 (9.2.139) 
and the vanishing condition at infinity 
s*—> [0,0,0]) as R=VrPr4+2> 0 (9.2.140) 
In the following we are to show that 
= 5, Ss, (9.2.141) 
where sj is the thermoelastic state generated by a thermoelastic displacement potential 


o* = ¢*(r,z), and s5 is an elastic state derived from Love’s function x* = x*(r,z). The 
state s} is defined by (cf. Equations 9.2.7 through 9.2.9 and 9.2.23 through 9.2.25) 


s;=[0.E,S] (9.2.142) 
where 
n= (2507 | (9.2.143) 
iy Cl) ag* 
= = 9.2.144 
U,. or U, OZ ( ) 
Fo &F, 
Be =|) Ore 0 (9.2.145) 
lz 0 EF] 
= a? * =4 2 b* 
"Or = oraz 
_ ld¢g* — a°p* 
= E= 9.2.146 
ge r or zz az2 ( ) 
aa 
S'S) 0° <5 50 (9.2.147) 
28 lag*  a?¢* oe ao 
S = —2 = ; S — 2 
“= u(- or = az? ) * oraz 
_ 0°" ap" = 1 ag* 0°" 
S  =-2 , 5. =—-2u{- 9.2.148 
ee (= 3 =) i u(- or * =) ( ) 


476 


and 


with 


The Mathematical Theory of Elasticity, Second Edition 


V°p* = mT* 
l+v 
m= (04 
l-—v 


The state s5 is given by (see Equations 9.2.59 through 9.2.63) 


where 


= 


E.= 
“= 20 -v) az 


~ 2(1—v) ar 


20 —v) oraz 


2 
: d ja SH) Ve = | 7" 


1 1 0? 


* 


“aaa 


1 a a? 
— 120 —v)V?7 = — | x* 
2 v) a 


(9.2.149) 


(9.2.150) 


(9.2.151) 


(9.2.152) 


(9.2.153) 


(9.2.154) 


(9.2.155) 


(9.2.156) 
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=* ji. 20 be de a, 
= —|(d V-=— 
er Toy aor [ Ov" aa |* 
7 Z 5 (9.2.157) 
Soo = es vwe— * 
pe —1l—v az ror 
= a) 4 a? 
Ss = —|Q-—v)Vv —- —|x* 
= 1-v az [ ”) 022 ‘ 
and Love’s function x* satisfies the biharmonic equation 
V’V*x* =0 (9.2.158) 


To obtain a thermoelastic state s; we note that by applying V* to Equation 9.2.149 and 
using Equation 9.2.132 we have 


V’V°¢* =0 (9.2.159) 
Thus both x* and ¢* are biharmonic. Let us select ¢* in the form 
rz = fice) + azD(a)le “Jo(ar)da (9.2.160) 
0 
where C = C(q@) and D = D(q) are arbitrary functions on [0, 00). By using the identities 
(see Equations 9.2.81 and 9.2.136) 
V7[e *Jo(ar)] = 0 (9.2.161) 
and 
V?[aze““Jo(ar)] = —20°e “Jo(ar) (9.2.162) 


and substituting ¢* from Equation 9.2.160 into Equation 9.2.149 in which 7* is represented 
by the integral 9.2.137, we obtain 


C 2. —az m ra —az 
2 fa D(a)e“Jo(ar) = — [ ae TJo(ar)dor (9.2.163) 
0 2m 0 
Hence, we get 
m 
aD(a) = —— (9.2.164) 
4n 


and substituting this into Equation 9.2.160 leads to 


(oe) 


(0 = f [cc) = | e-""Jn(ar)da (9.2.165) 
0 
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We note that the function ¢*, due to the presence of an arbitrary function C = C(q), 
generates a whole class of thermoelastic states s} through the formulas 9.2.142 through 
9.2.150. In particular, from Equations 9.2.148, we obtain 


ra 2 fF c zm 2 ,-az 
S..= —2uV,P* = 2u | [cia — a a! e “Jo(ar)da (9.2.166) 
Es An 
and 
= a2 * _ 
ee ae 2p fy] C(@) - = Jot wae (wr)da (9.2.167) 
oraz 4 An An 


The thermoelastic state s| may be selected in such a way as to satisfy a zero normal 
stress boundary condition or a zero shear stress boundary condition. Using results of 
Sections 9.2.2.1 and 9.2.2.2, we select C = C(q@) in such a way that the normal stress 
vanishes at z = 0 (cf. Equations 9.2.58) 


S_(r,0)=0 forr>0 (9.2.168) 
This condition together with Equation 9.2.166 imply 
C(a)=0 fora>0 (9.2.169) 
and, from Equations 9.2.166 and 9.2.167, we get 


S = — TE, [ we Uy(ar)do (9.2.170) 
‘ 20 

ke == fa — azjae “J (ar)da (9.2.171) 
20 


To obtain the remaining stress components as well as the displacement and strain com- 
ponents of the thermoelastic state s} we substitute C(@) = O into Equation 9.2.165 and 
receive 


(oe) 


¢*(r.2) = -= e-’Jy(cer)dex (9.2.172) 
0 


Hence, the substitution of this into Equations 9.2.144, 9.2.146, 9.2.148,, and 9.2.148, 
leads to 


mz 
t= — | ae “J,(ar)da (9.2.173) 
4a 
m 
a = —— fa —azje “Jy(ar)da (9.2.174) 
4n ‘| 


= re J 
E,, = {oe Jo(ar) — mad do (9.2.175) 
4a 4 ar 
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E,=— fa — azjoe "J (ar)da (9.2.176) 
Agr 

=* MZ ° Zoe 
wae he Ji(ar)dox (9.2.177) 

E = — fe ~ zorore~"-Jy(ar)dor (9.2.178) 
“An ; 

Ss. Se fae le — az)Jo(ar) + a7 (ar) | da (9.2.179) 

IT 4 r 
= mu ¢ = V4 
3, = - 55 Jae [2fo(ar) — =A (ar)| da (9.2180) 


The formulas 9.2.170 and 9.2.171, and 9.2.173 through 9.2.180 provide an integral 
representation of s} with the properties 


i ay mL vs 
S.(7,0)=0, S.(r,0) = — fo (ar)da (9.2.181) 
is 20 ‘| 
Therefore, because of Equations 9.2.139 and 9.2.141, the isothermal elastic state s} defined 
by Equations 9.2.151 through 9.2.158 should be found in such a way that 


(oe) 


S_(r,0) =0, 57,0) = - oJ, (ar)da (9.2.182) 
0 


With this goal in mind we postulate Love’s function x* in the form (see Equation 9.2.65) 
rn2D= JA@ + azB(a)le “Jo (ar)da (9.2.183) 
0 
where A = A(q) and B = B(q@) are arbitrary functions. 
Since the boundary conditions 9.2.182 are of the type of Equation 9.2.58 in which the 
shear stress is represented by the integral 9.2.75, a procedure of finding x*, similar to that 
of obtaining Equations 9.2.65 through 9.2.74, leads to the results 


0°12) = — JIG = 2v) = az Bee “Jolanda (9.2.184) 
0 
S..(r.2) = 2 { a Baye “Jo(ar)da (9.2.185) 
% l-—v 


0 


and 


S42 = 7 fo Blay(1 — azye“ (arjda (9.2.186) 


0 
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Hence, by the second of boundary conditions 9.2.182, we get 
o?B(w) = B(w) = ~~ (9.2.187) 


Substituting Equation 9.2.187 into Equations 9.2.185 and 9.2.186 we get, respectively, 


S.(r, jeez if we “Jo(ar)da (9.2.188) 
- 20 : 
and 
= mu ¢ oe 
SAnZ) = eee a(1 — azjeJ, (ar)da (9.2.189) 
: UT 


0 


Also, the substitution of x* into Equations 9.2.157, and 9.2.157; leads, respectively, to [see 
Equations 9.2.84 and 9.2.85 in which B(q@) is given by Equation 9.2.187] 


S (n= = if f{e “eben = RA) ene ON da (9.2.190) 
0 


and 


5, ee Zaj= = 


i f [arene + [2d —v)- age te? ada —(9.2.191) 
0 


Next, substituting x* into Equations 9.2.153, and 9.2.153,, we get, respectively (see 
Equations 9.2.88 and 9.2.89 in which B(q@) is given by Equation 9.2.187) 


i (r,z) = —— [@=2v - ave“ (ar)da (9.2.192) 
An 
and 
—* m o 
ii-(r,2) = ——— | (1 —2v +az)e“Jo(ar)da (9.2.193) 
; 4a ‘ 


Finally, inserting x* from Equation 9.2.184 into Equations 9.2.155 we arrive at (cf. 
Equations 9.2.93 through 9.2.97) 


(9.2.194) 


E_(, y= a fae —2v—azje™“ | Jo(ar) — ilar) d 
4a 0 ar 
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Egp(ts2) = J (2 = 2v —azje*i (ar)de (9.2.195) 
4nr ‘ 
—-* m os 
E_,2%) = —7— fav — azje“Jo(ar)da (9.2.196) 
a An 4 
=F m me 
E,(P2) = — 7 J el = axe, (ardor (9.2.197) 
a IT 
0 


The formulas 9.2.188 through 9.2.197 provide an integral representation of s}. Since 
S=sit+s5 (9.2.198) 


where 


ok 


s*=[u',E’,S"], s*=[8 ES], st=(8.E.S] (9.2.199) 


therefore, using Equations 9.2.170 and 9.2.171, 9.2.173 through 9.2.180, and 9.2.188 
through 9.2.197, we have 


1 = CO 
U2) = — fers, (ar)da 
0 


(9.2.200) 
1 = CO 
us(r,Z) = _ f e"Jo(ar)da 
0 
1-— ie J 
EZ) = mu“ fae Juan) = nen) Hes 
Ld 4 ar 
ml—v) 6 _ 
E* - ae ee say f d 
wake 2) ae if i(ar)da ern 
1 _ CO 
EX(r,2) = a Jae *h(arda 
EL(z) =0 
and 
1 5 oe) 
song <M Pena 
Ur J 
l-v) ¢ J (9.2.202) 
ae) = _me(l — v) eer Joven = i) Aes 
ae r 


0 


Si(r,z)=0, Si@,z)=0 
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It follows from Equations 9.2.201 and 9.2.202 that 
EE oh = 2 ver (9.2.203) 
and 
Sy + Spo = —2u(1 + vat (9.2.204) 


Note that Equation 9.2.203, because of Equation 9.2.204, may be reduced to the familiar 
form (see Equation 4.1.55 in which E, S, and 7 are replaced by E*, S*, and 7“, respectively, 
and A is expressed in terms of jz and v) 

1 1—2v 


trE* = — trS* + 3aT* (9.2.205) 
wo itv 


Finally, by using Equations 9.2.101 through 9.2.103, in which we let ¢ = 0, the closed 
form of s* is obtained: 
The displacement components 


(d+v)a r d+v)a 1 
x = , * : =.= 9.2.206 
HAT) on RRtD OH? 2x OR ( ) 


The strain components 


Ripe (2 Pe ) 


Qn R\R2 R+z 
(lt+val 1 
E*(r,2) = 
oh) In RR+z (9.2.207) 
: (l+v)q@ z 
ELM.2) = 20 R 


EV Ar, 2) = Ey, (7,2) = 0 
The stress components 


wdi+vjal i 


S* > = . 
(2) x RR+z 
wltvafz 1 (9.2.208) 
Bien 7 2 
oy (2) TR (3 REZ 


Si (7,2) = Sr, z) = Sir, 2) = 0 


It follows from Equation 9.2.208 that s* corresponds to a plane state of stress parallel to 
the boundary z = 0 of the semispace. As a result we may formulate the following theorem: 


Theorem: Let us consider an elastic semispace on the boundary of which the temperature 
T*(r,0) = 6(r)/2zr is prescribed, and assume that there are no heat sources inside the 
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semispace. Let the boundary of the semispace be free of tractions. Then the associated 
thermoelastic state s*(r,z) corresponds to a plane state of stress parallel to the boundary 
z=0. = 


Note that (i) the thermoelastic plane state of stress s*(r,z) corresponds to the three- 
dimensional temperature 7* = T*(r, z), and (ii) s*(r, z) is not obtained under a hypothesis 
that a plane state of stress exists on any plane parallel to the boundary z = 0. 

To define a thermoelastic Green’s function for a semispace with a boundary heat expo- 
sure, we transform s*(r, z) to the Cartesian coordinates (x), x2, x3), by using the formulas 
(see Equations 9.1.82, and 9.1.84 and 9.1.85 with @ replaced by ¢) 


uj =u,cosy u,=u Sing, uy=uU; (9.2.209) 
and 
S*, = S*.cos’ gp + Sd sin? p 
Si. = 5 (S*, = Si) sin 29 
where 
imsoL".. snes (9.2.211) 
r r 


Substituting wu? and u? from Equations 9.2.206 into Equations 9.2.209 we obtain the 
Cartesian components of the displacement vector u* = u*(x) 


“( ) (+v)a xy 
Uy (X1,X2,%3) = 
ee 2a R(R+%3) 
(+v)a xX 
*(x1,X5,%3) = eee 2s 9.2.212 
U3 (X1, X2,X3) on RR +H) ( ) 
H( = (l+v)a 1 
Uz(X1, X2,%3) = n R 


To obtain the Cartesian components of the strain tensor E* we use the strain—displacement 
relation 


1 bee 
Ey = 5 (wij +m) (i, 7 = 1,2, 3) (9.2.213) 


and, by Equations 9.2.212, we obtain 


(+ vja 1 et R 
EY ’ ’ —_ 1 >. 2 1 
11 1525 %3) 20 R(R+ x3) % 


(l+v)a | be R 
ES ’ r) = 1 ~ =? 1 
39 (%1,X2, X3) = RR+x) PR a 
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(l+v)a x ,X2 
Evy (%1, X2,%3) = — 3 Pr 
: . R3(R + x3) R+ x3 (9.2.214) 
+v)a x 
E33 (X41, %2,%3) = ae E}3(%1,%2,%3) = Ey, (%1,%2,.%3) = 0 


Finally, the substitution S’, and S’, from Equations 9.2.208 into Equations 9.2.210 leads to 


(+vjap [1 1 x3 x R 
S*, (X1,X9,X3) = ————— ] — ee), ye = et 
11 1, %25%3) - Riki 2) RRiw Ree 


(+vjapu Fl 1 x3 x R 
Ay > ’ = - = 1 
22 (415 ¥25%3) = Rigen Re Ree) Ree 


(9.2.215) 
d+vjap X 1X R 
Ss; ’ ’ a 1 
12(%1, X25 X3) = R(R 44) F Ris 
S33 (%1, X2,.X3) = S53 (01, X2, X3) = S33 (1, X2,.X3) =0 
It is easy to check that 
(+v)a x3 
E* = ——— — 92.216 
eX) = (9.2.216) 
and 
(+ vjap x3 
Ss; = ——_ — 92.217 
(x) | ( ) 


and that Equation 9.2.205 is satisfied. 
We note that s* = s*(x) satisfies the stress free boundary conditions at x; = O and 
corresponds to the boundary heat exposure of the form 


T* (X1,X2,0) = 6(%1)5 (x) (9.2.218) 


where 6 = 6(x,) and 6 = 6(x2) are the one-dimensional Dirac delta functions on the x)- 
and x-axis, respectively. Also, 


s* > [0,0,0] as R— oo (9.2.219) 


This motivates the following definition: 


Definition: A thermoelastic state § = §(x, &) is said to be Green’s function for a semispace 
x3 => 0 with the stress free boundary conditions and a boundary heat exposure at the point 


(61, &2, 0) if 


5(x, &) = s*(x, — &1,.%2 — &,%3) (9.2.220) 
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where s* = s*(x) = [u*(x), E*(x), S*(x)] is the thermoelastic state described by Equa- 
tions 9.2.212 through 9.2.215. The associated temperature field T = T(x, &) is then 
given by 


T(x, €) = T*@ — &1,x2 — &2,%3) (9.2.221) 


where 7* = 7*(x) is the temperature described by Equation 9.2.138. 


9.2.3.2 Thermoelastic State in a Semispace Caused by an Arbitrary Heat 
Exposure on the Boundary Plane 


If a temperature field T = T(x) satisfies the harmonic equation inside the semispace x3 > 0 
as well as the boundary condition (see Equation 9.2.128) 


T(X1,%2,0) = f(%1,x2) for |x;| < 06, |x2| < co (9.2.222) 


where f =f(x1,x2) is a prescribed function, and if the boundary x3; = 0 is stress free 
(see Equations 9.2.130), then it follows from Section 9.2.3.1 that a thermoelastic state 
s = [u,E, S] defined for |x| < 00, |x2| < 00, x; > 0 and corresponding to the temperature 
T = T(x) is represented by the formula 


+00 +00 


s(x) = ff 50%, 8G, &2)dbidés (9.2.23) 


—0O —0CO 


provided the integral on the RHS of this equation exists. If the function f = f(&,, &.) vanishes 
outside of a finite domain Q lying in the boundary plane, then Equation 9.2.223 reduces to 


s(x) = f 30x, §)f (E1, &2)dédé> (9.2.224) 
Q 


In the case of the temperature exposure T=7)=const in the rectangular region: 
|x, | < a1, |x2| < a> in the plane x3; = 0, the formula 9.2.224 takes the form 


aq aq 
s(x) =T> {| 30:81, &:)déidé, (9.2.25) 
—a —a 


and, in view of Equations 9.2.212, the boundary displacement components are given by the 
following integrals: 


9 a 


(1+ vjaT, R) R 
Uy (X1,X2, 0) = a ij dé, dé, me (2) 
—aQ —a| 
(l+v)aT) ¢ Fe a R 
Wy (%1,x2, 0) = cae cee dé, i dé, In > (9.2.226) 
(l+v)aT) ¢ 7p 1 
U3(X1,X2,0) = a, as f dé, dé, Ro 
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where 


Ro = V1 ~ &1)? + G2 — &P (9.2.27) 
and L is a positive constant of the length dimension. 
In the following we show that the double integrals in Equations 9.2.226 can be calculated 


in a closed form. To this end, we note that for a dimensionless parameter A # 0 and a 
dimensionless variable u, we have 


fin (2 +A?) du = u[In@? +A?) = 2] + 24 tan (=) (9.2.228) 


and for a parameter Y 4 0 that has the dimension of a variable v 


2, y2 
eee. (9.2.229) 


du 
=In 
\ ae ( IY| 


while for a dimensionless parameter B ¢ 0 and a dimensionless variable w, we have 
fin (B+ VB+ w) dw 


Ag [in (8 4+ /B + w) 4 1] + Bln — a] (9.2.230) 


To prove Equation 9.2.228, we differentiate the RHS of Equation 9.2.228 with respect 
to u and obtain the integrand of the LHS of Equation 9.2.228. Similarly, to prove Equa- 
tion 9.2.229, we differentiate the RHS of Equation 9.2.229 with respect to v and arrive at 
the integrand of the LHS of this equation. Finally, by differentiation of Equation 9.2.230 
with respect to w we atrive at an identity that proves Equation 9.2.230. 

To find u;(x;, x2, 0) in a closed form, we use Equation 9.2.226, and obtain 


1 Te 7 R, Rt 
1, (%1,%2,0) = ee f dé in (+) —In (=) (9.2.231) 
—aq 


where 


(9.2.232) 
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Equation 9.2.231 is rewritten in the form 


(xp-+a9)/L sq 2 
1 T, = 
Uy (X1,X2,0) = — Gey i In [ ae (5) 


Qn L 
(x9—-a9)/L 
if 51/2 
ii [. 4 (“ . “) aa (9.2.233) 


and, by Equation 9.2.228, we write 


2 are 2772 
uy (x1,x,0) = of + v)@To {3 [w + —a,)°/L ] 


Nn 2 
Qn 20 [w+ @+4a)°/L] 


L u=(x9+a)/L 
u 
+(x; — a;)tan7! — (x; + a))tan7! (9.2.234) 
XxX; — aj x) Fits a\ 
u=(x9—a)/L 
Hence, we obtain the closed form of u(x, x2, 0) 
1l+v)aT, xX; — a)? + (% + a)? 
sa (t,m,0) = Lt eT c tain Va FH) 
20 Ji a1)? + G2 + a)? 
V/ (x1 — a1)? + (%2 — a2)? 
— (x2 — a2) In 
V(x, + a1)? + 2 — a)? 
+ (x; —_ a) («an a _ tan7! a 
xX, —-a, xX; — a, 
_; %2 + ay _1 %2 — Ay 
—(x; + a) («an —— — tan nae) (9.2.235) 
XxX) + a, x} + ay 


To calculate u(x,, x2,0) in a closed form we use Equation 9.2.226,, and obtain 


gl 


- + 
Uy (X1,X,0) = ae il dé, in (=) —In (=) (9.2.236) 


—ay 


where 


1/2 
Ry | (u-& i Xp— an \" 
2-2) +42") | 

1/2 
Ry x —&\" ee a 
E=|( L )+( L )] 


By introducing the new variable 


(9.2.237) 
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Equation 9.2.236 is reduced to the form 


(xy +a4)/L 27 1/2 
(1+ v)aTo X2 — ay 
Uy(X1,X2,0) = — —————__L i In c + (2>*) 
20 ay: L 
o sq h2 
xX +a 
—In G 4 ( : - ") dv (9.2.238) 


and, by Equation 9.2.228, the closed form of u(x), x2, 0) is obtained 


2 = 2 
Uy (x1, X2, 0) = _A+)eTo c + a,) In V1 ate a) + (x2 a) 
oF Gi +a) + + my 


J (x1 — a1)? + (2 — a2)? 


— (x; —a,) ln 
J (x1 — a1)? + (2 + a2)? 
+ (x2 = a) (tan xy +a = tan! 7 
Xz — ay X2 — ag 
Se ea) (tan BN ota wal (9.2.239) 
X2 + Ag Xo + ay 


It is easy to observe that Equation 9.2.239 may be obtained from Equation 9.2.235 by 
replacing the index | by the index 2, and the index 2 by the index 1. 
Finally, to get u3(x,, 2,0) in a closed form we note that 


dé, xj +a, 
9.2.240 
i Ro gh Nera ——= &)? 


mal ASL 


and, by Equation 9.2.229 with Y = x, — &, we write 


(_ inh an + vi + 41) + 2 = 2)? (0.2.241) 
Ro = ak JG — a)? + (%» — &)? 


or 


dé, xX; +a, x ta,\’ 
eee] 2 
Ne of (AF )+/( is J+ 
xX,—a xX, —a : 
=| ae eee 2 2.242 
n ( 7 )+ ( 7 ) + (9 ) 
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where 


ee 


9.2.243 
7 ( ) 


By integrating Equation 9.2.242 with respect to & over the interval [—a,a,], and using 
Equation 9.2.2263, we get 


(x+a)/L 5 
1 Ti 
us041,%2,0) = —C oy f i (2) (=) hss 


(x2 —a2)/L 


2 
—In (“ : *) +4 He . *) +w |b aw (9.2.244) 


Hence, by Equation 9.2.230, we arrive at 


1 T 5 
U3(X1,X2,0) = _O+ veto, win x, +a, fi xjta ches 
20 L 7 


2 
x, —-a, Xi; — a, 
any 2 
n ( L )+ ( L ) + 
(dey en 
L |x; + ay|/L 


w= (x9+a7)/L 


ath w+ yon ania | 
17 @1 
-( L )t0 lx) —a\|/L 


w= (x9—a7)/L 


(9.2.245) 


and the closed form of u3(x,,x2,0) has the form 


Pe ee ee <A} + v)aTo c dice (x) +41) + J) +41)? + 2 + ao)? 
pane 2a BE BB aC aa)? POs ae 
(x +a) + JQ) $a)? + G2 — @)? 
— (%) —a))Iln 
(%) — a) + JV — a1)? + G2 — a)’ 
(x2 + a2) + JQ + 41)? + + a)? 
1 
ue (X2 — a2) + JQ + a1)? + ( — a)? 
J jeu Se ee =| (9.2.246) 
(x2 — ao) + V(x — a)? + & — an)? 


490 The Mathematical Theory of Elasticity, Second Edition 


In particular, if a; =a, = 1 cm, then it follows from Equations 9.2.235, 9.2.239, and 9.2.246 
that u,(0,0,0) = u,(0,0,0) = 0, and 


2 
u3(0,0,0) = =a) + vyaTy InB +2V2)cm (9.2.247) 


Therefore, for a temperature exposure on a square region in the stress free plane x; = 0, the 
center of the square moves upward by the amount of |u3(0, 0, 0)|, where w3(0, 0, 0) is given 
by Equation 9.2.247. 

In winding up Sections 9.2.3.1 and 9.2.3.2, we note that the formula 9.2.225 may be 
used to obtain other closed-form fields that define the thermoelastic state s produced in the 
semispace by a rectangular boundary heat exposure. For example, to find S}2 = S2(x) ina 
closed form, we note that (see Equations 9.2.215) 


Siok) = 


| T 8 R 
ssa ek in( =*) (9.2.248) 


TU 0X1 0X2 L 


where 


R= xp t+x5tx5 


and, in view of Equation 9.2.225, we have 


_ KUA+v)0T ¢ @° R+x 
Si2(x) = 2 i d&, i dasa a6, in ( 7 ) (9.2.249) 


—a| —ay 


where 


R= Ge —&P+m—-6)/ 4+ x3 


Hence, the closed form of $)2(x) reads 


Sio(X) = 


w+ v)aTo in| 22 + J (x1 — a)? + Qa — @)P? $3 
1 x3 + VJ ( — a)? + G2 +a)? $33 


(9.2.250) 


wt V(X + a1)? + (% + ay)? +22 
x3 +f +4)? +2 —@)? +22 


This formula may be found on p. 106 in a book by Witold Nowacki [5]. 

A number of three-dimensional axially symmetric initial BVP of quasi-static thermo- 
elasticity for a semispace subject to a time-dependent laser induced heat flux on its boundary 
were solved by the first author (RBH) and his collaborators [6-9]. 
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9.3. TORSION PROBLEM 


In Chapter 4, we formulated a mixed problem of elastostatics for a general three-dimensional 
solid, and this formulation may be applied to an elastic prismatic bar bounded by a 
cylindrical lateral surface and by a pair of planes normal to the lateral surface, called 
the bases. 

Even when only two opposite couples of concentrated forces tangent to the bases are 
prescribed, and the lateral surface is stress free, the problem of finding an elastic state 
s = [u,E,S] in the bar is a rather difficult one. In engineering practice it is sufficient to 
solve an approximate problem* in which resultant torsion moments are applied at the bases 
and the lateral surface is stress free. In this section we deal with such an approximate torsion 
problem. 

In Section 9.3.1, we deal with torsion of circular prismatic bars, in Sections 9.3.2 and 
9.3.3 we discuss torsion of noncircular bars, in particular, of elliptic and triangular cross 
sections. In each of these parts an approximate three-dimensional formulation is reduced 
to a two-dimensional problem for Laplace’s or Poisson’s equation. 

The problems of torsion were analyzed by the fathers of elasticity, such as de Saint- 
Venant, Prandtl, and Poisson. 


9.3.1 TORSION OF CIRCULAR PRISMATIC BARS 


We consider a circular prismatic bar of length / and radius a, without body forces acting. 
We take x; along the axis of the bar and assume that the bar is fixed at one end, x3 = 0, 
in the (x;,x2) plane, while at the other end, x3 = /, a torsion moment M; is applied, see 
Figure 9.5. 

This moment causes the bar to be twisted, and the generators of the circular cylinder 
deform into helical curves. Because of the symmetry of the cross section, we expect that 
the cross sections of the bar remain plane, and that they rotate by an angle 6, which is 
proportional to the distance x3, see Figure 9.6 


6 = ax; (9.3.1) 


with a being the angle of twist per unit length along the x3-axis. 

Experiments show that the radial displacement during torsion of a circular prismatic bar 
is approximately zero, u,*0, and on account of the fact that the cross sections remain 
plane, u3; = 0. Since the circumferential displacement of a point P at a distance r from the 
axis of the bar is proportional to the angle? 6 and to the radius r, ug = 0 r= ax3r. Therefore, 
the displacement components of P in cylindrical coordinates (r, 0, x3) are 


u.=0, Ug =axzr, u,=0 (9.3.2) 


* In view of the de Saint-Venant principle, a distribution of stresses at a sufficient distance from the ends is not 
affected by the manner in which the torsion moments are applied at the bases. Also, in practice, at the ends 
the resultant torsion moments are prescribed, rather than the shear tractions. 

* The angle @ does not need to be small. In fact, in long shafts, like those used in oil exploration, 9 may achieve 
values of a number of full turns. 
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FIGURE 9.5 Torsion of a circular prismatic bar. 
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FIGURE 9.6 Rotation by an angle 6 and displacement of point P. 


Using the strain—displacement relations in cylindrical coordinates [10] 


jie Ou, = 1 dug Pe U, _ 0u3 
rr ey 600 30 ’ 33° > ax 

E =i Pee oO Ug 9.3.3 
oe 9O\r 00° arr 2) 


z.-! rai E il Bis is Us 
ODN Oise pe Oe DN Oae: 00 
we obtain all components of the strain tensor to be zero except E93, which is 


Fee S (9.3.4) 


Using the stress-strain relations, we find 


Sr _ Soo = S33 = Siro = S13 =0 
(9.3.5) 


So3 = war 


Solutions to Particular Three-Dimensional BVPs of Elastostatics 493 


Thus, the only nonzero component of the stress tensor is the shear stress S,3, which is 
proportional to r, and its maximum value is at the radius of the bar 


(S63) max os (S63) =a = haa (9.3.6) 


Integrating over elementary rings of width dr and using Equation 9.3.5, the moment M3 
becomes 


M; = { (S:3)2arrdr = pad (9.3.7) 
0 
where 
a 
J = 5ma (9.3.8) 


is the polar moment of inertia of the cross section about its center. The product uJ by which 
we multiply a to receive M; is called the torsional rigidity of the bar. 

In case of a hollow circular bar with a;, and doy, being, respectively, inner and outer radii 
of the bar, in Equation 9.3.7 the value of J needs to be changed to 

j= a (a‘,, — a‘) (9.3.9) 

The solution presented is associated with the name of C. A. Coulomb. 

To present the results in a Cartesian coordinate system, we consider a point P(x), x.) of 
the cross section that after the application of torsion moment M; moves to P’(x;+u;, X2+U2), 
see Figure 9.6. 

Denoting by # the angle between radius r = OP and the x,-axis, we have x, = rcos B 
and x, = rsin 6B and 


u; = rcos(6 + 6) — rcos B = x;(cos@ — 1) — x2 sind 
(9.3.10) 
ur = rsin(6 +0) —rsinB = x, sind + x2(cos 6 — 1) 


If the angle 6 is small,* and noting that 6 = ax;3, the components of the displacement vector 
are 
Uy © —OxX. = —AX2Xx3 
(9.3.11) 


Uy © Ox, = Axx; 


The components of the strain tensor E are, see Equation 4.1.1, 


Ey, = Ex = Ex; = Ey = 0 
1 1 (9.3.12) 


Fy3 = =ax,;, Ex; = my hae. 


2 


* As stated in footnote on page 491, 6 may be large for long shafts. However, except in the immediate vicinity 
of the ends, the strains and stresses in all cross sections are the same. For derivation of the displacement vector 
u; (i = 1,2,3) we choose a cross section that is rotated by a small angle 0, that is, the one sufficiently close 
to the x; = O end of the bar. 
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Using the stress—displacement equations, see Equation 4.1.9, 
Sy = Aug dy + LU; + Y;,) (9.3.13) 
we find the components of the stress tensor S 


Si = Sy = S33 =S). =0 


(9.3.14) 
So3 = aX, S31 = —WAXy 


These components satisfy the equilibrium equation (4.1.34) and the compatibility equation 
4.1.35 with b; = 0, and the boundary conditions on the lateral surface of the bar given by 


Sin; = 0 (9.3.15) 


where vector n = (7;, 7, 0) is a unit outward vector on the lateral surface. Equation 9.3.15, 
in components, and for the lateral surface of the bar where n; = 0 reduces to 


Siny + Sin = 0 
Soi, + Synz = O (9.3.16) 
S31, + S32n2 = 0 


The torsion moment M; is 


M3= J iS — X83) )dx dx 
A 


= Ua J (x; + x5) dx,dx, = pal (9.3.17) 


A 


where A is the area of the cross section. 
The magnitude of shear stress S, at point P is 


S, = S53, + 83, = way/ xj +25 = war (9.3.18) 


9.3.2 TORSION OF NONCIRCULAR PRISMATIC BARS 


We now consider a noncircular prismatic bar of length /. The bar is fixed at x; = 0 and the 
other end, x; = /, is twisted by a moment M3. The influence of body forces is neglected. 

Navier tried to follow the solution for a circular bar by assuming that the cross sections of 
a noncircular bar will remain plane after deformation. This assumption was wrong, and this 
fact may be observed by checking the boundary conditions 9.3.16. Substitution of stresses 
from Equation 9.3.14 into the third condition of 9.3.16 leads to 


—LAax.n, + WAax|N, = 0 (9.3.19) 
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* 


FIGURE 9.7 Segment of the cross section A of a noncircular bar. 


where nj = cosy and ny = cosé = —siny, see Figure 9.7. On the other hand, from 
Figure 9.7 it follows that 


d. 
— = cos(90 — y) = —cosé6 = —ny 
be (9.3.20) 
x 
— = sin(90 — y) = cosy =n 
ds 
Substituting these quantities into Equation 9.3.19 and dividing by jza we have 
xdx; + xydx. = 0 (9.3.21) 
This equation represents a family of concentric circles 
x} +x; = const (9.3.22) 


Therefore, only bars of circular cross section are free from forces applied to the lateral 
surface if stresses are to be expressed by Equation 9.3.14. In case of a bar of any other cross 
section there will exist on the boundary a component of stress normal to the boundary, and 
this violates boundary conditions. 

To proceed with the analysis of prismatic bars with noncircular cross section, we part 
with the assumption that the cross sections remain plane. Instead, we admit warping of a 
cross section by assuming the displacement vector as 


U = [—ax2x3, OX1X3, AW (X1,X2)] (9.3.23) 


where yw (x\,x2) is called a warping function. We assume then that all cross sections are 
subject to the same warping. 
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Equation 4.1.1 leads to the strain tensor E as 


Ey, = Ey = E33 = Ey, =0 (9.3.24) 
1 a 

Ex = 3 Ms + 3,1) = 5 = %9) (9.3.25) 
1 a 

Ex = 3 (23 + 432) = 5 We + x1) (9.3.26) 


and from the constitutive equation 9.3.13 the components of the stress tensor S become 


Si = S22 = S33 = Syn = O (9.3.27) 
S31 = wa(yy — x2) (9.3.28) 
So3 = wa(y2 + x1) (9.3.29) 


Substituting Equations 9.3.27 through 9.3.29 into the equilibrium equation with zero body 
forces shows that the warping function y(x,,x2) is a harmonic function on the cross 
section A: 


Vv =vutvn=0 onA (9.3.30) 


Furthermore, substituting Equations 9.3.28 and 9.3.29 into the third of conditions 9.3.16 
results in the equation 


(Wr — x2) + (W2+%1)m=0 ondA=C (9.3.31) 
Note that the first two boundary conditions 9.3.16 are satisfied identically. 
Equations 9.3.27 through 9.3.29 ensure that on the bases x; = 0,x; = / of the bar the 


resultant force F = [F,, F,] is zero and the distribution of shear stresses represents a torsion 
moment. To prove that the resultant force F, in the x, direction is zero we write 


F,= J Ssidxide, = po fv — xy)dxdx> (9.3.32) 
A A 
The latter expression in view of Equation 9.3.30 is equivalent to 


Fy = pe { {Latha —a2)], + bra +x)],} dude, (9.3.33) 
A 


Using now a two-dimensional version of the Divergence Theorem (see Equation 2.3.1), 
we have 


d 
F, = pa fx (+ — Xn; +x) ds (9.3.34) 
Cc 
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where C is the boundary curve of the base. Observe that dy/dn in the last equation may be 
expressed by 


d 
=~ = Win, + Won. = Wi cosy — Wo siny (9.3.35) 


where n, and ny, are directional cosines of the normal to the boundary C with respect to x; 
and x2, respectively, see Figure 9.7. 
Using Equation 9.3.35 we may write the boundary condition 9.3.31 as 


d 
CU Aare ata antes (9.3.36) 
dn 


Because of the condition 9.3.36 it follows from Equation 9.3.34 that F; = 0. In a similar 
way it may be proved that the force F, in the x, direction is zero: 


= J Sosdxide, ~0 (9.3.37) 
A 


Now, to show that the stresses expressed by Equations 9.3.27 through 9.3.29 lead to a 
torsion moment, we write 


M; = f cS» — X2S31)dx)dXxp (9.3.38) 


A 


Therefore, by Equations 9.3.28 and 9.3.29 


M; = pa f (x; + x + x1W2- Wi) dx,dxy = aD (9.3.39) 


A 


Here 


D=n{ (+23 +212 — HW) drider (9.3.40) 


A 


is called the torsional rigidity of the bar. Thus, the torsion moment M; is proportional to 
the angle a of twist per unit length and to the rigidity D. 

Summing up our discussion, the torsion problem of a noncircular prismatic bar has 
been solved once a warping function y(x;,x.) becomes known. Functions u,E, and S 
are determined from Equations 9.3.23, 9.3.24 through 9.3.26, and 9.3.27 through 9.3.29, 
respectively, while w(x, x2) satisfies the equations 


Vw =0 onA (9.3.41) 
d 
Oe ae nahi. Sine (9.3.42) 
dn 


In view of Equations 9.3.31 and 9.3.20, we may write the condition 9.3.42 in an equivalent 
form 


A rE 
Gish) =a = 0 one (9.3.43) 
ds ds 
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The problem of finding a warping function y(x),x2) is a special case of the Neumann 
boundary value problem [11] of the potential theory in which one is to find a harmonic 
function (x;,x2) on the region A in such a way that dw/dn is prescribed on C. The 
condition for the existence of a solution w(x,,x2) to the Neumann problem is that 


d 
MY 20 (9.3.44) 
dn 
C 
In the case of the torsion problem 
d 
Ae f Gam —xm)ds = { @rde, + nidx1) = 0 (9.3.45) 
Cc dn C C 


because the integrand x.dx + x\dx, is the exact differential of the function 


L (2 : 9.3.46 
5 xj +x) + const (9.3.46) 


Therefore, the condition 9.3.44 is satisfied. 


9.3.2.1 Torsion of an Elliptic Bar 


In solving particular torsion problems, we may try various harmonic functions as the 
warping function y(x;,x.) and check to which cross section contours C they apply. To 
solve the torsion problem for an elliptic bar we try 


Ww = Kx\x. (K = const) (9.3.47) 


which is obviously a harmonic function. 


Substitution of this function in condition 9.3.43 gives 


d. d. 
(K —1)m— — (K+ 1)m— =0 (9.3.48) 
ds ds 
This equation may be written as 
df 4. TK 
pes —0 9.3.49 
& (4+ 524) ( ) 
which after integration with respect to s results in 
ee ee a (9.3.50) 
oa ee ce a : 3. 


Observing that the equation of an ellipse with semiaxes a and b and with the center at the 
origin is 


G+ou=a (9.3.51) 
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Equation 9.3.50 becomes identical with Equation 9.3.51 if 


1-K_@ 
14+K Pb 
or 
b2 — @ 
oS pee 


Therefore, we have found the warping function for an elliptic bar 


2 2, 


b-—a 
W(X1,%2) = Page 


We now calculate the displacement vector from Equation 9.3.23: 


b’ — a’ 
u= (er, AX{X3, a 


The components of the strain tensor E from Equations 9.3.24 through 9.3.26 are 


a 

Ea aap 2 
b2 

tS aa 


The components of the stress tensor from Equations 9.3.27 through 9.3.29 are 


Si = Sy = $33 =Sp =0 
2 
2 


a+b ae 


$3, = —2ua 


S93 = 2a 
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(9.3.52) 


(9.3.53) 


(9.3.54) 


(9.3.55) 


(9.3.56) 


(9.3.57) 


(9.3.58) 


(9.3.59) 


(9.3.60) 


(9.3.61) 


We observe that the maximum shear stress appears at the ends of the minor axis, at points 


(0, b) and (0, —b): 


ab 


(S31 |max = 2a phage 


(9.3.62) 
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The torsion moment is 


M3 = if (x1S23 — X2S31) dx, dx» 
‘4 


2 
peek (\ | deide, ta [iva 


2 2 
a+b “ 7 


2a 
=s 7 pa (@hn + Bln) (9.3.63) 


where J,, and J,. are the moments of inertia of an ellipse about the x,- and x,-axes, 
respectively, 


1 1 
I, = gray’, In = gre (9.3.64) 


Substitution of /,, and J,2 into Equation 9.3.63 gives the torsion moment as 


373 
maa’ b 
Therefore, the torsional rigidity of an elliptical bar is 
373 
mt p.a’b 


It is often important in applications to express stresses in terms of the torsion moment. 
Using Equation 9.3.65 we find stresses $3, and S23 in terms of M3: 


5 2M; 
= ee 
31 or he 
(9.3.67) 
2M; 
*8 = Tai“! 
The resultant shear stress at any point of the elliptical cross section is 
1/2 
_ (2 2 2 2M; a x5 
S, = (S3, + S5,) ° = aa (= 7 (9.3.68) 


We return now to the analysis of the warping of an elliptical cross section. The displacement 
u3 that is the measure of warping takes the form 


uz = > 1X2 (9.3.69) 
The equation u3 = const represents a family of hyperbolas shown in Figure 9.8 where the 
curves more distant from the origin correspond to larger u3. With the torsion moment acting 
counterclockwise, the solid lines indicate the positive (upward) displacement and the dotted 
lines indicate the negative (downward) displacement. 
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FIGURE 9.8 Warping of the elliptical cross section. 


9.3.3. PRANDTL’S STRESS FUNCTION 


We will now formulate an alternative approach to the problem of torsion of noncircular 
bars. To this end, we introduce a function @(x,, x2), called Prandtl’s stress function, defined 
in terms of the warping function w(x), x.) by the following formulas: 


bz = wal, — x2) = S31 


(9.3.70) 
$1 = —Ha(W2 + X1) = —Sr3 
We may see that @ (x1, x2) satisfies Poisson’s equation 
V°$ = b1+ ox = —2ua (9.3.71) 
The condition 9.3.43 in terms of @(x;, x2) becomes 
say (9.3.72) 


Pe On ca 


which means that @(x;, x2) = const on C. Let us take the arbitrary constant as zero. Thus, 
the torsion problem is defined by 


V°¢ =—2ua onA 


(9.3.73) 
@g=0 onc 
The torsion moment is 
M3 = f (4123 — X2S31) dx1dx2. = — li (x16, + x22) dxidxp 
A A 
=— [[@id): + G2d)2] dnd +2 [ bdride, (9.3.74) 
A A 


Now, using the Divergence Theorem (see Equation 2.3.1) we have 


J (619). + G2@)a]dridee = f dorm +xm)ds = 0 (9.3.75) 
Cc 


A 
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because function ¢ vanishes on C. Thus, 


M; =2 J o dxdx> (9.3.76) 
A 


is the torsion moment in terms of Prandtl’s function. 


9.3.3.1 Prandtl’s Stress Function for an Elliptical Bar 
We try the function of the form 
fe. Be 


P) 2: 
$(X1,%2) =m (3 oe ) (9.3.77) 


where m is a constant. This function is zero on the contour C of an ellipse, that is, it satisfies 
the condition 9.3.735. Substituting Equation 9.3.77 into Equation 9.3.73, yields 


m = _ (9.3.78) 
oR 
Combining with Equation 9.3.77, we have 
pea Rae 
b(%1,%2) = — i Ta + 2 1 (9.3.79) 
ab 


This function may be used to calculate, for example, the torsion moment M3 from 
Equation 9.3.76. 


9.3.3.2 Prandtl’s Stress Function for a Triangular Bar 


Consider a bar with a cross section in the form of an equilateral triangle of altitude 3a. As 
in Section 9.3.3.1, we assume Prandtl’s stress function in such a way that it is zero on the 
contour C of the triangle, see Figure 9.9, 


@ (4,42) = m(x, — x3 + 2a) (x: sea ak 2a) (x, —a) (9.3.80) 


—2a 


FIGURE 9.9 The cross section in the form of an equilateral triangle. 
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or 
b(%1,%2) = m (x, + 3axy — 3x1x5 + 3ax; — 4a’) (9.3.81) 
where m is a constant. Substitution of 9.3.81 into Equation 9.3.73, yields 
m= —-— (9.3.82) 
Combining this expression with Equation 9.3.81 yields Prandtl’s stress function 


(x19) = -— (x3 + 3ax? — 3x,x2 + 3ax? — 4a’) (9.3.83) 
a 


Using Equations 9.3.70 we find 


pa 
S31, = b2 = Sat (x) — a)x2 


(9.3.84) 
ja 
S93 = —1 = 24 Coa + 2ax = x5} 
Along the x,-axis stress $3; is zero, and $3 is, see Figure 9.10, 
ja 
So3 = — (x + 2a)x, (9.3.85) 
2a 
with its maximum value at x, =a 
3 
(So3)inie = (S93), = zea (9.3.86) 
and with its minimum value at x; = —a 
a 
(S23) min = (S23)x)=-a = ee ata (9.3.87) 


a 
2 
Note that shear stresses are zero at the corners and at the origin, and they are maximum at 
the midpoints of the sides of the triangle. 
The warping function is 
x 
W(xX1,%X2) = - (3x; — a) + const (9.3.88) 
a 


(S93) max 


—2a 


S53 


FIGURE 9.10 Distribution of shear stress S,, along the x,-axis. 
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FIGURE 9.11 Lines of uw, = const. 


and we may check that Equations 9.3.70 are satisfied. Therefore, the displacement vector is 


a 
u= [ -axars, OX1X3, a (3x; — x) | (9.3.89) 
The lines of constant displacement along the x3 axis, uv; = const, are shown in Figure 9.11, 
where solid lines indicate the positive (upward) displacements and dotted lines indicate the 
negative (downward) displacements. 

The torsion moment, found from Equation 9.3.76, is 


3 
M, = = pod (9.3.90) 


where J = 3./3a‘ is the polar moment of inertia of the triangle about the origin. 
The components of the strain tensor E are 


Ey, = Ey = E33 = Ey. = 0 (9.3.91) 
E3, = ti (x; — a) (9.3.92) 
2a 
7 2. 2 
Ex = 7 (2ax; + x; — x3) (9.3.93) 


The equations obtained provide a solution to the torsion problem for the bar with a cross 
section in the form of an equilateral triangle. 


PROBLEMS 


9.1 Show that the warping function yy = const solves the torsion problem of a circular bar. 

9.2 Show that in the torsion problem of an elliptic bar, the resultant shear stress S, at points 
on a given diameter of the ellipse is parallel to the tangent at the point of intersection 
of the diameter and the ellipse (see Figure P9.2). 

9.3 Show that the torsion moment in terms of Prandtl’s stress function @ = $(x;,X2) is 
expressed by 


M;=2 J (X1, X2)dx,dxz 
A 
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mN 
a) 


FIGURE P9.2 


9.4 Show that Prandtl’s stress function @ = @(x1,x2) given by 


oo i —— h 
320d; sy sin ( 5 ) oe ( 2a, ) 
n 


3 3 
na 
7 n=1,3,5,... cosh ( :) 


@(X1,X2) = 


solves the torsion problem of a bar with the rectangular cross section: |x,| < a, 
|X2| < a. 
Also, show that in this case the torsion moment 


ay aq 
Ms=2{ { $(0,x)deide, = paar)’ ar) 
a) —a7 


where 


9.5 Show that Prandtl’s stress function 


pr,8) = = (r? — b*) — _ : 
2 r 


defined over the region 


af a 
0<b<r<2a—b, —cos —})<60<cos — 
2a 2a 


solves the torsion problem of the circular shaft with a circular groove shown in 
Figure P9.5 
In particular, find the stresses $3 and S3 on the boundary of the shaft. 
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a) 


FIGURE P9.5 


Hint: Use the polar coordinates 


x, =rcosé, x%=rsing 
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| QO Solutions to Particular 
Two-Dimensional 
Boundary Value Problems 
of Elastostatics 


In this chapter, the general solutions of Chapter 8 are used to obtain closed-form solutions 
to typical two-dimensional boundary value problems of isothermal and nonisothermal 
elastostatics. The solutions include (a) an elastic state corresponding to a concentrated 
force normal to the boundary of a semispace, (b) an elastic state corresponding to a 
concentrated force tangent to the boundary of a semispace, (c) the Lamé solution for a thin 
hollow circular disk subject to uniform pressures on the boundaries, (d) an elastic state in an 
infinite sheet with a circular hole subject to uniform tension at infinity, (e) a thermoelastic 
state due to a discontinuous temperature field in an infinite sheet, and (f) a thermoelastic 
state due to a concentrated heat source in a semi-infinite sheet. A number of end-of-chapter 
problems are included, and their solutions may be found in the Solutions Manual. 


10.1 TWO-DIMENSIONAL SOLUTIONS OF ISOTHERMAL 
ELASTOSTATICS 


In Chapter 8, three types of two-dimensional isothermal elastic states were defined: (i) an 
elastic state corresponding to a plane strain problem, (ii) an elastic state corresponding to 
a generalized plane stress problem, and (iii) an elastic state associated with a plane stress 
problem. The elastic states (i) and (ii) are defined on a two-dimensional domain Co of 
the (x;,x2) plane, while the elastic state (iii) is defined, in general, on a three-dimensional 
domain B. A plane strain elastic state corresponding to given body forces b, (a = 1,2) 
and satisfying suitable boundary conditions on dCp (0Cp is the boundary of Co) is called a 
solution to a boundary value problem of elastostatics under plane strain conditions. A similar 
definition may be introduced for a solution to a boundary value problem of elastostatics 
related to the generalized plane stress conditions. 

Also, anumber of general properties of the two-dimensional elastic states were discussed 
in Chapter 8. For example, it was shown that a stress tensor field S corresponding to the 
elastic states (i) and (ii) does not depend on elastic moduli; and a solution to a plane strain 
boundary value problem generates a solution to a generalized plane stress problem by 
suitable transformation of elastic constants. 

In this section, a number of closed form solutions of isothermal elastostatics correspond- 
ing to the plane strain conditions or generalized plane stress conditions are presented. These 
are: (A) an elastic state corresponding to a concentrated body force in an infinite solid under 
plane strain conditions, (B) an elastic state corresponding to a concentrated force normal 
to the boundary of a semi-infinite solid under plane strain conditions, (C) an elastic state 
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NK Xo 


FIGURE 10.1 A body force bo acting in an infinite solid under plane strain conditions. 


corresponding to a concentrated force tangent to the boundary of a semi-infinite solid under 
plane strain conditions, (D) the Lamé solution for a thin hollow circular disk subject to 
uniform pressures on the boundaries, (E) the axially symmetric elastic state in a rotating 
thin hollow circular disk, and (F) the elastic state in an infinite sheet with a circular hole 
subject to uniform tension at infinity (Kirsch’s problem). 


10.1.1 A CONCENTRATED FORCE IN AN INFINITE ELASTIC BODY UNDER PLANE 
STRAIN CONDITIONS 


Consider a homogeneous isotropic infinite elastic body under plane strain conditions in 
which a line concentrated force of intensity by acts in the x, direction of the Cartesian 
coordinate system (x), x2,x3), aS shown in Figure 10.1. 

To find an elastic state s = [u, E, S] corresponding to the situation shown in Figure 10.1, 
we recall the fundamental field equations for a plane strain state (see Equations 8.1.6, 8.1.8, 
8.1.10, 8.1.12, 8.1.13, and 8.1.17). 

The displacement field u takes the form 


u = [uy (X1,X2), Uz (X1,%2), O] (10.1.1) 
The strain—displacement relations read 
Ep = 5 Was + Upa) (10.1.2) 
The equilibrium equations are 
Sapp + Dy = 0 (10.1.3) 
The constitutive relations take the form 


Sup = 2E ap + AE yy Sep (10.1.4) 
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or 
Ea = (Sag — VS} Sap) (10.1.5) 
2h 
and 
S33 = VS, (10.1.6) 


In the problem discussed, Equations 10.1.1 through 10.1.6 are to be satisfied in the infinite 
plane described by the inequalities 


Ixj] < 00,  |x2| < 0 (10.1.7) 
and the body force b, in Equation 10.1.3 takes the form 
by = bod (x1) 6 (2), =. = 0 (10.1.8) 


which means that a concentrated force at the point (0, 0) acts in the x, direction. Moreover, 
we assume that 


s = [u,E,S] > [0,0,0] asr=,/x}+x5 > oo (10.1.9) 


To obtain a solution to the problem, we use the two-dimensional version of the Boussinesq— 
Papkovitch—Neuber solution (see Equations 7.1.2 through 7.1.4) 


Ug = Wa — eat (xs¥e +9), (10.1.10) 
where 
Vary = as (0.1.11) 
a 
and 
1 
Pyy = Fae (10.1.12) 


The tensor fields E,g and Syg associated with the field u,, given by Equations 10.1.10 
through 10.1.12, are represented, respectively, by 


Eup = Ma [21 — 20) Wes) — Xy Wy.0p — Pap | (10.1.13) 


and 


LL 


[= 
> DO any 


[21 — 2v) Wes) — Xy Wap + 20Vyy Sap — Paap | (10.1.14) 
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Since by = bo 5915 (x))5 (x2), then xgbg = 0, and Equation 10.1.12 reduces to the harmonic 
equation 


Qyy =0 (10.1.15) 


Therefore, letting g = 0 in Equations 10.1.10 through 10.1.12 we arrive at the representation 


1 
Ug = Wo = Ad — vy “OP (10.1.16) 


where 
bo 
Wayy = m7 515 (X1)6 (X2) (10.1.17) 


In the following, we are to show that s generated by Equations 10.1.16 and 10.1.17 and 
Equations 10.1.13 and 10.1.14 with g =0 is a solution to the concentrated force problem 
provided yy, is taken in the form 


bo 


L 
Vo = du1 In — (10.1.18) 
27 r 


where L is a positive constant of the length dimension. To this end, we note that y, given 
by Equation 10.1.18 satisfies Poisson’s equation 10.1.17, and y, = 0 for r = L. Therefore, 


Ye > 0 asr—> Lb (10.1.19) 


Next, note that Equation 10.1.16 can be written as 


1 
Me 4(1 — v) [3 — 40) Wa — xp ea (10.1.20) 


Since, because of Equation 10.1.18, 


Out XB xy 
ap = —b) —— > = —b) —— 10.1.21 
Yap : Qn r? Vow : 27 ur? ( ) 
and 
r) 1 1 XaXp 
Vyas =—bo x S (Sep 25 ) (10.1.22) 


therefore, Equations 10.1.20 and 10.1.13 and 10.1.14 with g = O can be written in the form 


bo L XX 
= = |] 83 — 40) 6, In | — 10.1.23 
Lee ei [ m nin(Z) + =| eee 


bo 1 XgXp 
bu =e E (5.p 25 ) == 2v)\(Oaxe + Spi) | (10.1.24) 
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and 
s = Ffa-2 fxs (02,43 xa)| — 2 | (10.1.25) 
ap 4x(1 =p) 2 19%ap al*p Bla 2 ot. 
Now, we rewrite Equation 10.1.23 in the form 
Pot a : e me (10.1.26) 
o> = «| in = n pa Ds 
ne oe te Ap) OEP 


Applying to this equation the operator V* and using Equations 10.1.17 and 10.1.18, we get 


Vv? Po 8(X1)5 (x9) Po ! eae (10.1.27) 
Ug = —— 6916 (X1)db(X%2) — x, In — wl. 
ae on” Ate Oe aoe 


Next, replacing a by 6 in Equation 10.1.26 and differentiating with respect to xg, we obtain 


bo 0. OUd&éd 1 ; L 
Ugp = In — — V~ (x, In - (10.1.28) 
2mu.ox, r 41—-—v) r 


Hence, because of Equations 10.1.27 and 10.1.28 we write 


Eee op lly 8(x1)5 (x) 
Ug + ——Ueg py + 816 (%1) 5 (% 
Toy M68 i 10(X1)0 (X2 
b 1 a a.L 1 L 
=— Reo (arin = (10.1.29) 
2m 1—2v dx, Lox, r 2 r 
Since 
; L aL Pa 
Vo (x, In- | = 2—In-4+x,VolIn—- (10.1.30) 
r ox, r 
and 
pa Le 
x,V° In — = —277x,6(x,)d(%2) = 0 (10.1.31) 
r 


therefore, it follows from Equation 10.1.29 that 


1 
1—2v 


b 
app + Up.pa + 7 bai 5(1)8 2) =0 (10.1.32) 


This completes the proof that Equations 10.1.23 through 10.1.25 represent a solution to the 
concentrated force problem. 
The solution has the properties: 


(i) uy(0,£L) = 0, m(0,%2)=0, x. > 0 (10.1.33) 


Gi) s=[u,E,S] > [0,0,0] asx,=L— oand |x| < co (10.1.34) 
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x2 Notes: 


(1) A displacement field uv due to a body force matrix of 


27 the form 


Ke BLP = by Bup8()5(x2) (10.1.35) 

x 

0 |_________, in an infinite plane |x,;|<00, |x2.|<0oo, because of 
x1 


Equation 10.1.23, takes the form 
FIGURE 10.2. Acon- 


centrated force @ acting bo XX 
(6) — cade 
at a point & of an infinite Ua ~ Bru —v) (3 —4v) dug In = 2 (10.1.36) 
solid under plane strain i 
conditions. 


Hence, a displacement field u, =u,(x, &) corresponding to an arbitrary force £ 
acting at a point € = (&,,&,) of an infinite plane, as shown in Figure 10.2, is 
obtained from the formula 


U(X, €) = Uap (x, &) Lp (10.1.37) 


where 


Uap (x, é) = | E —4v) dup In L a (Xa ox Ea) (Xp = Es) 


8ru(1 —v |x —&| x=? 
(10.1.38) 


(2) af elastic state 5—=[u,E,S] corresponding to a concentrated force 

= by 5y15(x1)5(x2) in an infinite sheet subject to generalized plane stress con- 

fen is obtained from Equations 10.1.23 through 10.1.25 by replacing by by bo 
and v by v, where = v/(1 + v). As a result we obtain 


b ‘% : 
Uy = a E — v)dq; In (=) +(1+ ys (10.1.39) 
870 r 
= bp 1 XuXg 
eT [a + vd (3 ap — 2 +) — (1 = v)Guixg + oo) (10.1.40) 
and 
s by | Xj Xq Xp 
Sop = ae: {cl — v) [x1dep — (Saxe + 8¢1%0) | — 20 + vy) | (10.1.41) 


(3) A displacement field 7° due to a body force matrix of the form 


Be = Bodap5(x1)5 (x2) (10.1.42) 
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in an infinite sheet under generalized plane stress conditions, in view of 
Equation 10.1.36, is given by 


b L 
"| Gaijnyn(— |) sa ey (10.1.43) 
87 UL r cs 


Hence, a displacement field a, = u,(x, &) at a point x due to a concentrated force 
£ acting at a point é of an infinite sheet is obtained from the formula 


Ta (X, &) = Ung (x, ls (10.1.44) 


where 


= 1 _ L (Xe i Eu) Xe =. ey) 
oe E v) dag In Peery +(1+ eee ae aa | (10.1.45) 


| 


(4) The elastic states s =[u, E,S] and s5=[w, E, S] comply with the formulas 
1 
Uo a = Ean = —(1 — 2V) S00 (10.1.46) 
2 


and 


Sow (10.1.47) 


respectively. Clearly, Equations 10.1.46 and 10.1.47 are identical to Equa- 
tions 8.1.15 and 8.1.46 with a = £, respectively. 

(5) If b = b(X) is a body force prescribed on a two-dimensional domain Q lying 
in an infinite solid subject to plane strain conditions then the displacement field 
u = u(x) due to the body force is given by 


u(x) = | Ux, &)bE)dédé, (10.1.48) 
Q 
A similar formula is valid for a generalized plane stress state. 


10.1.2 A CONCENTRATED FORCE NORMAL TO THE BOUNDARY OF A SEMI-INFINITE 
SOLID 


Consider a homogeneous isotropic semi-infinite elastic solid under plane strain conditions 
occupying the region 


Ixj|<o, m™20 (10.1.49) 


Let a concentrated normal force Po be applied to the boundary x.=0, as shown in 
Figure 10.3, and assume that an elastic state s=[u,E,S] corresponding to Pp is such 
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that |S] > 0 as r=|x|—> oo. To find s we are to solve the 
governing equations of two-dimensional elastostatics (see Equa- 
tions 10.1.1 through 10.1.6) in the region described by the 
inequalities 10.1.49 subject to the boundary conditions 


S2(x1,0) = —Po 6X1), Si2%1,0) = 0 (0.1.50) 


and the asymptotic condition 


FIGURE 10.3. A con- 5 — [U,0,0] as |x| > oo (10.1.51) 


centrated normal force on ; 
the boundary of a semis- where Up is a constant vector. 


pace. A solution to the problem can be obtained by using the 
Boussinesq—Papkovitch—Neuber representation of a displace- 
ment field [see Equations 10.1.10 through 10.1.12 in which b, =0 and Wy = Wd, 


wv =W(X1,%2)] 
1 ag 1 ag 


ny =~ — ——_ — 10.1.52 
Mi) aieay Ome ee A) Oe 
where 
Vyw=0, V’e=0 (10.1.53) 
and 
b=9 THY (10.1.54) 
It follows from Equations 10.1.53 and 10.1.54 that 
0 
Ee a (10.1.55) 
0X2 
The associated strain tensor components are given by 
1 a? a 1 0° 
eee et é 
4(1—v) dx; Ox. 4(1—v) dx; 
(10.1.56) 
1 a? 0 
Rie DG OM 
4(1 — v) | 0x) 0x2 ax 
while the stress tensor components take the form 
lL ao aw 
Sy=- =D, 10.1.57 
209) (5 ” Ox, : 
lL ao aw 
Sx = -—— | = — 22 - vd 10.1.58 
oe, OGL ea = ( "Ox, 
ag a ay 
Spy=- — 2d -— v)— 10.1.59 
- 2(1 — v) Fs ( ”) =| ( ) 
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Note that by Equations 10.1.55 and 10.1.56 


1—2v dow 
E,, = ——- — 10.1.60 
201 —v) 8a ( ) 


and by Equations 10.1.55 and 10.1.57 and 10.1.58 we obtain 


uw ow 
yon = — 10.1.61 
a l—v dx, ( ) 
Hence 
1—2v 
v= os Dyige (10.1.62) 
which coincides with Equation 10.1.46. Now, since, by Equation 10.1.50, 
Po 7 
S26. 0S Pays J cos ex; da (10.1.63) 
TA 


0 


therefore, by Equation 10.1.58, the functions @ and w may be postulated in the forms 


o= fiA@ + B(a)axJe? cos ax, do (10.1.64) 
0 
and 
v= [ Blaae? cos ax, da (10.1.65) 
0 


where A =A(q) and B= B(q@) are arbitrary functions on [0, oo). Clearly, the functions @ 
and y are selected in such a way that Equation 10.1.55 is met, w is a harmonic function 
and ¢ is a biharmonic function. The functions A= A(q@) and B= B(a) will be selected in 
such a way that the boundary conditions 10.1.50 are satisfied. By substituting @ and y from 
Equations 10.1.64 and 10.1.65, respectively, into Equation 10.1.59, and using the boundary 
condition 


Si2(%1,0) = 0 (10.1.66) 
we obtain 
A(a) = —(1 — 2v)B(a) (10.1.67) 


Hence, by Equations 10.1.64 and 10.1.65 we get 


o= ft-« 1 —2v) + ax ]B(a)e~*? cos ax; da (10.1.68) 
0 
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and 


v= [ Bae” cos ax, do (10.1.69) 


0 


Next, substituting @ and y from Equations 10.1.68 and 10.1.69 into Equation 10.1.58, and 
using the boundary condition 10.1.63, we arrive at 


B(a)a? = — (10.1.70) 


To obtain the stress components at any internal point of the semispace, we need to compute 
the second partial derivatives of ¢ and the first partial derivatives of w (see Equations 10.1.57 
through 10.1.59). Using Equations 10.1.68 and 10.1.69, we obtain 


a2 re 
ele = f Bo7((1 — 2v) — axe? cos ax, da (10.1.71) 
ax; 4 
a2 r 
ks = J Ba? (3 — 2v — axy)e~*? cos ax, do (0.1.72) 
0X5 4 
a2 re 
ae f Bo? 2 —~v) —axje*? sinax, da (10.1.73) 
OX 0X2 4 
and 
A CO 
oy =— f Bate sin ax, da (10.1.74) 
Chal 0 
a CO 
tue =— f Bate cos ax, da (10.1.75) 
0X2 


0 


Hence, by substituting Equation 10.1.70 into Equations 10.1.71 through 10.1.75 and using 
Equations 10.1.57 through 10.1.59, we arrive at the stress components 


Py ¢ : 

Si =-— fa — ax)e 2 cos ax, da (10.1.76) 
a 0 
Py ¢ _ 

Sy =—-— fa + ax,)e%? cos ax, da (10.1.77) 
a 

0 

a ee 

Sp = -—x | ae 2 sinax, da (10.1.78) 
a 


0 


It follows from Equations 10.1.76 through 10.1.78 that the stress tensor Syg is independent 
of the elastic properties of the semi-space [see Note (2) in Section 8.1.1]. 
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Similarly, because of Equations 10.1.56, and 10.1.70 through 10.1.75, we obtain the 
strain tensor components 


P CO 

Bees fla — 2v) — axsJe“*2 cos ax, do (10.1.79) 
27 L : 
Py ¢ : 

En =— fa — 2v + axy)~*? cos ax, da (10.1.80) 
27 L 
Poo oases 3 

Ep =- x | ae “2 sin ax, da (10.1.81) 
27 L 


It follows from Equations 10.1.79 through 10.1.81 that the strain tensor E,, does depend 
on the elastic constants jz and v. 

Finally, note that the first partial derivatives of @ given by Equation 10.1.68 in which 
B=B(q) is computed from Equation 10.1.70 are represented by the divergent integrals. 
Also, ¥ given by Equation 10.1.69 with B = B(a) from Equation 10.1.70 is represented by 
a divergent integral. Therefore, the displacement representation 10.1.52 through 10.1.54 
cannot be used to obtain the displacement components u,,. The displacement vector will be 
obtained from the geometric relations 


a a 
Cre (10.1.82) 
Ox, 0X2 
These relations are equivalent to 
x] 
uy (x1,%2) — u10,42) = f Eni xr)du (10.1.83) 
0 
and 
x2 
U2(¥1,%2) — u2(41,0) = f Exa(rr,wdu (10.1.84) 
0 


Therefore, substituting E,, from Equation 10.1.79 into Equation 10.1.83 and performing 
integration under the integral on [0, 00), we obtain 


P CO Fi 
u fa oy eeuie 2 ae (10.1.85) 
wd a 


Uy (X1,X2) — uy, (0, x») = — 
20 


Similarly, substituting E2. from Equation 10.1.80 into Equation 10.1.84 and integrating 
we have 
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—Aaxd 


Po re l-e 
Uz(X1,X2) — U2(X),0) = ai (1 — 2v) f ae cos ax, da 
0 


cos ax, da (10.1.86) 


7 ll — dt ax)e 2 
2 f [1 — ( Jew] 
a 
0 
In the following, we are to show that the integrals in Equations 10.1.76 through 10.1.78, 
10.1.79 through 10.1.81, and 10.1.85 and 10.1.86 can be calculated in closed forms. To this 
end, we recall the useful formulas: 


om 0 

fem cosax, de = 2 = —In= (10.1.87) 
‘ r OX L 

* a : x 7) r 

fe “2 sinax, da = — = ,—In— (10.1.88) 
‘ r Ox, L 

few SIN O41 da — tan-t ot (10.1.89) 
a X2 


where L is a positive constant of the length dimension. An alternative form of 
Equation 10.1.87 reads 


a a R 

fe cosux dar = —In (5) (10.1.90) 
u 

0 


where 
R=/xi+w, u>0 (10.1.91) 
By integrating Equation 10.1.90 with respect to u over the interval 0 < u < x2, we obtain 


oo 1 = axa 
{[ —— cosa, jeasge ig (10.1.92) 
a L L 


By differentiating Equation 10.1.90 with respect to u and multiplying the resulting equation 
by u, we get 


f mits d 1 E (10.1.93) 
a cos = —u—~In{ — ae 
J ue ax, da u we L 
Now, since 

x2 _ 

1 = 1 aX 
fuee'du = eee ee (10.1.94) 
a 


0 


Solutions to Particular Two-Dimensional (BVPs) of Elastostatics 519 


hence, integrating 10.1.93 with respect to u over the interval [0, x.] we obtain 


cos ax, da 


f [l—C-+exn)e?] 
“ a 


x2 2 u=x2 x2 
0 R Pr) R 0 R 
— —In[( — ) du = — {u— | In— —In{—]d 10.1.95 
fuse (7) " {u2-[n=]| eG) ( ) 


or 


ro-d ae 2 
fe cosa da = —2 +192 — In Et (10.1.96) 
fe 


a L 


0 


The formulas 10.1.87 through 10.1.89, 10.1.92, and 10.1.96 allow us to reduce 
Equations 10.1.85 and 10.1.86 to the closed forms 


4 (X1,%2) — (0, x9) = -— ja - 2v)tan- = ae (10.1.97) 
and 
Up (2153) — up (x1,0) = - {2a —v) jin —In al 7 “| (10.1.98) 
Hence, if we let 
u(0,%) =0 for x» > 0 (10.1.99) 
and 
(1,0) = = ae au (10.1.100) 
which implies that 
uw(L,0) = uy(—L,0) =0 forL > 0 (10.1.101) 


the unique displacement components are obtained 


P 

fp reo ee (10.1.102) 
27 L Xp r 
P 2 

pet Moi ee (10.1.103) 
2m Lo 
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It follows from Equations 10.1.102 and 10.1.103 that 


uy>o0, wu ax=Loo, |x\| < c (10.1.104) 
where 
Po 
= (10.1.105) 
27 


Note that [Po] = [Force x L~'] and [jz] = [Force x L~*], therefore [u*] =[L]. As a result, 
the displacement vector corresponding to the solution of the concentrated force problem 
for the semispace complies with the asymptotic condition 10.1.51 in which uy = [0, u*]. 

To obtain the strain components in a closed form, we note that by Equations 10.1.87 and 
10.1.88 


7 a 1 2x2 
Jae? cosax da =-— (=) =- (1 - =) (10.1.106) 
: ox. \r r r 
and 
r See 0 /Xy X 1X2 
f we? sin ory do = — ( *) =) (10.1.107) 
0 OX2 r r4 


Hence, by Equations 10.1.79 through 10.1.81, 10.1.87 and 10.1.88, and 10.1.106 and 
10.1.107, we obtain 


P 2 
E, =-72 Blan -3] (10.1.108) 
TL r r 
P. 2. 
meee (» eS =) (10.1.109) 
Tur r 
P 2 
foo (10.1.110) 
an a 


Similarly, it follows from Equations 10.1.76 through 10.1.78, 10.1.87 and 10.1.88, and 
10.1.106 and 10.1.107 that 


2Pox 
ee eee (10.1.111) 
wr 
2Pox3 
ee pala (10.1.112) 
mrt 
2Pox 1x2 
Sipe (10.1.113) 
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Also, it follows from Equation 10.1.112 that for every x. > 0 


+00 tO 
2P. xe 

f Soo (X1,X2)dx) = =a J = dy 
a4 


—o0O —o0o 


2Po x 7) vs dx, 
10.1.114 
az 2 OX a r ( ) 
Since 
+00 
d 
== forx, > 0 (10.1.115) 
ae r X2 
therefore 
+00 
i Soo(%1,%9)dx, = —Py forx, > 0 (10.1.116) 


—0o 


An extension of this equation to x, =0 leads to the total equilibrium of normal forces on 
the boundary of the semispace 


+00 
if So9(X1,0)dx, = —Po (10.1.117) 

while Equation 10.1.113 implies that 
Si2(x1,0) = 0 for |x;| < co (10.1.118) 


Finally, it follows from Equations 10.1.108 through 10.1.113 that E,, — 0 and Syg — 0 
as X, = L > ow, |x;| < oo. 

This completes the proof that s=[u, E,S] in which u, E, and S are given by Equa- 
tions 10.1.102 and 10.1.103, 10.1.108 through 10.1.110, and 10.1.111 through 10.1.113, 
respectively, represents a solution to the concentrated normal force problem for the 
semispace under plane strain conditions. 


Notes: 
(1) By using the transformation formulas from (x1, x2) to (7, g) coordinates 
S, = S\; cos? g + 2S; sing cos y + Sx sin’ y 
Sop = Si sin’ Y — 2812 sing cos Y + Sy7 COS” P (10.1.119) 


Srp = (Sz — Si) sing cos g + S1(cos” y — sin’ g) 
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in which S,g is given by Equations 10.1.111 through 10.1.113 and 
xX; =rcosg, x» =rsing (10.1.120) 


we obtain the simple formulas 


5 2Po . 

aa mens sing, Sgg = Sip = 0 (10.1.121) 
Therefore, the (7, ~) coordinates coincide with the principal axes of the tensor Sy. 

(2) An elastic state 5 = [U, E, S] corresponding to a concentrated force Py normal to 
the boundary of a semi-infinite sheet under generalized plane stress conditions is 
obtained from Equations 10.1.102 and 10.1.103, and 10.1.108 through 10.1.113, 
in which [u, E, S] is replaced by [u, E, S], Po by Po, and v by) = v/(1+v). Asa 
result we arrive at 


P 
Po Naa 2 a (10.1.122) 
TE X2 r 
a Folin? Say (10.1.123) 
= —— ]2In—-— v)= el. 
ge ee oe 7 
= 2P» X2 ae 
Ege es [ +5 (10.1.124) 
_ 2P» X2 3 
- Pinsent 
faa (10.1.126) 
Tu rT 
and 
2 2Po x? 
Soe (10.1.127) 
a 
= 2Py x2 
eee (10.1.128) 
Tr 
a 2P, 2 
S222" (10.1.129) 
an 
In Equations 10.1.122 through 10.1.125, E = 24(1 + v) stands for Young’s 
modulus. 


10.1.3. A CONCENTRATED FORCE TANGENT TO THE BOUNDARY OF A SEMI-INFINITE 
SOLID 


Suppose that a concentrated tangent force To is applied to the boundary of a homogeneous 
isotropic semi-infinite elastic solid under plane strain conditions, as shown in Figure 10.4. 
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To #1 An elastic state s=[u, E,S] corresponding to the situation 
ae shown in Figure 10.4 can be found by a method similar to that 
Hy (9) of Section 10.1.2. The displacement, strain, and stress fields 
will be found by using the formulas (see Equations 10.1.52 

through 10.1.54, 10.1.56, and 10.1.57 through 10.1.59) 


FIGURE 10.4 A con- 


centrated tangent force Tp _ 1 0) 
on the boundary of a sae 4 — v) a 
semispace. 
‘ij 1 TO) 
m= —— 
: 4(1—v) dx, 
1 0° 
4(1—v) ox; 
ow 1 ao 
Ex) = —_ 2 
Ox. 4(1—v) 0x; 
1 a? 0 
poss Pa says 
41 —v) | dx,0x, Ox, 
and 
0° 0 
Sy =— e —2v e 
21 —v) \ dx; OX2 
0? 0 
Sete 28 9G 
21 —v) | ax; 0X2 
Le ap ay 
Sp=- — 201 — v)— 
= 21 — v) Ee ( y Ox, 


Here, ¢ and yw are postulated in the forms 
o= fa + Baxr)e “2 sinax, da 
0 
and 


[o.e) 
v= f Bae sinax, da 
0 


(10.1.130) 


(10.1.131) 


(10.1.132) 


(10.1.133) 


(10.1.134) 


(10.1.135) 


(10.1.136) 


where the functions A = A(q@) and B = B(q@) on [0, o<) are selected in such a way that the 


boundary conditions are satisfied 


(oe) 


To 
So(x1,0) = 0, Syo(x1,0) = —T) 6 (x1) = = J cosax; da 


0 


(10.1.137) 
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By substituting @ and yw from Equations 10.1.135 and 10.1.136, respectively, into 
Equations 10.1.132 through 10.1.134, we have 


Gy ese {IA — (20 — ax) Bla2e~*? sin ax, do (10.1.138) 
2(0 Vy) 
Syn = eee fia + [2(1 — v) + ax, ]Bya?e*? sin ax, da (10.1.139) 
2(1 —v) 4 
Sp = 2a {IA +(1-—2v+ ax) Bla?e **2 cos ax, da (10.1.140) 
2(1 — v) 4 


Therefore, it follows from Equations 10.1.139 and 10.1.140 that the boundary conditions 
10.1.137 are satisfied provided the functions A = A(q@) and B= B(q) satisfy the equations 


A+2(01—v)B=0 
(10.1.141) 


bh m 2_ _ To 


Hence, we obtain 


4Tp(1 — v)? 5 27) 
ae ee 
TTL an) 


Aad? = (10.1.142) 


and substituting Aa? and Ba? from Equations 10.1.142 into Equations 10.1.138 
through 10.1.140 we arrive at 


T, CO 
Si = = fe — ax )e 2 sinax, da (10.1.143) 
0 
T, CO 
(es fae sin ax, da (10.1.144) 
3 0 
T, CO 
Sse = fa — axy)e*? cosax, da (10.1.145) 
0 


To obtain Ey, (a, 8B = 1,2) we note that by virtue of Equations 10.1.135 and 10.1.142 


o= ft-2a —v)+ax|Be*? sinax, da (10.1.146) 
0 
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Substituting then @ from Equation 10.1.146 and y from Equation 10.1.136 into 
Equations 10.1.131, and using Equations 10.1.142, we arrive at 


Ey, = — ax,je“? sinax, da (10.1.147) 
tye e oe 
Poa fa — axe? sinax, da (10.1.148) 
27 L 
i 82 cos ax, dat (10.1.149) 


Finally, note that substituting @ into the first of Equations 10.1.130 leads to a divergent 
integral. Therefore, to find u; we use Equation 10.1.147 in the form 


Ou, 


— = —ax je? sinax, da (10.1.150) 
Oxy 


Integration of this equation with respect x, over the interval [0, x;] yields 


CO 1 = 
— argent ET O88) ny (101.151) 
a 


Uy (X1,X2) — uy (0, x2) = 
0 


To find uw =u2(X\,x2) we substitute yw and ¢@ from Equations 10.1.136 and 10.1.146, 
respectively, into the second of Equations 10.1.130, and in view of the second of 
Equations 10.1.142, we get 


sin aX, 


Uy (X1,X2) = 2v + ax,)e “2 ——— . da (10.1.152) 


Now, by integrating Equation 10.1.88 with respect to x, over interval [0,x,] we obtain 
[o.e) 1 => 
few NE ipl ~—hh bal (10.1.153) 
A a L 


Therefore, by letting u,(0,x.) = O for x. > O in Equation 10.1.151, and by using 
Equations 10.1.87 through 10.1.89 and 10.1.153, the closed forms of u, and wu are obtained 


T, 2 
Wy (X1,%9) = oe 20 ~v) n= a (1 = #)| (10.1.154) 


U2 (X1,X2) = 2 


“la — 2v)tan7! =! 4 Se (10.1.155) 
x2 
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Clearly, u, (0, x2) = 0, u2(0,x2) = 0 for x. > 0, and 


uy —>O0, WU axX=Lo>o, |x| < c (10.1.156) 
where 
To —2 
jefe ee) (10.1.157) 
4 


Therefore, the displacement field corresponding to a solution of the tangent concentrated 
force problem for a semispace obeys the asymptotic behavior 


u— [0,u] asx=L—> ~, |x| < co (10.1.158) 


in which up depends on both elastic moduli jz and v, in contrast to a solution of the normal 
concentrated force problem (see Equations 10.1.104 and 10.1.105) where u — [0, u*] as 
X_, = L — oo, and u* depends on p only. 

Also, by using Equations 10.1.87 and 10.1.88, the integral representations of Sy, and Eup 
given by Equations 10.1.143 through 10.1.145 and 10.1.147 through 10.1.149, respectively, 
may be reduced to the closed forms: 


27, 
Sy=—S xs (10.1.159) 
Ur 
oT; 
Sp = ad (10.1.160) 
Ur 
27, 
Sy = —— ey (10.1.161) 
Ur 
and 
T, 2 
ee ca (1 cai 3) (10.1.162) 
I Lr r 
T 2: 
Ey = —t (» - =) (10.1.163) 
Lr r 
Pig 
<A 10.1.164 
12 ur x %2 ( ) 


It follows from Equations 10.1.159 through 10.1.164 that 
Sop > 0, Eyg>O a8x,=L—> om, |x| < 0 (10.1.165) 


This completes the derivation of a closed form solution to the problem of a concentrated 
force tangent to the boundary of a semi-infinite solid under plane strain conditions. 
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Notes: 


(1) The elastic state s = [u, E, S] obtained in Section 10.1.3 may be easily transformed 
to the polar coordinates (r, g). For example, by using the transformation equations 
10.1.119 and 10.1.120, Equations 10.1.159 through 10.1.161 lead to 


2T> 
5S, =—-—cos¢g, S§,=S,,=0 (10.1.166) 
mr 


(2) An elastic state 5 = [U, E, S] corresponding to a concentrated force Ty tangent to 
the boundary of a semi-infinite sheet under generalized plane stress conditions is 
obtained from Equations 10.1.154 and 10.1.155 and 10.1.159 through 10.1.164, 
in which [u, E, S] is replaced by [u, E, S], To by To, and v by D = v/(1 + v). In 
particular, for the displacement u we have 


T 2 2 
TOTES) ee — in (1 - 3) +( +2 (10.1.167) 
a3 To 1% xX X2 
Un (x1, xX.) = —]| (1 — v)tan™ — + dd + v)— (10.1.168) 
wE Xp r 


where EF = 24(1 + v) is Young’s modulus. 


10.1.4 THE LAME SOLUTION FOR A THIN HOLLOW CIRCULAR DISK 


10.1.4.1. The Field Equations of Two-Dimensional Elastostatics in Polar 
Coordinates 


An elastic state s=[u, E, S] corresponding to the generalized plane stress conditions and 
zero body forces satisfies the following field equations in the polar coordinates (r, g) (see 
Equations 8.1.34, 8.1.41, 8.1.43, and 8.1.46): 

The equilibrium equations 


0 = Pd Si — 8 
— Si, + — — Sry + ——* =0 (10.1.169) 
or r 0g r 
lod- 0 = 2S 
S Si “=0 10.1.170 
rodg ** or ™ " r ( ) 
The strain—displacement relations 
Ou, = u,. 1 0, 


», Eo=—-—t-— 10.1.171 
or oe r re oO) ( ) 


ea eee ey 
En = Be gis al (10.1.172) 
2\r d@ or r 
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The constitutive equations 


= Qu = 
3 = arr (E,, + vEgo) (10.1.173) 
= Quo _ 
Sep = 7 (Eyp + VE,,) (10.1.174) 
SDE (10.1.175) 
or 
= | eens et 
E,= z (S,, — VSoy) (10.1.176) 
= i _ 
w= F (Sup — vSir) (10.1.177) 
2 1 = 
E,= ; ae (10.1.178) 
Here 
u = [U,, Ug] (10.1.179) 
E, Ey 0 
BS |B Ey 0 (10.1.180) 
0 OO E33 
Sur Sa 0 
S=|5,, 5,, 0 (10.1.181) 
0 0 0 
i Vv —_ = 
E33 = ery (Ex, + Ego) (10.1.182) 


For a general boundary value problem s=s(r,g), which means that u=u(7, 9), E = 
E(r, vg), and S = S(r, Q). In this case, the equilibrium equations 10.1.169 and 10.1.170 are 
satisfied identically if S is represented by a stress function F = F(r,@) in the form 


= 2 \ 
6 (v ss =) F (10.1.183) 
r 
O°F 
w= a5 (10.1.184) 


~=S— (> =) (10.1.185) 
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while the compatibility condition [see (b) in Example 8.1.3] 


a V2(Sir + Spy) =0 (10.1.186) 
Zl implies that F satisfies the biharmonic equation 
VWF =0 (10.1.187) 

FIGURE 10.5 A thin Here 
hollow circular disk with 
: ai cut re 1 a 1 0 
ee radius . am outer v= (10.1.188) 
radius b and with internal or? or Or” or? AG? 
pressure p, and external 
pressure p,. Therefore, for problems involving boundaries formed by circular 


arcs, the stress tensor S may be found by using Equations 10.1.183 
through 10.1.185 and 10.1.187. 


10.1.4.2. The Lamé Problem for a Thin Hollow Circular Disk 


We examine a thin hollow circular disk subject to external and internal constant pressures 
shown in Figure 10.5. 

Since p, and p; are constants, an elastic state s = [U, E,S] corresponding to the situation 
shown in Figure 10.5 is axially symmetric, which means that u=u(r), E=E(r), and 
S=S(r); in addition uv, =0. Therefore, s is to satisfy Equations 10.1.171 and 10.1.172, 
10.1.176 through 10.1.178, 10.1.183 through 10.1.185, and 10.1.187 in which uw, =0 and 
partial derivatives with respect to g are omitted. The field equations are now reduced to 

The equilibrium equation 


5.4 =0 (10.1.189) 


The strain—displacement relations 


ee ae Ue 
naa Ew=—, Ey= 0 (10.1.190) 
The constitutive equations 
= i= = 
Ey, = a (Si, — VSpo) (10.1.191) 
= dA J. 
Eo = 5 (Sup — VS,r) (10.1.192) 


The stress components S$; and S,, may be expressed in terms of a function F = F(r) by 

the formulas 

1oF — CF 

Sy = - Soo ==, Sw =90 (10.1.193) 
r 


ar’ or?’ 
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where 


07 1 a a7 l1a\— 
F= 10.1.194 
(3 2 r =) (53 ‘3 r =) 0 ee 


1 1 i 
z r d r i F=0 (10.1.195) 
r or or r or or 


The Lamé problem for the thin hollow circular disk shown in Figure 10.5 may be now 
formulated in the following way: 

Find an elastic state s = [u, E, S] for a<r<b that satisfies Equations 10.1.189 through 
10.1.192 subject to the boundary conditions 


or 


S,(a) = —pa S»(b) = —pp (10.1.196) 


An alternative form of the problem reads: Find a function F=F(r) that satisfies 
Equation 10.1.195 for a < r < b and the boundary conditions 


OF, oF 
ar|_, oR he, 


a r=b 


= —bp, (10.1.197) 


To solve the problem involving function F, we note that a general solution to 
Equation 10.1.195 takes the form 


FH Qe, In + Cor? + Cy? In > (10.1.198) 
where L is a positive constant of the length dimension, and Co, C,, C2, and C; are arbitrary 
constants. 


Substitution of F from Equation 10.1.198 into Equations 10.1.193 yields 


5. = Cr 2496 26 (2 In- if 1) (10.1.199) 


Sop = Cyr? +2C, + C3 (21 . +3) (10.1.200) 


In the following, we show that C;=0, and C, and C) are uniquely determined by the 
boundary conditions 10.1.197. With this in mind we note that Equations 10.1.190 imply 
the compatibility condition 


En — - (7Egg):= 0 (10.1.201) 


Substitution Equations 10.1.191 and 10.1.192 into Equation 10.1.201 yields 


oo us as, IS rr 
(Sir — Sop) (1 + v) (3 — Fe) =) (10.1.202) 
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Now, because of Equations 10.1.199 and 10.1.200, 


Soe 


oe 2Cyr3 + 2C yr (10. 1.203) 

: 

OSir -3 1 

ae TRC + 2Csr (10.1.204) 
= 


Therefore, substituting Equations 10.1.199 and 10.1.200, and 10.1.203 and 10.1.204 into 
Equation 10.1.202, we obtain 


C3 =0 (10.1.205) 

Hence, the stress components S,, and Saas by Equations 10.1.199 and 10.1.200, take the 
forms 

Sy = Cir? +2C, (10. 1.206) 

Sop = —Cir? + 2C (10.1.207) 


Finally, substituting S,,, given by the Equation 10.1.206 into the boundary conditions 
10.1.196, we have 


song 
C, = —-——_ab, OQ =-———_ (10.1.208) 


As aresult, by Equations 10.1.206 through 10.1.208, the stress components S,,. and Sd are 
obtained 


= 1 ab’ 2 2 

= Fa | Ga Pa — Po) + (b’P» — a°Pr) ene 
_ 1 ab’ 
Soe = a E (Pa — Ps) — (BP» — “'p,) OT e® 


Also, by substituting S,, and cys from Equations 10.1.209 and 10.1.210, respectively, into 
Equations 10.1.191 and 10.1.193, we have 


a 2 


1 b 
By =~ pe | +0, - pF += rs ep.) (10.1.211) 


1 ab 
ee Fpl = ae) ja + ¥) (Ba — Po — (1 = v) "pp — a -)| (10.1.212) 


The last equation together with the second equation of 10.1.190 imply the radial 
displacement formula 


r ab? 5 
aes CE t + VY) (Pa — Po — (1 —v)'p, —a 2) (10.1.213) 


This completes the derivation of a solution to the Lamé problem. 
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Notes: 


(1) If pz — p and p, — p, where p is a constant pressure, then s > sy = 


—(0) ww) gO) 
fu" .E ,8 |, where 


WD = [2,0] (10.1.214) 

Te — (10.1.215) 

ee ace EO = —) (10.1.216) 
Ss =-p, SY =-p (10.1.217) 


Hence, if a hollow circular disk is subject to the external and internal pressures of 
the same magnitude p, the associated elastic state is independent of the disk radii, 
and there is a homogeneous state of strains and stresses in the disk. 

(2) If p, = 0 then 


cS aor (1 a =) (10.1.218) 
Sy = ae (1 + =) (10.1.219) 
Hence, since a < r < b, we write 
S20. Sg Sy ER SD (10.1.220) 
and 
Sop(b) < Syg() < Spa), ax<r<b (10.1.221) 


In addition, if b — a is a small number then it follows from Equation 9.2.219 that 


Ses = Pa (10. 1.222) 


Finally, by letting b — oo in Equations 10.1.218 and 10.1.219, we arrive at the 
stresses corresponding to a two-dimensional static representation of an explosion: 


= a 


3, = —Pasy (10. 1.223) 


= a 


Seo = Pay (10.1.224) 
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(3) A plane strain elastic state s = [u,E,S] in a thick-walled cylinder subject to 
external and internal pressures shown in Figure 10.5 may be obtained from Equa- 
tions 10.1.209 through 10.1.213 by replacing v by v/(1 — v) and [u,E,S] by 
[u, E,S]. After such a transformation we arrive at 


SSS. Sep SS (10.1.225) 
22 


a’b ‘ 5 
(Pa — Pe) + (1 — 2v)(b’p, — a’p,) (10.1.226) 


vos TS eer oa 
2u(b? — @) 


1 a’b* 2 2 
Fat uP a B (Pa — Ps)—- — (1 — 2) (b Pp — a Pa) (10.1.227) 


and 


r 


ach e , 
OE Baie |. — Po) — (1 = 20) ("ps — a po) (10.1.228) 


It follows from Equations 10.1.225 through 10.1.227 that for p, =p, =p, where p 
is a constant pressure, there is a homogeneous state of strains and stresses in the 
hollow cylinder. 


10.1.5 AXIALLY SYMMETRIC ELASTIC STATE IN A ROTATING THIN HOLLOW 
CIRCULAR Disk [1] 
Consider a rotating hollow circular disk as shown in Figure 10.6. 

The disk is made of a homogeneous isotropic elastic material, and its boundaries r=a 
and r=b are assumed to be stress free. A generalized plane stress state s = [u, E,S] in 
the disk is then axially symmetric, and it obeys the equations (see Equations 10.1.189 
through 10.1.192, and Equation 10.1.202): 

The equilibrium equation 


Pa Sy = S 
S,, + ———_” + pw’r =0 (10.1.229) 
r 


The strain—displacement relations 


= di, = U,. 


rr ’ = 10.1.230 
dr gp r ( ) 

x, The constitutive equations 

= | eas _ 
E, = z (Si, — VSpo) (10.1.231) 

FIGURE 10.6 A _ thin 

circular disk rotating with ae 1K = 

an angular velocity w. Eyy = E (Syy os VSir) (10.1.232) 
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The stress compatibility condition 


S,—S oo = 
(1+) ———— sar (Syo — VS) = 0 (10.1.233) 
The boundary conditions 
S,,(a) = S,,(b) =0 (10.1.234) 


In Equation 10.1.229, pwr = b, represents a centrifugal force in the radial direction; p is 
a density of the disk, and w is a constant angular velocity; hence [b,] = [ML ~°T~?], where 
M is a mass unit, L is a length unit, and T stands for a time unit. To find s we rewrite the 
equilibrium equation 10.1.229 in the form 


a — pwr (10.1.235) 


By substituting Equation 10.1.235 into Equation 10.1.233, we have 


ds, dS, 
dr dr 


Next, multiplying Equation 10.1.235 by r, we get 


s 2 dS, 
—Sog = —S,, _ te = oor] (10.1.237) 
r 


Finally, differentiating Equation 10.1.237 with respect to r, by virtue of Equation 10.1.236, 
we atrive at the single equation for S,,. = S,,(r): 


d dS dS 
co ie ey et r= 10.1.2 
5 ($2) + ae a as 0 (10.1.238) 
Now, if we let 
as, 
—=fi(r) (10.1.239) 
dr 


we reduce Equation 10.1.238 to the first-order differential equation for f: 


d 
(o + 3f =-(3+0)po’r (10.1.240) 
r 


It is easy to check that a general solution of Equation 10.1.240 takes the form 


1 
f=for?- qe7 v) pwr (10.1.241) 
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where fo is an arbitrary constant. Hence, by Equation 10.1.239, a function S,, = S,,(r) that 
satisfies the boundary condition S,,(a) = 0 is given by 


r 


= i 1 
S,,(r) = fo | w du - 78+ »)p0" [udu (10.1.242) 


a 


By substituting S,,(r) from this equation into the second of boundary conditions 10.1.234, 
we obtain 


1 24,2 2 
fo = 4° + v)a bh pw (10.1.243) 


This equation together with Equation 10.1.242 imply that 


34+ pa? 
8 r 


Sy = (r? — a’)(b’ — 7’) (10.1.244) 


Substituting S,, from Equation 10.1.245 into Equation 10.1.237, we receive 


3 2 1+3 
pees oe [(e+e- Sr) Pa (10.1.245) 


Al 


8 r 3+ 0 


Next, if S,, and S,, from Equations 10.1.244 and 10.1.245, respectively, are inserted into 
Equations 10.1.231 and 10.1.232, the strain components E,, and E,, are obtained 


= 3+v ,fl-v, 1. @bh 30-v), 
E# — b = ~~ 
ee | at + ar ae icra 
(10.1.246) 
= 3+v ,fl—-v., .. . @e (Ud-»v), 
En = b —— 
= eat Feet lemme ware 
Finally, it follows from Equations 10.1.230 and 10.1.246 that 
3+v , f1- ; a l-—v 2 
= — b — - 10.1.247 
i6n por Fe (a? 1D") + cae ( ) 


Hence, a solution to the rotating disk problem is represented by an elastic state s = [u, E, S] 
in which u, E, and S are given by Equations 10.1.247, 10.1.246, and 10.1.244 and 10.1.245, 
respectively. 

For a solid rotating disk, a = 0, so letting a — Oin Equations 10.1.244 through 10.1.247, 


we have 

3 ie 1 1 

fies CN ee be — ? (10.1.248) 
16 l+v 3+0 


Ase AG 1 3 
poo eee b? ? (10.1.249) 
16 l+v 3+0 
Ag ei | 1 
po eres g bp P (10.1.250) 
" 16 l+ov 3+0 
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and 
0 RRR ao , 
r= rage (b* —r°) (10.1.251) 
—0 Sa s aofye ear Ov 3 


In particular, it follows from Equations 10.1.251 and 10.1.252 that 


2 2 3 2p? 
5,.(0) = S,.,(0) = oo (10.1.253) 


Also, it follows from Equations 10.1.244 and 10.1.245 that S,, and en have the properties: 


_ = 3 
(i) max S,,(r) = Se (ab) = —- pw? (b — a)? (10.1.254) 
ax<r<b 
4 = = 34+ da) 
(ii) max Sa) =35,,(a)= 5 wo ee + 20° | (10.1.255) 
(iii) max S,,(r) < max Soe) (10.1.256) 
ax<r<b a<r<b 
(iv) S.() >0, Spg(r)>0 forO<a<r<b (10.1.257) 
(v) Syp(a) > 28,0) asa—> 0 (10.1.258) 


The property (v) implies that by making a small circular hole at the center of a rotating 
disk, we double the maximum stress, i.e., a stress concentration occurs in a neighborhood 
of the small hole. The limit 


oe e. Soe(@) 
Sin =? (10.1.259) 


a>0 S 
ee 


is called a stress concentration factor in the problem of a rotating disk with a small circular 
hole. 


Notes: 


(1) A plane strain elastic state s = [u, E,S] in a rotating thick-walled cylinder may 
be obtained from Equations 10.1.244 through 10.1.247 by replacing there v by 
v/(1 — v) and [u, E, S] by [u, E, S]. 

(2) A plane strain elastic state sy = [Uo, Eo, So] in a rotating solid cylinder with the 
radius r = b may be obtained from Equations 10.1.248 through 10.1.252, by 


replacing v by v/(1 — v) and (a°,E, 8") by [Uo, Eo, So]. 
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FIGURE 10.7 A thin elastic sheet with a circular hole of radius a under tension. 


10.1.6 A SHEET WITH A CIRCULAR HOLE SUBJECT TO UNIFORM TENSION AT 
INFINITY (KIRSCH’S PROBLEM) [2] 


Consider a thin homogeneous isotropic infinite elastic sheet with a circular hole of radius 
a under uniform tension So in the x, direction, as shown in Figure 10.7. 

The sheet is supposed to be in a generalized plane stress state with regard to the (x), x2) 
plane, and the boundary of the hole is to be stress free. 

The problem of finding an elastic state s = [u,E,S] corresponding to the situation 
shown in Figure 10.7 is called Kirsch’s problem. The problem is a genuine two-dimensional 
problem of elastostatics, and s may be treated as a function of x, and x, or as a function of 
r and @, where 


O<a<r<w, O0<@g<2z (10.1.260) 


Therefore, a solution to the problem is to obey the equations (see Equations 10.1.169 
through 10.1.178): 
The equilibrium equations 


0 = 1 0— S238 
Sint Sig + w=0 (10.1.261) 
or r ap r 
lor a 2S 
= ES ae v=0 10.1.262 
ro0g. = ar '* % r ( ) 
The strain—displacement relations 
= OU, = u, 1 dU, 
vor’ ae | r dg’ 
= = (10.1.263) 
= l/fld, dum uw 
” 2\9r dp or r 
The constitutive relations 
= 1 - =, 
E, = 5 (S,, — Spr) (10.1.264) 
= i = 
Eg = 5 (Sup — vS,r) (10.1.265) 
= l+yv— 
Eg = —— Srp (10.1.266) 
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In addition, s will satisfy the boundary conditions 

S,(a,0) =S,(a,g)=0, O<g<2n (10.1.267) 

S31(%1,%2) > £89 asx, > £00, |x| < 00 (10.1.268) 


To solve the problem, we use the Airy stress function method (see Example 8.1.4). By 
using the formulas (see Equations 10.1.183 through 10.1.188) 


7 a2 \ — 
Se (Voss) FR (10.1.269) 
or 

2 oF 

Soy = 35 (10.1.270) 

= 0 (1 OF 

So =—-—|-— 10.1.271 
. ar € =) ( ) 


where F = F(r, ¢) is the Airy stress function that satisfies the biharmonic equation 
VWF =0 (10.1.272) 


and 


2 1a 1 @®@ 
2s 
Wg et a (10.1.273) 


we find that the equilibrium equations 10.1.261 and 10.1.262 are satisfied identically. 
Hence, F is to satisfy Equation 10.1.272 as well the boundary conditions 10.1.267 and 
10.1.268. 
To this end, we look for s in the form 


S= 5, +5 (10.1.274) 
where 


es [a.E".8"), 5 = [a®,E°,5°] (10.1.275) 


and s, is an elastic state in an infinite sheet without hole under tension Sp in the x, direction 
while s, is an elastic state in an infinite sheet with a circular hole of radius a subject to such 
a boundary load on r = a that s is a solution to the problem. 

First, we observe that s, may be defined in Cartesian coordinates by the formulas 


re a ee ee (10.1.276) 
E 1Y%0> E 2Y0 mn Ie 


= 1 ea v = 
By = 7 5 Ey = =F So E,, =0 (10.1.277) 


Si = So, Sip =0, Si =0 Oa) 
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Next, note that s; may be generated by the stress function 


Hoy: 
Fo = 550 X3 (10.1.279) 


In polar coordinates (r, g), that are related to Cartesian coordinates (x,,x2) by the formulas 
xX, =Prcos¢g, %=rsing (10.1.280) 


the function F“ takes the form 


BD 1 


1 
Fo = 550 r sin’ g = 750 r’(1 — cos 29) (10.1.281) 


Substituting F°? from Equation 10.1.281 into Equations 10.1.269 through 10.1.271, we get 
the components of Ss” in polar coordinates 


“a § 

= 7 (1 + cos 29) (10.1.282) 
50 _ Soy 2 10.1.283 
we = 5 (1 — 608 29) (10.1.283) 
is S 

= =F sin 29 (10.1.284) 


The associated strain components, because of Equations 10.1.264 through 10.1.266 and 
Equations 10.1.282 through 10.1.284, take the form 


Hs. a8 

E = : [( —v) + (1 + v) cos 29] (10.1.285) 
po — Sg 1 2 10.1.286 
oe — pp LP) — C+) cos 9] (10.1.286) 
po -_% q in2 10.1.287 
ro = 5p (+0) sin 2g ( oe ) 


Finally, by using the transformation formulas 


= i\” cosy + us sing 


(10.1.288) 
Ties a =a" sing + us” COS 
the polar components of u“” are obtained 
al) _ Sor 
Uy = oe [1d —v)+ (1+ v) cos 2¢] (10.1.289) 


S 
7 = —_ (1 + v) sin29 (10.1.290) 


g 
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Hence, the elastic state s; may be described either in Cartesian coordinates by using 
Equations 10.1.276 through 10.1.278 or in polar coordinates by using Equations 10.1.282 
through 10.1.284, 10.1.285 through 10.1.287, and 10.1.289 and 10.1.290. 


.  =2) <2 ; 
To find s. we postulate a stress function F ear ir, gy) in the form 


Bo Sain ; + (B+ Cr?) cos 29 (10.1.291) 


where A,B, and C are arbitrary constants, and L is a positive constant of the length 
dimension. Then, it is easy to show that 


(2) 


VWF =0 fora<r<w,0<9g<2z (10.1.292) 
SQ > a2) F : 
and the stress components S,,, S,,, and S,, are given by (see Equations 10.1.269 
through 10.1.271) 
5° = Ar? — 202Br? + 3Cr) cos 29 (10.1.293) 
5 = -Ar? + 6Cr- cos 2g (10.1.294) 
<2) ee: Zi 
Ss), = —2(Br~ + 3Cr™) sin 29 (10.1.295) 


TP. 


To determine A, B, and C we rewrite the boundary conditions 10.1.267 in the form 


Sa +80 (a =0 (10.1.296) 


e() 


S?(@ +5@ =0 (10.1.297) 


By substituting S. from Equation 10.1.282 and iS from Equation 10.1.293 into Equa- 


tion 10.1.296 and S,)’ from Equation 10.1.284 and S,) from Equation 10.1.295 into 
Equation 10.1.297, we write 


S 

Aa? — 2 (2Ba~? + 3Ca~*) cos 2g + mal + cos2y) =0 

(10.1.298) 
S 

—2 (Ba + 3Ca~*) sin 29 — = sin2y = 0 

Since Equations 10.1.298 are satisfied for any ¢ € [0, 27r], the following algebraic equations 
should be met 
S 


A= (10.1.299) 
and 


S 
2Ba 4: 3Ca * S— 
(10.1.300) 
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Hence, we obtain 


S Si 
B= zo C= =4e (10.1.301) 
As a result, by Equations 10.1.293 through 10.1.295, 10.1.299, and 10.1.301, we arrive at 
(2) g° l2) 
the stress components S28 »S,,> and S,,, 
je S 2 2 
SS sa 3 eos (10.1.302) 
2. as 
-27 So a a 
Sie = oy = (1 = 35) cos 2¢ (10.1.303) 
—=(2) So @ ay... 
s = 4 = ( 2 35) sin 29 (10.1.304) 


The strain components E°,E ,E, ee and EY , and the displacement components 7” and ue 
may be obtained by using the formulas 


Fo =E_ E, ee eee ee (10.1.305) 


provided the fields E and u are known. = 
In the following, we show that E and u may be uniquely generated from S, where 


S=S’4s° (10.1.306) 


and S°’ and S‘” are represented by Equations 10.1.282 through 10.1.284 and Equa- 
tions 10.1.302 through 10.1.304, respectively. To this end note that, in view of Equa- 
tions 10.1.282 through 10.1.284 and 10.1.302 through 10.1.304, we write Equation 10.1.306 
in components 


= So a a at 

Sys a [ = = + (1 -45 +35) c0s2¢| (10.1.307) 
= So a a’ 

5,,= © f oe (1 - so) c0s2¢| (10.1.308) 
= So a at : 

sae" (1 +25 - 35) soy (10.1.309) 


Also note that an alternative form of the constitutive relations 10.1.264 through 10.1.266 
reads 


2 ino a 
E, = i (S,, — DtrS) (10.1.310) 
~ fi 32 - 
Eos ii (S,» — VtrS) (10.1.311) 
= | eee 

ia (10.1.312) 
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where 


Vv — 


S =S,,+ Sy, (10.1.313) 


Tl 


Now, it follows from Equations 10.1.307 and 10.1.308 that 
= a 
trS = So (1 =2 “00s 2p) (10.1.314) 
r 


Hence, by using Equations 10.1.307 through 10.1.314, we arrive at the strain components 


= So a at 
a 1-25-54 1—4(1 —v)— + 3— | cos 29 (10.1.315) 
4u r r4 
Ej [1-245 - (1-4 = +35) cos 2¢| (10.1.316) 
= So a at : 
Ey,g = —-—{1+2—-3— a 10.1.317 
- 4u ( ie r2 =) ee ( ) 


To find u, and uw, we proceed in the following way. By virtue of the first of 
Equations 10.1.263 and 10.1.315 we rewrite Equation 10.1.315 in the form 


Ou, So = _@& a’ 
= 1—2p—-— “+ 1—4(1 —v)— + 3— | cos 29 (10.1.318) 
or ~ Au r r+ 


By integrating this equation with respect to r over the interval [a, r], we arrive at 


U,(r, @) = U,(a,g) + 7 (1-2) {1-2-8 
4u r 


; 
a AO OE 

+ Li (SAW) te cos 29 (10.1.319) 
‘ee 8 r 


Next, it follows from the second of Equations 10.1.263 that 


Ou = 
Ct ie eae (10.1.320) 
dp 


Therefore, substituting Eis and u, from Equations 10.1.316 and 10.1.319, respectively, into 
Equation 10.1.320 leads to 


DiS 2 gf 
Oe See Ves: vs Noa p) 490 Sp): | ose Lae) 
dg Db r rr 

(10.1.321) 
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By integrating this equation with respect to g over the interval [0, g], we obtain 
yg 


s 
Zi,(r, 9) = Hi, (0, r) — fa, @)d0 + 720 S: n<g 


0 


_a ae | a 
—}1-—20 -—v)-4+20 - Ws + — | sin2@¢ (10.1.322) 
r r r4 


Also, it follows from the third of Equations 10.1.263 and from Equation 10.1.312 that 


- 1 ou Ou, Ul, 
a : See 10.1.323 
- u(- dg + or =) ( ) 


Hence, substituting Sig from Equation 10.1.309, a, from Equation 10.1.319, and u, from 
Equation 10.1.322 into Equation 10.1.323, we get 


S 2 4 
- 2 (1425 35) sin2p 
= (=pee liad Oa 3% | sin2 
a) ad r r rt 
1 ou, 1p. 
(a,9) + - fac, 6)d0 (10.1.324) 
r 


0 


i 7 
+ w| —*(r,0) — *(7,0) + = 
or r r 0g 


Since g is an arbitrary angle, g € [0,27], Equation 10.1.324 is satisfied if and only if 


dm dit, Me 
r— (7,0) —ti,(7,0) + (a, ) + | t-(a,6)d0 
or oO) 
Soa a ; 
= —(1 —-v)(g — 3 sin 2¢) (10.1.325) 
2h 
Now, if we let 
u,(r7,0)=0 fora<r<oo (10.1.326) 


Equation 10.1.325 reduces to the integro-differential equation for u,(a, g) = u(@): 
du ‘ Sod 
aes + | u(6) a0 — “(1 —D)(v — 3 sin29) (10.1.327) 
do 4 2m 


In addition, if we let 


u,(a,0) = 0 (10.1.328) 
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then it follows from Equation 10.1.327 that u = u(¢) satisfies the differential equation 


So(1 — Vv) 


a(1 — 6cos 29) (10.1.329) 
2m 


u'(g) + u(y) = 


subject to the initial conditions 
u(0) = u'(0) = 0 (10.1.330) 


Here prime indicates derivatives with respect to @. 
It is easy to check that the only solution to Equation 10.1.329 that satisfies the conditions 
10.1.330 is 
So( — ¥) 


u(g) = aa a(1 — 3cos g + 2 cos 29) (10.1.331) 
UL 


Therefore, by substituting u(g) = u,(a, g) from Equation 10.1.331 into Equations 10.1.319 
and 10.1.322, and taking into account the condition 10.1.326, we get the single-valued 
components u, and Hy: 


KY a 
ise 7 {1-20 + 5-6-9) cos v 


4u 
ae as 
a [ +40 —1 5 - =| cos 2 (10.1.332) 
r r 
S 2 4 
ie Nee ee sing —|1+20 —27)— + = | sin2o (10.1.333) 
Aw (2 art 


Hence, a solution to Kirsch’s problem is represented by an elastic state s = [u,E,S] in 
which U, E, and S are given by Equations 10.1.332 and 10.1.333, 10.1.315 through 10.1.317, 
and 10.1.307 through 10.1.309, respectively. 

The closed-form solution to the problem allows us to analyze s for a large range of 
geometric and physical parameters. Most interesting is to consider extremum properties of 
the stress field S. It follows from Equations 10.1.307 through 10.1.309 that the maximum 
stress that occurs atr =a 


Sy(a.~) = So(1 — 2.cos 29) (10.1.334) 


is largest when g = 77/2 or 37r/2, that is, at the sides of the hole where the tangent vector 
is parallel to the direction of the applied stress So, 


max Syo(a,9) = Spy (a. =) =35; (10.1.335) 


gl0,2/2] 


Also, if follows from Equation 10.1.334 that 


min Syp(a,~) = Syy(a,0) = —So (10.1.336) 


ge[0,7/2] 
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The ratio 


_ Spp(a,#/2) 38 


~ (1) 


= =3 (10.1.337) 
Spp(@,7/2) So 


is called the stress concentration factor for the problem. Clearly, K is independent of the 
radius of the hole, so the solution is a general one. Stress concentration problems based on 
elasticity theory are significant in a study of structural fatigue, which is a part of fracture 
mechanics. 


Notes: 


(1) The ratio 


u(a,x/2) 1 | 
Kom a BI (0 we 5) (10.1.338) 
u\ (a, 1/2) v 2 


may be called the displacement concentration factor for the problem. It follows 
from Equation 10.1.338 that K, — +ooas v > 0+0. 
(2) The method of finding solution to Kirsch’s problem may be applied to determine 
an elastic state in the infinite sheet as shown in Figure 10.8. 
The stress tensor S corresponding to the situation shown in Figure 10.8 is 
given by 


S=S'+S (10.1.339) 


where S’ is represented by Equations 10.1.307 through 10.1.309 in which Sp is 
replaced by S; and S” is represented by Equations 10.1.307 through 10.1.309 in 
which So is replaced by Sz and g by g + 2/2. Equation 10.1.339 in components 
takes the form 


ooo 
TTITTT 


FIGURE 10.8 An infinite elastic sheet with a circular hole under tension in the two perpendicular 
directions. 


pjwstk|402064| 1435597703 
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So <— i’ KO % > % 


_ PITT TTT a 


FIGURE 10.9 An infinite sheet with a circular hole under an equal tension in one direction and 
compression in the perpendicular direction. 


ee aN, «2 Gaya a ae 
ne 2(1-S)4 2 (1-45 +35) cosap (10.1.340) 
r r 


2 r 2 
= S; + S> a Sy = So a’ 
Sop = 5 (14 4) - ZF (143g J 20820 (10.1.341) 
= S,-S a sayy 
Sy=-— . ; (1 ree so) sin 29 (10. 1.342) 


The associated strain tensor E and displacement vector 0 may be obtained in a 
similar way. 

(3) If an infinite sheet with a circular hole is subject to a uniform tension S; = Sj > 0 
in the x, direction and a uniform pressure S,=— Sj <0 in the x, direction, as 
shown in Figure 10.9 then, letting S; = Sj and S;=— Sj in Equations 10.1.340 
through 10.1.342, we have 


us Ge ae 
5,=S (1 —4—+ 3) cos 29 (10.1.343) 
r r 
= a 
Soo = —-S% (1 + 5) cos 29 (10.1.344) 
- : a ah 
Sp = —S* (1 $25 = so) sin 2 (10.1.345) 
and 
mes Soo (a,%) = Sop(a, 1/2) = 48* (10.1.346) 
gel0,7 


Hence, the stress concentration factor for the situation shown in Figure 10.9 is 


K*=4 (10.1.347) 
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TEE 
TTT 


FIGURE 10.10 An infinite sheet with a circular hole under a uniform biaxial tension. 


(4) For an infinite sheet as shown in Figure 10.10 by letting $; = S}* and S$. =S}* in 
Equations 10.1.340 through 10.1.342, we have 


= a 

S., = St (1 e <) (10.1.348) 
r 

Py a 

Soy = Sz" (1 4p s) (10.1.349) 

Sy =0 (10.1.350) 


and the associated stress concentration factor 
Kk" =2 (10.1.351) 


Also, it follows from Equations 10.1.348 and 10.1.349 and from the inequality 
So’ > O that 


S20). S930) forrea (10.1.352) 


If we let S** = — Sy (Sy > 0) in Equations 10.1.348 and 10.1.349, we obtain the 
stress in an infinite sheet with a circular hole under a uniform biaxial pressure. In 
this case the stress concentration factor is also equal to 2. 

(5) It follows from Equations 10.1.307 through 10.1.309, 10.1.340 through 10.1.342, 
10.1.343 through 10.1.345, and 10.1.348 and 10.1.349 that the stress concentration 
in a sheet with a circular hole is quite localized and decays fast with an increasing 
distance from the hole. 


10.2.) TWO-DIMENSIONAL SOLUTIONS OF NONISOTHERMAL 
ELASTOSTATICS 


In Section 8.1.2, two-dimensional boundary value problems of nonisothermal elastostatics 
were formulated, and general properties of a solution of the theory were discussed. In 
particular, it was shown how stress field S,g, corresponding to a temperature T and to a 
plane strain state generated a stress field S,, corresponding to a temperature T and to a 
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generalized plane stress state. In this section, we outline typical methods of solving the 
problems of nonisothermal elastostatics corresponding to a generalized plane stress state, 
and present a number of closed-form solutions for a body with stress free boundary. In 
Section 10.2.1, two methods of finding a solution to a boundary value problem for a thin 
elastic sheet subject to a two-dimensional temperature T are presented. The closed-form 
solutions are the following: (A) a thermoelastic state due to a discontinuous temperature 
field in an infinite sheet, (B) thermal stresses due to a discontinuous temperature field in 
a semi-infinite thermoelastic sheet, (C) a thermoelastic state due to a heat source at the 
center of a thin circular disk, and (D) thermal stresses due to a concentrated heat source in 
a semi-infinite elastic sheet. 


10.2.1 Two METHODS OF FINDING A SOLUTION TO A BOUNDARY VALUE PROBLEM 
FOR A THIN THERMOELASTIC SHEET 


A thermoelastic state s = [u, E,S] corresponding to a temperature T = T(x) and gener- 
alized plane stress conditions with regard to (x,,x2) plane, obey the field equations (see 
Equations 8.1.71, 8.1.72, 8.1.79, 8.1.84, and 8.1.85) 

The strain—displacement relations 


= 1 
Ep = 5 (Gap +Upa) onCy (10.2.1) 
The equilibrium equations 
Sopp =O onCy (10.2.2) 
The constitutive relations 
_ = ye 1 = 
Sop — 2U Fog + 1_% Ey Sap as 1-2 aT Sup on Co (10.2.3) 
or 
= (i = nres = 
Eup = an (Sup = DSyy Sug) + aT Sap on Co (10.2.4) 
where 
t= (10.2.5) 
v= EDs 
1+ 


In Equations 10.2.3 and 10.2.4, T=T(x1,%) isa prescribed temperature field on Co, where 
Cp is a two-dimensional domain of (x), x2) plane. In general, T satisfies Poisson’s equation 
(see Equation 8.1.96) 


VT= _2 on Co (10.2.6) 
K 


Note that Q/« = W/k, where Q is the prescribed heat supply field, W stands for the internal 
heat generated per unit volume per unit time, k denotes the thermal conductivity, and « 
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KEY 
Pe 


o' 
XY < 
<p 

OVO 


3 
xX 


eal 


Rx. 


OX 


FIGURE 10.11 A thin 
circular disk of radius 
a under a_ disconti- 
nuous temperature field: 
T(r, ~) =TH(rcosg — 
aACOS@), Where (r,¢) 
are polar coordinates 
and H=H(x) is the 
Heaviside function. 
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means the thermal diffusivity. We recall that k =k/pc, where p 
is the density of the material and c is the specific heat. When 
Q=0 and T is piecewise constant on Cy, Equation 10.2.6 is 
satisfied identically on Cy except for the discontinuity lines (see 
Figure 10.11). 

A thermoelastic state s = [u,E,S] corresponding to a tem- 
perature T = T(x) on Cy may be obtained by using the 
formula 


s(x) = f s*(% 8) T()dbidés (10.2.7) 


Co 


where s* = [u*,E ,S'] is a thermoelastic state corresponding to 
a temperature T =T (x, €) of the form 


T (x, €) = 8(t, — &) 80 -—&) xECy, EEC (10.2.8) 
which represents a nucleus of thermoelastic strain located at a point (&, &2). 
If s* satisfies the stress-free boundary condition 
S(x,é)n(x)=0 forxe dQ, EEC (10.2.9) 


then s* is a solution to a boundary value problem of two-dimensional nonisothermal elasto- 
statics corresponding to the temperature field 7” and the stress free boundary 0Co, while s 
is a solution to the problem described by Equations 10.2.1 through 10.2.3 and the boundary 
condition 

S(x)n(x) =0 forx € dC) (10.2.10) 
In the following, we confine ourselves to the boundary value problems with a stress free 
boundary only. Since the method of finding a thermoelastic state s* that corresponds 
to the temperature T and the boundary condition 10.2.9 is similar to that of finding s 


corresponding to the temperature T and the boundary condition 10.2.10, first we outline a 
thermoelastic displacement potential method of finding s. To this end we let 


s=5 +55 (10.2.11) 


(1) 


where s; =[U .E’, Ss”) is generated from a potential ¢ = (x) by the formula 


ay = Py (10.2.12) 


and s,= (?,E° Ss”) is a solution to a two-dimensional isothermal boundary value 
problem on C> selected in such a way that s satisfies Equations 10.2.1 through 10.2.3 and 
10.2.10. 
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Substituting 7” given by Equation 10.2.12 into Equations 10.2.1 through 10.2.3 we find 
that these equations are satisfied provided 


(1) 


Eee oe (10.2.13) 
5) = 2 (Gap — Vb Sep) (10.2.14) 
Vo = mT (10.2.15) 
where 
my = (1 + v)a (10.2.16) 


Therefore, s; may be generated by Equations 10.2.12 through 10.2.14 in which the 
thermoelastic displacement potential @ satisfies Poisson’s equation 10.2.15. 

To obtain s, = [a ,E E” 3° y we note that s, satisfies Equations 10.2.1 through 10.2.3 
with T = 0 on C, subject to the boundary condition 


(2) 


S°n=-S'n ond (10.2.17) 


It follows from Example 8.1.4 that s. may be generated by an Airy stress function 
F = F(x,x>) that satisfies the biharmonic equation 


VWF=0 on (10.2.18) 
subject to the boundary condition 
(Sap V°F — Fap)ng =—S.gng on dCy (10.2.19) 
Since 
5.) = bapV?°F — Fag on Cy (10.2.20) 


therefore, the stress tensor Sup corresponding to the thermoelastic state s is expressed in 
terms of @ and F in the form 


2 


Sap = (09" _ ) (F — 2u@) (10.2.21) 


OXq OX 


Once S,g has been found, E,g is computed from Equations 10.2.4, and %, is obtained by 
integration of Equation 10.2.1 in which E,g are known functions. 
An alternative method of finding s that satisfies Equations 10.2.1 through 10.2.3 and 
10.2.10 is based on solving the following boundary value problem (see Example 8.1.10). 
Find a function ¥ = X (%1, x2) on Cp that satisfies the equation 


VV xX =—-EaV’T on (10.2.22) 
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subject to the boundary condition 
(V°X Sap — Kop)tp =O on dCy (10.2.23) 


If a solution to the problem 10.2.22 and 10.2.23 is found, the stress tensor S,g corresponding 
to the thermoelastic state s is obtained from the equation 


Sap = VX bap — Xap (10.2.24) 


The associated strain components Exp are then computed from Equations 10.2.4, and the 
displacement components u, are obtained by integration of Equations 10.2.1 in which Eup 
are known functions. 

It may be shown (see Equations 8.1.105 and 8.1.106) that if the temperature T satisfies 
Poisson’s equation 10.2.6, then the problem described by Equations 10.2.22 and 10.2.23 is 
equivalent to finding a function x = X (x, x2) that satisfies the equation 


E 
vy =e onc, (10.2.25) 
K 
subject to the boundary conditions 


X= >-=9 ond (10.2.26) 


Hence, to find the stress tensor Sup corresponding to s one may use either Equation 10.2.21 
in which ¢ and F are suitably selected, or Equation 10.2.24 in which X is a solution to the 
boundary value problem 10.2.25 and 10.2.26. 


10.2.2 A THERMOELASTIC STATE DUE TO A DISCONTINUOUS TEMPERATURE FIELD IN 
AN INFINITE SHEET 


Consider a homogeneous isotropic infinite thermoelastic sheet described by the inequalities 
Ixj] < 00,  |x2| < 0 (10.2.27) 

and subject to the temperature field (see Figure 10.12). 
T (X1,%2) = To[H (x1 + a1) — HQ — a1)] - [HQ + a) — Hx — &)] (10.2.28) 


where 7) is a constant temperature and H = H(x) is the Heaviside function. 
To obtain a thermoelastic state produced by the temperature T shown in Figure 10.12 
we use the formula (see Equation 10.2.7) 


BY 182 


s(x) = Tp J J s*(x, £) dédé, (10.2.29) 


—aj, —aQ 
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— 


T=0 


ay 


FIGURE 10.12 The rectangular distribution of a temperature field T in an infinite thermoelastic 
sheet. 


where s*=s*(x,&) is a thermoelastic state corresponding to the temperature 
T (x, €) = d(x, — &,)d (x. — &) in an infinite sheet. Since s* is defined on the whole (x;, x2) 
plane, therefore, the domain Cy of the previous section is the whole plane and s* may be 
found by the thermoelastic displacement potential method in which (¢, F) = @, 0), and 
@ satisfies Poisson’s equation 


VG = mS (my — £1) 6% — &) (10.2.30) 
Here 
a og 
V=—st+=s 10.2.31 
Ox . x5 ( ) 


X = (x),X2) € E’, and & = (&,, &) is a fixed point of E’. 
If we note that a solution to Equation 10.2.30 is given by (see Equation 10.1.18) 


@ (x,€) =—-—In : (10.2.32) 
20 T 


where 


P= ( —82) + 2-H (10.2.33) 


and Lis a positive constant of the length dimension, then the thermoelastic state s* = s*(x, &) 
is obtained in the form (see Equations 10.2.12 through 10.2.14 in which ¢ is replaced by @ ) 


0 L 


= Mo 

u,(x,§) = —~— ~=—In= (10.2.34) 
20 OXy TT 
a2 L 
= 10.2.35 
Ep) =—3- Ox,0x, | F ( ) 
Mo a? L 

i =9 Sh? i= 10.2.36 
Sup (x, &) = u(-5 =) (sae r ) n= ( ) 
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Next, using the relation 
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(10.2.37) 


we reduce Equations 10.2.34 through 10.2.36 to the form useful when computing the 


integral 10.2.29: 


E(k a ee Se af ) 
9 = 
5306 &)= a (seas - bun?) In (7) 
where 
5 a? 0° 
Vv oe Sit te 
ag? * 3B 


(10.2.38) 


(10.2.39) 


(10.2.40) 


(10.2.41) 


To obtain the displacement field %,, = U(x) corresponding to s, we let a = 1 and from 


Equations 10.2.29 and 10.2.38 we write 
aq qa aq ay) 


m(%) = Ty | dé | dbi(x,8) = 


42 74 a2 41 


ay 2 2 
Molo Xx; — ay Xq — & 
=e 1 
a he nf( i pat i ) 


Now 


ay asa 2 wae 2 (x +a9)/L 
nfs) +(AZ8) wean frre 


(x9—-a9)/L 


x; — a, 


MoT 0 
= on J dé, J teem 


(10.2.42) 


(10.2.43) 


(10.2.44) 
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Since 


f inv? + B2 du = ulin + B2 — 1) + B tan! a (10.2.45) 


therefore, the integral 10.2.43 becomes 
¢ wor be on 
1 1 1 2752), 
PCr) ne 
acs 
% ba \? aN xX +a 
= (%) +a) |} In : : a pp =A eile (x; — a) tan! see 
L L x; — ay 


2 2 
=e a5) mn € =) + (* *) 2h) (Sapan = — 
L L x1 — ay 


(10.2.46) 


By replacing a, by —a, in this equation we get 
a 2 2 
x +a x2 — & 

I d 
fm( ro) +(25*) a 
6 

xta)\ xy +a)\" xX.» +a 
= (x) +a) | In (“ ') +(2 *) —1] + @+a)tan7! =—— 
L L XxX) +a, 


2 2 

xy +a, X2 — a2 _1 %2 — ag 

_ — In, / | ——— ———_ } -1]- tan» ———— 
(x2 — 2) ( L ) = ( L ) (x; + a1) Paes 


(10.2.47) 


Hence, Equations 10.2.42, and 10.2.46 and 10.2.47 imply the closed-form formula for 7, (x) 
in which L is absent 


- mol J — a1)? + G2 + a)? 
= ] —— 
ss 21 c 7am V(x +a)? + G2 + a2)” 


Ja — a)? + G2 — @)? 


— —a,)l 
aie AV (x1 + a1)? + (%2 — a)? 


~1 X2 + dy _1 %2— a2 
——— — tan = ——— 


xX; — a, xX; — a, 


+ (x, — a) (1m 


= 4a) (tan pe aa wal (10.2.48) 
xi +a, x, +a, 
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By replacing the index 1 by 2 and the index 2 by 1 in Equation 10.2.48 we arrive at the 
closed-form formula for #2 (x): 


JV + a1)? + 2 — a)? 
JV + a1)? + 2 + a)? 
J = a)? + Oe — a)? 
V (x1 — a1)? + (2 + aa)? 


Xj +a x;-—a 
+ (%) — a) (tan =n 7 


p(x) = — 


T 
or oss + an 
Qn 


— (x, —a,)In 


Xz — ad X2 — a2 
Shae) (tan ae wal (10.2.49) 
X2 + a2 X2 + a2 


Note that Equation 10.2.49 may also be obtained by using Equations 10.2.29 and 10.2.38 
with a = 2, and by taking the steps similar to those leading to Equation 10.2.48. 
To compute the strain components E,,, we note that by Equations 10.2.39 and 10.2.40 


1 
E,,(x,€) = -— 7 Sn &) (10.2.50) 
E5)(x, &) = -= ie £) (10.2.51) 
=* 1 =* 
E,5(x, €) = a S1(x, &) (10.2.52) 
LL 
Hence, because of Equation 10.2.29, we have 
= | ee 
E\\(x) = ao Soo (X) (10.2.53) 
mn 
= 1 _— 
Ey)(X) = —=— S11 (x) (10.2.54) 
2 
1 
E(x) = — 7) (10.2.55) 


Therefore, Eup may be computed from Equations 10.2.53 through 10.2.55 if Sop is known. 
To obtain Sap we begin with S,,. From Equation 10.2.40 with a = 6 = 1 follows 


= a (F 
S\ (x8) = a =n (F) (10.2.56) 


Hence and by Equation 10.2.29, we have 


qa aq 


Si®) = To J dé f dé 50%.) 


—a) —ay. 


T, a @ g2 > 
= — Tol fats f abs em (7) (10.2.57) 
2 
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ay 2 = =z é=a == §2=4 
fas Bn (2)=[2u()P™ =-[S52 > 
0&5 L 0&> L éy=—aq r ee) 


ae 
(x2 — a2) (x2 + az) | 
=— — (10.2.58) 
Li = Er) + Oe = ay)? Gr b+ Gat ae)? 
therefore, it follows from Equation 10.2.57 that 
a 
< Molo dé 
S = — 
11 (X) 3 (x2 ) Ge a= oy 
ay dé, 
— (+a 10.2.59 
se oJ (x; — &|)? + (%2 + a2)? 
Since 
dé, 7 xj +a, ai 
aa 4 —81)? + 3 = a)? Pier UW? + (x2 — ay)? 
iT = 
Shea («an POTN asl — (10.2.60) 
(x2 — ay) X2 — an X2 — a2 
and 
{ dé, _ xj +a] aii 
Sy (x1 — 1)? + 2 + a)? ee UW? + (%) + a2)? 
1 = 
Shes ees («an OE al 7 (10.2.61) 
(x2 + ay) X_ + ay X2 + ay 


therefore, Equation 10.2.59 yields 


—tan7! ase —tan7! =e) (10.2.62) 
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In a similar way, we obtain 


= Mol xX. +a X.—a 
So (x) OLD: tan7! DEE, — tan! ee 
IU XxX; — a, xX, — a, 
Xx +a X»—a 
a an aoe) (10.2.63) 
X,; +a, X; +a, 


Note that Equation 10.2.63 is obtained from 10.2.62 in which the index 1 is replaced by 2, 
and the index 2 by 1. 
Finally, Equation 10.2.40 with a = 1, 6B = 2 leads to 


2 — 
Si(x €) = prone IE In (F) (10.2.64) 


and, by Equation 10.2.29, we have 


qa 


Si(x) = sai f dé = f dé sai (7) (10.2.65) 


74 7a 


or 


Si2(x) = 


pumoTo, = —ayrtm—aHy? Seta) + Q+a@)* 


10.2.66 
Jai —aPr+Q2+m)? SO +a)? + Ge — =| : 


The thermoelastic state s = s(x) corresponding to the rectangular distribution of temperature 
shown in Figure 10.12 is now represented by 


s(x) = [U(x), E(x), S(x)] (10.2.67) 
where 
u(x) = [4 (X), U2 (x)] (10.2.68) 


and u, and # are given by Equations 10.2.48 and 10.2.49, respectively, 


_ eee | 
E(x) = | _ ba (10.2.69) 
E2(X)  Ex(x) 


where Exp (x), (a, 8 =1,2) are given by Equations 10.2.53 through 10.2.55, and 


Bs (x) ea 
S(x) =] _ as (10.2.70) 
Sio(k) S29 (x) 


where $,;, Sx, and S$; are given by Equations 10.2.62, 10.2.63, and 10.2.66, respectively. 
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It follows from Equations 10.2.62 and 10.2.63 and from the identity 


tan~! (z) + tan™! (=) = = forz>0 (10.2.71) 
that 
S11 (x) + Sxo(x) = —2pumoT (x) (10.2.72) 
where 
T(x) = TolH Oy + a1) — Hx — a) [1 2 + a) — HQ — a)] (10.2.73) 


This result complies with the thermoelastic displacement potential method in which 
Uy = Pq, and 


Sey = —2nV7o = —2umT (10.2.74) 


Also, it follows from Equations 10.2.62 and 10.2.63 that a hoop stress exhibits a jump 
across a temperature discontinuity line. To prove this let us consider the rectangular region 
of (x1, x2) plane as shown in Figure 10.13 and concentrate on the temperature discontinuity 
line x; =a, |x2| <a». For such a line the hoop stress is S>(x) and the normal to the line 
is n=[1,0]. To prove that S,, suffers a jump at a particular point of the line, we confine 
ourselves to the point (a, 0), and introduce the notations 


Sy =Sn(a, +0,0), 55, =Sn(a; — 0,0) (10.2.75) 
A jump of 53, at (a, 0) is then defined by 


[$221]}(a;,0) = s = S53 (10.2.76) 


ao) 
A 


SI 


=0 
n= [1,0] 


LLL 


2 


T=0 


FIGURE 10.13 The temperature discontinuity line x, = aj, |x| < a) as a discontinuity line for Sins 
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To compute ce we let (x1, x2) = (a; + 0,0) in Equation 10.2.63 and obtain 


= T, 
Sy a= tan”'(00) + tan“'(oo) — tan”! SPD) cet, (eee 
2a, 2a, 


T, 
= — = — 2tan7! (=) (10.2.77) 


a\ 


Similarly, by letting (x1, x.) = (a, — 0,0) in Equation 10.2.63 we obtain 


ae T 
Sy = eo —tan~' (oo) — tan7'(00) — tan™! a tan7! aes 
a 2a 2a, 


T 
= ED [-- — 2tan~! ( Ze ) (10.2.78) 


ue 2a, 


Hence, Equations 10.2.76 through 10.2.78 lead to 
[S22] (41,0) = 2pumTo (10.2.79) 


This completes the proof that the line x; = ay, |x.| < qd is a discontinuity line for Soa: 

An inspection of Si given by Equation 10.2.62 indicates that Si:(a, — 0,0) =S\,(a, + 
0,0), that is, S;;(x) is a continuous function at (a;,0). Hence, taking the jump of 
Equation 10.2.72 at the point (a;,0) and using Equation 10.2.79 yields 


[S,, (ai, 0) = 2wmoTo (10.2.80) 
Also, it follows from Equations 10.2.53 and 10.2.79 that 
[E11] (a;,0) = —mTo (10.2.81) 


Finally, it follows from Equations 10.2.62 and 10.2.63 and 10.2.66 that if a) = a) = 
a > O, then the following behavior of S,, in a neighborhood of the corner (x),.x.) = (a, a) 
is observed: 


Su) 20, Sy(x)>0, Sp(x) > —00 as (X),%2) > (@+0,a+0) (10.2.82) 


10.2.3. THERMAL STRESSES DUE TO A DISCONTINUOUS TEMPERATURE FIELD IN A 
SEMI-INFINITE THERMOELASTIC SHEET 


10.2.3.1. Thermal Stresses due to a Nucleus of Thermoelastic Strain in a 
Semi-Infinite Sheet 
Consider a homogeneous isotropic semi-infinite sheet: |x,| < 00, x. > O with a stress free 


boundary x, =0 in which a nucleus of thermoelastic strain is acting at the point (0, 2) 
(&) > 0) (see Figure 10.14) 


560 The Mathematical Theory of Elasticity, Second Edition 


Therefore, the temperature T of the semi-infinite solid takes 
the form 


T (x, &) = (x18 — &) (10.2.83) 


FIGURE 10.14 A andthe boundary conditions read 


nucleus of thermoelastic og = 
strain at a point (0, &). Sy (%1,0; §) = S;,0%1,0;§) =0 for every 


Ix] <oo andé = (0,&) (10.2.84) 


Here, S (x,é) is a stress field corresponding to the thermoelastic _ state 
s*(x, €) =[U" (x, €), E (x, &), S'(x, €)] produced by the temperature T” =7" (x, ) in the 
semi-infinite sheet shown in Figure 10.14. 

To obtain the stress components S, , (a, B = 1,2) we use the thermoelastic displacement 


potential method outlined in Section 10.2.1. According to the method S. , may be computed 
from the formula (see Equation 10.2.21) 


Se (509° — 


where $* = $*(x, ) is a solution to Poisson’s equation 


) (F 2 2u6") (10.2.85) 


OXqIXp 


V°¢* = mT for |x| < 00, 2% >0 (10.2.86) 


and F* = F*(x, &) is a biharmonic function; and these functions are selected in such a way 
that the stress free boundary conditions 10.2.84 are satisfied, and in addition 


Sig 20 as |x| > 00 (10.2.87) 


To obtain a solution to Equation 10.2.86 we note that Poisson’s equation (10.2.86) may be 
extended to the whole (x, x2) plane in the form 


V6" = mp 8(m)[8(2 — &) — 82 +&)1 for |xi|<00, |x|<oco — (10.2.88) 


and a restriction of Equation 10.2.88 to the semi-infinite space shown in Figure 10.14 
reduces to Poisson’s equation 10.2.86. The extended Equation 10.2.88 amounts to a situation 
in which there are two thermoelastic nuclei of the intensities +p and —mp acting at the 
points (0, &) and (0, —&;), respectively, of an infinite plane (x, x2). 

Proceeding in a way similar to that of solving Equation 10.2.30, we find that a solution 
to Equation 10.2.88 may be taken in the form 


~ Mo L L 
o* (x, €) = — (i = dS ) (10.2.89) 
Qn io) 


where 


A=V¥itm—-h), mr=Vvajtt@th)? (10.2.90) 


and L is a positive constant of the length dimension. 


pjwstk|402064| 1435597711 
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The associated displacement u%, strain E 


7 a? F F 
Ey = se Int in 2 
20 IXqdXg L L 


. a2 F F 
al ( - 859?) (m ain =) 
TU OXaXp L L 


In particular, for the stress components Cyn and a we obtain 


Tw Ox} L 
2 a2 r r 
seein note 2 
HM  OXOX2 L L 
Since 
0 l r\ x2 - & 0 i) Xy + & 
n — =) : In = =) 
0X2 Yr; OX ry 
therefore 


=) 2 
L L NY r5 


) ry 1) Xo— bo we thy 
In —In = pes 
2 
and it follows from Equations 10.2.94 and 10.2.95 and 10.2.97 that 
S$o(x1,058) =0, [xi] < 00 


and 


xs 2mMolL 0 1 
Sin 11,0; §) = — 7 a (=) |x1| < 00 


Ox, To 


where 


Po = + 


Also note that 


CO 
few sinax, da = 
0 


x\ 


2 
Yo 


ap? and stress S?, are given by 


561 


(10.2.91) 


(10.2.92) 


(10.2.93) 


(10.2.94) 


(10.2.95) 


(10.2.96) 


(10.2.97) 


(10.2.98) 


(10.2.99) 


(10.2.100) 


(10.2.101) 
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Differentiating Equation 10.2.101 with respect to & we obtain 


ra 2 
f eta sinax, da = ae (10.2.102) 
0 ro 
Since, by virtue of Equation 10.2.99, 
2 2 2. 
5%0,0;8) = (- =) (10.2.103) 
1 To 


therefore, it follows from Equations 10.2.102 and 10.2.103 that the boundary condition 
10.2.103 may be represented in the integral form 


2 2 2 
5*(01,0:8) = — fe arsin cox, da (10.2.104) 
0 


Also, it follows from Equation 10.2.85 that 
Sup = Sky + Se (10.2.105) 
where 
ay SH his. Sears (10.2. 106) 
Therefore, to satisfy the stress free boundary conditions (see Equations 10.2.84) 
S55(«1,0; &) = S,,(%1,0;€) =0 for |x| < 00 (10.2.107) 


the biharmonic function F* = F*(x, &) is taken in the form 


CO 


F* (x, é)= fiA@ + aB(a)x]e “2 cos ax, da (10.2.108) 


0 


where the functions A = A(q@) and B= B(a@) are determined from the boundary conditions 
10.2.107. 7 
Substituting F* from Equation 10.2.108 into Equations 10.2.106 yields 


Sit = [ea [A — BQ — ax2)] cosa; dow (10.2.109) 


0 


se =— f ermar(A + Bax,) cos ax; da (10.2.110) 
0 


Ss =— | e2q’[A — B(1 — axp)] sinax, da (10.2.111) 


ou yg 
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Now, because of Equation 10.2.98 
533(x1,0;8) =0 [xi] < 00 
it follows from Equation 10.2.110 that 
A(a)=0 Va>0 
and Equations 10.2.109 through 10.2.111 reduce to 


CO 
Se =- f ema?(2 — &X7)B(a) cosax, da 
0 
CO 
S35 = —X2 f e 23 B(a) cos ax, da 
0 
CO 


Se = fewer — @X2)B(a) sinax, da 
0 
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(10.2.112) 


(10.2.113) 


(10.2.114) 


(10.2.115) 


(10.2.116) 


Finally, substituting Equations 10.2.104 and 10.2.116 into the boundary condition 


S*, (x1, 0; &) + S¥(x1,03&) =O for |x| < 00 


we find that 


2m 
a’ B(a) = — OF et 
1 


Hence, the integral representations of Se are obtained 


= 2MofL c 
Sa = f etext er(2 — ax) cos ax, da 
ae 0 
Ger 2mMolL ra —a(x9+&) ,,2 
S35 = » fe 2°52’ a" cos ax, da 
0 
~ 2mMo[L r . 
Se = f erteaDor(1 — ax) sinax, da 
a 
0 


Also, it follows from Equations 10.2.108, 10.2.113, and 10.2.118 that 


os 2 
ee Mol 


oe) 

Xp J e 2452) cos ax, da 
0 

Hence, if we use the formula 


(oe) 


‘ a 
feneoe ee xX. + & = In (=) 
2 


2 
0 


Tr; Ox 


(10.2.117) 


(10.2.118) 


(10.2.119) 


(10.2.120) 


(10.2.121) 


(10.2.122) 


(10.2.123) 
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on account of Equation 10.2.122, the closed form of F* is obtained 


: 2 ee a 
7 tsa ar eee Oe (10.2.124) 
4 0X2 L 


Now, if we introduce the function x* by the formula 
X* = F* — 2nd" (10.2.125) 


where $* is given by Equation 10.2.89, we find that 


3 2mo lL f) Ty 1 r| ry 
o_o 1 1 —In{— 10.2.126 
rx {5m "(F)+3[(Z) “(Z)I} 


The associated thermal stresses Sa are then computed from the formulas 


=* =* 


SiS SS See (10.2.127) 


Substituting %* from Equation 10.2.126 into Equations 10.2.127, the thermal stresses due 
to a nucleus of thermoelastic strain in a semi-infinite sheet shown in Figure 10.14 become 


ae lfxj-@-&)  jx7-(@+&)’ 
a eee 
= gneit &) [3x? — Gn + &)"] (10.2.128) 
2 
ae 1 Q@-—&) — x} _ (% + &)* — xt 
effsgpa staat 
a gust &) [3x2 — Gy + &)"] (10.2.129) 
2 


3, = An {= 8 POE a Gy ey") (10.2.130) 


ry i) Vy 
where 


2 
ro Mo lL 


(10.2.131) 
a 


It follows from Equations 10.2.129 and 10.2.130 that 


S55(x1, 0; 0, &) = 5},(%1,0;0,&) =0 for every |x| < 00, & > 0 (10.2.132) 
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FIGURE 10.15 A discontinuous rectangular distribution of temperature in a semi-infinite sheet. 


and 


= a? Po 

Soo = —2A —, In| — (10.2.133) 
0X5 L 

The results obtained will be used in Section 10.2.3.2 to calculate the thermal stresses due 

to a rectangular distribution of temperature in a semi-infinite thermoelastic sheet. 


10.2.3.2 Thermal Stresses due to a Rectangular Distribution of Temperature in a 
Semi-Infinite Solid 


Let ahomogeneous isotropic semi-infinite thermoelastic sheet: |x,| < 00, x. > 0 witha stress 
free boundary x, = 0 be subject to a discontinuous rectangular distribution of temperature 
as shown in Figure 10.15. 

Let Sub (x, €) denote the thermal stresses at a point x = (x;,x2) due to a nucleus of 
thermoelastic strain at a point € = (&,, &) of a semi-infinite sheet |x,| < 00, x. > 0 with the 
stress free boundary x. = 0. Then it follows from Section 10.2.3.1 (see Equations 10.2.126 
and 10.2.127) that 


Si) = Xr» Shy = Xin Sty = his (10.2.134) 
where 
0 Tr 1 r ry 
yA E ie (in 4) +5 (in In )| (10.2.135) 
and 


n= V Ci —-&P4+m-&", n= When —§&)+(04+&) (10.2.136) 


In the following, we take advantage of the identities 


Oro - ong Or, = _ ore (10.2.137) 
OX 0&> Ox) 0& 

3 Pee a F 

eM e.MN, ae (10.2.138) 


ax, OE,” XC 
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In particular, it follows from Equations 10.2.135 and 10.2.137, that an alternative form of 
x* is 


pais iy {» ~ (in ") ig ; (in In =) (10.2.139) 


Also, on account of Equations 10.2.137 through 10.2.139, for the second partial derivatives 
of x*, we obtain 


0°x* Ad l&-x & -—xy Oo! fe My 
oe _ Peat (acl aa 10.2.140 
ax 2 dé, = pe 6 eae gp ( ) 
axe A ad f&- =f) : 
us eee Ee: Se spigot Ae gy EC SDs AU (10.2.141) 
Ox} 208 L 7 Y yy 
a? * A a? 
eee ee li ee sane (10.2.142) 
0X1 0X2 2 0§,0&) L L ry 


The thermal stresses Sap (x) due to a rectangular distribution of temperature in a semi-infinite 
sheet shown in Figure 10.15 are then obtained by the formula 


ay Bg 
Sup) =To J f Siglx, 8)dbi dé, (10.2.143) 


—ay as 


where S3,, Sj,,and S}, are determined by Equations 10.2.134 and 10.2.140 through 10.2.142. 
In components, we obtain 


7 ATy ¢ 9 = 
Sii(x) = — 2 ull E 2 3452 +% 


+ 2x2 


7 dé dé, (10.2.144) 


(4 = 8)" = et a) 


2 


a 
Sxo(x) = a J i =m 6-H 


a2 
Ff rt ry 
0 _— 
tne (4 =) | asa (10.2.145) 
0&5 ry 
= AT 6 ro & +X 
$ Vole déd 10.2.146 
2X) = = S Ssege (m3 pm pate dod ) 


—ay a a 
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567 
Hence, it follows from Equation 10.2.144 that 
ay —_ 
Si (x) = Beet) i os ~*) a= (2: *2) 2 
2 as 1-8) + G2-@)°  & — &)e + (x2 — a3) 
43 (a2 + Xp) _ (a3 + x2) 
(EP + atm)? Oy — 8)? + (m tai)” 
i nn ee es Aare: 
TL -8P + eta)? 8)? + (mt at)’ 
2 (2 + a2)" _ (x +43)" dé 
[(™ —&P FO. +a@yP (61-8)? + +a) 2P) | PO 
(10.2.147) 


Now, if we note that for any positive 6 


du 1 ,u 
= —tan™ 10.2.148 
Jarpr at 5 a 


and 


du _ 1 i 2g u 
J (v2 + B22 2p? (Jean B + 2 z) (10.2.149) 


we reduce Equation 10.2.147 to the form 


- AT 
Sii(x) = Stan Sed an 


Xz — a2 


1% - a _, xX +a _~%1-Q _~x tq 
+ tan '_____ _3 an ‘4a, en pee tan 
x 


21d, X2 + a2 Xo + a5 
shai! Xi — “| =: 2 (1: — a) ie (x; — a) 
X2 + a} (% — a)? + (2 + a)? 


(x1 — a1)? + (x2 + a’) 
(x1 + a1) 


(x1 + a1) 
~~ $a)? + G2 +a)? x (x) + a))? + G+ =| 


(10.2.150) 
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Similarly, it follows from Equation 10.2.145 that 


XxX. — ay 
a es) 
xX; — a, xX; — a, xX; — a, 


= AT) sy 

Soo (x) = Re tan 

Sea ae 
Xx; - ay xX, +a, xX, +a, X,) +a, 

| x2 + ay (x1 — ay) (x1 — a) 
eT? ; | — ee ee 


xX; +a, (x, — a1)? + (%2 + a)? 7 (x; — a)? + (x2 + as)” 


XxX. — ay _ 1 %2 — Ay geal X2 + dy 


+ tan 


— tan” 


(10.2.151) 


_ (x; + a) 4 (x; + a) || 
(xy +a)? + G2. +a)? (x, +4))? + G2 +45)? 


Finally, computing the double integral in Equation 10.2.146, we have 


Sio(x) _ATo la JG — a)? + G2 — a)? fe +a)? + (x2 _ as)” 
: “2 Je —a,)?+ (x2 = as)” (x1 + a1)” + @2 — a2)? 


¥ 2 
Me ayt Fay ye — a1)? + (% +45) 


a Caan (x2 + a3) ey) Oa ay. 


(x2 + az) (x2 + a2) 


. ( —a)+Q@.+a@)? (+a)? + (mo +a) 


(x2 + a’) (x2 + a’) 
(—ay+(m+ai)’ +a)? + (mo +at) 


(10.2.152) 


By letting x. = 0 in Equations 10.2.151 and 10.2.152 we obtain 
Sx(x1,0) = Si2(%1,0) = 0 for |x| < 0 (10.2.153) 
Also, it follows from the identity 
tan~'z+ tan! (=) = a forz > 0 (10.2.154) 
and from Equations 10.2.150 and 10.2.151 that 
ae Oe ioe 


_ x 
S,,(x) = 2ATp { tan~! ——— — tan 
v7 &) o( +a x + a3 


(10.2.155) 
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Finally, if we introduce the notations 


511(0,a, +0) =S,, (10.2.156) 
S1,(0,a. —0) =S,, (10.2.157) 
[S11], a) =S,,-S,, (10.2.158) 


then it follows from Equation 10.2.150 that 


[51110, a2) = 2mopTo (10.2.159) 


This means that the hoop stress S,, at the point (0, a2) of the temperature discontinuity line 
|x, | < a1, X2 =a» (see Figure 10.15) exhibits a jump of the magnitude 2m )uT . A similar 
result was obtained for an infinite sheet subject to a rectangular distribution of temperature 
(see Equation 10.2.79). 


10.2.4 A THERMOELASTIC STATE DUE TO A HEAT SOURCE AT THE CENTER OF A THIN 
CIRCULAR Disk 


It was shown in Section 8.1.2 (see Equations 8.1.101 through 8.1.108) that in the case of 
a generalized plane stress state corresponding to a harmonic temperature change T on Cy 
and a stress free boundary dC, the thermal stresses vanish throughout the body. In this 
section, we discuss an axially symmetric thermoelastic state in a thin circular disk with a 
stress-free boundary corresponding to a concentrated heat source at the center of the disk, 
and show that in this case the stress free disk theorem (see Equation 8.1.104) is not true. 
The discussion is confined to a situation shown in Figure 10.16 in which a circular disk 
of radius a is subject to a concentrated heat source of intensity Qo at the center r = 0 of 
the disk. 

It is assumed that the temperature change T = T7(r) satisfies Poisson’s equation (see 
Equation 10.2.6) 


VES a = Vara (10.2.160) 


Qo>0 


FIGURE 10.16 A circular disk of radius a subject to a heat source at its center. 
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subject to the boundary condition 
T=0 forr=a (10.2.161) 


In Equation 10.2.160 


(10.2.162) 


6 = 6(r) is the Dirac delta function and r is a polar coordinate as shown in Figure 10.16 
xX} =rcos¢g, 2% =rsing O<r<o, O<g<2z7 (10.2.163) 


Note that a unique solution to the boundary value problem 10.2.160 and 10.2.161 takes the 
form 


Fas a2 (10.2.164) 
20K r 
and it follows from Equation 10.2.164 that 
T(0)=+00, T(a)=0 (10.2.165) 
and 
oT 
ptt Gs Se (10.2.166) 
or 21a 


Therefore, an action of the concentrated heat source corresponds to a constant heat flux 
over the boundary of the disk. 

A thermoelastic state s = [u, E, S] in the disk corresponding to the temperature T = T(r) 
depends on r only, and complies with the stress free boundary conditions 


S,.(a)=0, S,y(a) =0 (10.2.167) 


The fields u, E, and S, written in polar coordinates, take the forms 


u(r) = [4,(r), 0] (10.2.168) 

= fn 0 

E(r) = es (10.2.169) 
0 Eo AP) 


- ies 0 
S77) = = (10.2.170) 
0 Saght) 
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and it follows from Section 10.2.1 (see Equations 10.2.25 and 10.2.26 reduced to polar 
coordinates in the case of axial symmetry) that these fields may be generated by a function 
X = x(r) that satisfies the equation 


V2V2x = ee © (10.2.171) 
subject to the boundary conditions 
x(a) = x'(@ =0 (10.2.172) 
and the finiteness conditions at r = 0 
x(0) < 00, x'(0) < o0 (10.2.173) 


where (') = d/dr. It will be shown later that the conditions 10.2.173 lead to a physically 
meaningful solution to the problem. 

The stress components S,, and S,, associated with the function x are obtained 
from the formulas [see Equation 10.2.24 written in polar coordinates (r,g); also see 
Equations 10.1.183 through 10.1.185 for an isothermal case] 


a 2 a2 
apk> Sow = aaX (10.2.174) 


while the strain components E,, and Es are obtained from the constitutive relations [see 
Equation 10.2.4 written in polar coordinates (r, g); see also Equations 10.1.176 through 
10.1.178 for an isothermal case] 


= 1 


E, = - (S,,— VSyy) + aT (10.2.175) 
= 1 
Ewe = 5 (Sup — VS) +aT (10.2.176) 


Finally, the radial displacement 1, is obtained from the relation 
i,(r) = J E,(wydu (10.2.177) 
0 


or from the equation 
U(r) = rEgy(r) (10.2.178) 


Note that Equation 10.2.177 complies with a radial symmetry of the problem in which 
u,-(0) = 0. 

Therefore, to find the thermoelastic state s = s(r) in the disk, a suitable solution to the 
problem 10.2.171 through 10.2.173 is needed. To this end, we observe that the nonho- 
mogeneous biharmonic equation 10.2.171 represents Poisson’s equation for an unknown 
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function V?x; integrating this Poisson’s equation in a way similar to that of the heat 
conduction equation 10.2.160, we have 


V2x =MIn—+Cy (10.2.179) 
a 
where 
E 
m = E220 (10.2.180) 
2K 


and Cp is an arbitrary constant. To find a solution to Poisson’s equation 10.2.179, note that 
from Equations 10.2.162 follows that Equation 10.2.179 is equivalent to 


dd 
= (r*) =mrin ” + Cor (10.2.181) 
dr \ dr a 

Hence, integrating this equation over the interval (r,a), and using the second of boundary 
conditions 10.2.172 yields 


d 1 C 
gf oy [2 in tae r)] +—@-P) (10.2.182) 
dr 4 a 2 


Next, it follows from the second of finiteness conditions 10.2.173 [x’(0) < co] and from 
Equation 10.2.182 that Cp in Equation 10.2.182 should be selected in such a way that 


CG OM 
& — *) (a? — r’) =0 (10.2.183) 
Hence, we get 
M 
C= oy (10.2.184) 
and Equation 10.2.182 is reduced to the form 
d M 
Sc ed (10.2.185) 
dr 2 a 


Finally, integrating Equation 10.2.185 over the interval (r, a), and using the first of boundary 
conditions 10.2.172 [x (a) = 0] we obtain 


M 
x1) => (2° in ee r) (10.2.186) 
8 a 


Also, note that the function x given by Equation 10.2.186 satisfies the first of finiteness 
conditions 10.2.173 [x (0) < oo] as 


Pino +0 asr>0 (10.2.187) 
a 
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Therefore, it follows from Equations 10.2.174 through 10.2.178 and 10.2.186 that the 
thermoelastic state s = s(r) in the disk is represented by 


s(r) = [u(r), E(*), S@)] (10.2.188) 


where U, E, and S are given by Equations 10.2.168, 10.2.169, and 10.2.170, respectively, 
in which 


i.(r) = o r [a +v)In@ ~ + 1] (10.2.189) 
Soe a 
E,(r) = —— [a+ vyIn 2 — v| (10.2.190) 
r 
oie 
E,9(r) = mae a v)In = 2 de 1] (10.2.191) 
A) es cae (10.2.192) 
Ak r 
5. @ ant (In = ee 1) (10.2.193) 
ed Aak r 


Now, if we introduce the dimensionless fields 


un(§) = ee (10.2.194) 
Oow aa 
nk * TK — 

E,,() = ae E,(r), E%,(€) = = Ego(T) (10.2.195) 

: P 4k — 
S.&) = ~—— Spr), St,(§) = Ova Syo(r) (10.2.196) 

where 

g= a l<éE<o (10.2.197) 


the formulas 10.2.189 through 10.2.193 are reduced to the dimensionless form 


uX(—)= (1+ — + : (10.2.198) 
EX(é) =(1+v)Iné —v (10.2.199) 
Ex (é)=(1+v)né +1 (10.2.200) 
Se (&) = —Iné (10.2.201) 
S*(€) = —(né — 1) (10.2.202) 


Note that the points € = 1 and = oo correspond to r=a and r= 0, respectively. 
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u,(§) 


v=1/4 


>€ 


0 1 & 2~€, 
FIGURE 10.17 The function u*(&) over the interval 1 < € < w. 


Nn 


S(§) 


FIGURE 10.18 The stresses S* (€) and yo (€) over the interval 1 < € < ~. 


The dimensionless displacement u*(€) calculated at v = 1/4 is shown in Figure 10.17 
while the dimensionless stress components S* (€) and So ; (~) are plotted in Figure 10.18. 

It follows from Figure 10.17 that v* attains amaximum slightly greater than | at &) ~ 1.22, 
and €, ~ 2 is an inflection point for u*; also, us > 0 as € > oo. Figure 10.18 shows that 
Sy, and Sv, are represented by the decreasing functions of € €[1, oo], and S*. > — oo as 
€ — oo and SZ, > — 00 as € > oo. The unboundedness of the stress components at the 
center of the disk € = oo (r= 0) corresponds to the concentrated heat source at § = oo. 

In concluding this section, we note that the thermoelastic state in the disk is well defined 
if the radius of the disk is finite. If a > oo, the functions 10.2.189 through 10.2.193 become 
unbounded for any 0 < r < o. This means that a thermoelastic problem for an infinite 
sheet subject to a concentrated heat source is not well posed. 


10.2.5 THERMAL STRESSES DUE TO A CONCENTRATED HEAT SOURCE IN A 
SEMI-INFINITE SHEET 
Suppose that at the point (0, &) (& > 0) of a homogeneous isotropic semi-infinite elas- 


tic sheet |x;| < 00, x. > O, there acts a concentrated heat source of intensity Qo (see 
Figure 10.19). 
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Syo(#1, 0) = Syo(%, 0) = 0 


0 
(, 5) 


Q 


ae) 


FIGURE 10.19 A semi-infinite thermoelastic sheet subject to a concentrated heat source at (0, &). 


Also, suppose that the boundary x. = 0 of the semi-infinite body be stress free, that is, 
Sx(x%1,0) = Si2(%1,0) =0 for |x| < 00 (10.2.203) 


and a stress field S = S(x) due to the heat source be vanishing as |x| — oo. 

A problem of finding the stress field S(x) for every point of the solid is the one that 
belongs to the class of problems described by Equations 10.2.25 and 10.2.26. For the 
situation shown in Figure 10.19, S = S(x) is obtained from the formula 


Sup = VX bap — Xap (10.2.204) 
where the function x = x (x) satisfies the nonhomogeneous biharmonic equation 


E 
VV xX = EaQo 8(x1) 8(%2 — &) for |x;| < 00, x» > 0 (10.2.205) 
K 


the homogeneous boundary conditions 
X 111,90) =0,  X421,0) =0 for |x;| < 0 (10.2.206) 
and the vanishing conditions at infinity 
Kaos 0, X79. Xp >: as [xl > co (10.2.207) 
We look for x in the form 
X=x +x" (10.2.208) 
where x* = x*(x) is a solution to the equation 


E 
VV2x" = ee 8 (x1) [B(x — &) — 8p + &)] 


for |x;| < 06, |x| < co (10.2.209) 
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such that 
x* 20 as |x| > co (10.2.210) 
and the function x** = x**(x) satisfies the biharmonic equation 
VV?x* =0  for|x;|< 00, »>0 (10.2.211) 
the boundary conditions 
X= —Xip X= —X), for |x| < 00 (10.2.212) 


and suitable vanishing conditions at infinity. 


Let 
E 
Anes (10.2.213) 
K 
Since 
1 CO 
eee J cos ax, da (10.2.214) 
IU 


0 


therefore, Equation 10.2.209 may be written as 


(oe) 


VV xt = BY cosies d — &) — d 10.2.215 
=—5 1 dar { [cos B(x: — £2) — cos Blxr +) dB —(10.2.215) 
0 0 


and a solution to this equation takes the form 


fa Ar ett [cos B (a — 2) — cos BO + I 
aS J do J dB cos ax, ep (10.2.216) 


Next, differentiating the identity 


(oe) 


J cos BQ ~ 82) 4p = 7 y-aly—£1 (10.2.217) 
a? + B? 2a 
with respect to a yields 
cos Bi —&) ,  @ A +elx2— 251) ates 
df= ohn $2 10.2.218 
(a2 + B2)2 B 4 ae & ( ) 


Solutions to Particular Two-Dimensional (BVPs) of Elastostatics 577 


Therefore, it follows from Equations 10.2.216 and 10.2.218 that x* is represented by the 
single integral 


: A 7 COS AX 
x" (x) “and oe 


— [1 + (a + &) Je)! dar (10.2.219) 


{[1 + ox, — &2[Je 02%! 


An alternative form of Equation 10.2.219 reads 


x(x) for0 < x» < &, |x| < c 
x*@®) = (10.2.220) 
x(x) for & <x. < 0, |x,| < 00 
where 
x) (x) en f ie {[1 — ora — &)] e* 2%? 
4a 7 a3 
— [1 +a, + &)) ee?" | da (10.2.221) 
and 
2)¢ ) 2 om {[ +a —&)] —a(x-§9) 
xX x ie ms AX. 2) je 
0 
— [1 +a, + &) Je") da (10.2.222) 
The stress components S?, (a, 8 = 1,2) generated by x* are given by 
Si =X» Sy =Xipv Sp =X (10.2.223) 


Hence, it follows from Equations 10.2.219 through 10.2.221 that 
Sipe Seis SoH Khe Ter lnli< cc, OR ee) C10,2,224) 


where x) = x(x) is given by Equation 10.2.221. Substituting x“ from Equa- 
tion 10.2.221 into Equations 10.2.223 we obtain for 0 < x. < & 


A oe) le a(&y—x2) __ e a(x2 +¥2)] 
= if cos ax, da 
0 


An a 


CO 
+ (x2 — &2) feree cos ax; da 
0 


+ (x + &) f eta) cos ax, da (10.2.225) 
0 
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PR pe as 
Sx = 


A {i [e a(&—x9) —e o(62+%2)) 
0 


4a a 


CO 
— (xX. — &) f ete) cos ax; da 
0 


CO 
— (+ &) f eta) COS aX ia} 
0 


A oe) 
Si) = ssa [ $5) [pre sinax, da 


CO 
— (+ &) J e %24)) sin ax, ta 
0 


By letting x. = 0 in Equations 10.2.226 and 10.2.227 we receive 


(oe) 


Pk * Ag) —-a ; 
Sixr1,0) = 0, $i04,0) = f ee? sinax, da 


0 


cos ax, da 


(10.2.226) 


(10.2.227) 


(10.2.228) 


These boundary values of S?, together with the boundary conditions 10.2.212 imply the 


integral representation of the function x ** 
x"(x)= fiA@ + Ba)axle*2 cos ax, da 
0 


The stresses S¥, associated with x** are given by 
pee, Ss a ask ree ae 40k 
Si=Xm Sy=Xin Sp =-Xp 


In particular, it follows from Equations 10.2.229 and 10.2.230 that 
Sp = fIA@ + B(a)ax]a°’e? cos ax; da 
0 


Hence, the first of boundary conditions 10.2.212 in the form 
55,41, 0) + $35(1,0) =O |x1| < co 
together with the first of Equations 10.2.228 imply that 
A(a)=0 fora >0 


and Equation 10.2.229 reduces to the form 


x" (x) =X J aB(a)je “? cosax, da 
0 


(10.2.229) 


(10.2.230) 


(10.2.231) 


(10.2.232) 


(10.2.233) 


(10.2.234) 
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As a result, the stresses S%, associated with x** are represented by the integrals 


= [ B@) (2 — axr)a*e~? cos ax, da (10.2.235) 
0 
Sy = —X2 [ Blaare cos ax; da (10.2.236) 
0 
S33 = f BO) — axrore®? sin aux, da (10.2.237) 
0 


Finally, using the second of boundary conditions 10.2.212 in the form 
S330%1,0) + SI5@1,0) =O |x1| < co (10.2.238) 
by virtue of the second of Equations 10.2.228 and 10.2.237, we obtain 
A 
B(a)a? = — 2% eats (10.2.239) 
20 


Hence, Equations 10.2.235 through 10.2.237 take the forms 


A oe) 
Si = = JQ =ax)e**®) cos ax; da (10.2.240) 
se 0 
2K Ab fa —a (x 
Sy = a 282) cos ax, dav (10.2.241) 
A CO 
Sy = - fa — oxy)e7 22482) sin ax, dar (10.2.242) 
0 


Hk 


In the following, we show that the integral representations of S?,, given by Equa- 


tions 10.2.225 through 10.2.227, and S7;, given by Equations 10.2.240 through 10.2.242, 


can be expressed in terms of elementary functions. To this end we note that 


fe" cosaxda =—*— fory > 0 (10.2.243) 
: x+y 


e-® sinax da = a for y > 0 (10.2.244) 


oe) 2 
ce ax (em 7 e-2) Hep aae very for y,; > 0, y» >0 (10.2.245) 
0 
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Therefore, taking advantage of the formulas 10.2.243 through 10.2.245, the closed forms 
of Sy, are obtained 


st a In xi + (%2 — &) ais (x2 — &)? = (x2 + &)? 
N40 | tat hy Lai t@- HP p++ &)? 
(10.2.246) 
go A yy VE To) (2-6) (+8) 
2 An Vx t+ (x + &)? xtt+()—-&)? xtiet+&) 
(10.2.247) 
» _ Ax 2-6) (+8) 
Sree E PG; = + Gy4+ ad a 


Note that the closed-form formulas 10.2.246 through 10.2.248 have been obtained by using 
Equations 10.2.225 through 10.2.227 valid for |x,| < 00, 0 <x, < &). It is easy to show that 
if x‘? is replaced by x in Equations 10.2.223, then S;, generated by x may also be 
reduced to Equations 10.2.246 through 10.2.248. Therefore, Equations 10.2.246 through 
10.2.248 hold true for any point of the semi-infinite solid. 

To show that the integrals 10.2.240 through 10.2.242 can be expressed in terms of ele- 
mentary functions, let us observe that the differentiation of Equation 10.2.243 with respect 
to x and y, respectively, yields 


ea) 2Qxy 
ae sinax da = ——— 10.2.249 
i (x? + y*)? ( ) 
and 
00 22 
fore cosarx day =—- = (10.2.250) 
; Q? + y*) 


Hence, using Equations 10.2.243 through 10.2.245, and 10.2.249 and 10.2.250, the stress 
components given by Equations 10.2.235 through 10.2.237 are obtained in the forms 


Aba | __ a + $2) [G2 + &)* — a4] 

n= e = 10.2.251 
me | Ht @+hyY “D+ +)P eee? 

ek Ag Xx (X2 + &,)* = a 
"a On [oe | (10.2.252) 

AgX1 | X2(X2 + §2) 

2 —2 10.2.2 

Sp, (s +(2+&) “bd+@+ aaa Pee) 


If we introduce the notations 


st —-&), n= Vxptmoet&) (10.2.254) 
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Equations 10.2.246 through 10.2.248, and 10.2.251 through 10.2.253 are, respectively, 
reduced to 


Ss: ale (arenes eee (10.2.255) 
= n _ wile 
Ht An r| “1 a Te 
st el ees (ee (10.2.256) 
= n =, = La 
22 4 r| a ri ie 
Ax, [(%2.-& mMmt& 
Gey 2 = 10.2.257 
He An ( ri i ( ) 
and 
A Do ed 
Si = - 226 E Seat pE Sng) (10.2.258) 
IT ry ly 
A (% + &)* — x} 
eee ee emt ae ate (10.2.259) 
ae An zs 
A 1 2X9(X2 + &2) 
eee g) pois 2 ee 10.2.2 
St ree Ex E A (10.2.260) 


Therefore, the thermal stresses Sap due to the concentrated heat source in the semi-infinite 
solid shown in Figure 10.19 are represented by the formula 


Sup = Sig + Sz (10.2.261) 


where S{,, and Sy, are given by Equations 10.2.255 through 10.2.257 and 10.2.258 through 
10.2.260, respectively. In components, Equation 10.2.261 takes the form 


=: A io) 1 1 2& 

ge {i maa G : *) pe ahaa ail} sa 
= A ie) 1 1 2EyX2 

Sa = aE {i ne (; . 2) = er eon “lj ine 
. Ax, [%2—& mMmt&  2& 

Sp=-> aa wee (2 he? = 32) (10.2.264) 


It follows from Equations 10.2.262 through 10.2.264 that 


Sy(x1,0) = Si(%1,0) = 0 for |x;| < 00 (10.2.265) 
and 
S11 (1,0) A (10.2.266) 
X41, — Zs 
11 1 = 2 #2 


If we introduce the dimensionless variables 


E=m/&, SE) = *S11(41,0) (10.2.267) 
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Si(6) 


1 


g 
-2 -1 0 1 2 


FIGURE 10.20 A dimensionless hoop stress on the boundary of the semi-infinite sheet subject to 
an internal concentrated heat source. 


then 


1 


Si(&) = 12’ 


|§| < 00 (10.2.268) 


The function S; =5S,(&) represents a dimensionless hoop stress on the boundary of the 
semi-infinite sheet subject to the concentrated heat source beneath the stress free boundary. 
A graph of S;(€) is shown in Figure 10.20. 

In concluding this section, we note that a temperature field T = T(x) produced by the 
concentrated heat source in the semi-infinite solid |x| < oo, 0 < x2 < oo in which the stress 
free boundary x2 = 0 is kept at a zero temperature, takes the form 

Q% rQ 


TS) ia (10.2.269) 
21K T\ 


where r, and r, are given by Equation 10.2.254. 


PROBLEMS 


10.1 Find an elastic state s = [u, E,S] corresponding to a concentrated body force in an 
interior of a homogeneous and isotropic semispace |x| < 00, x. > O, under plane 
strain conditions, when the boundary of semispace is stress free and the elastic state 
satisfies suitable asymptotic conditions at infinity. 

10.2 Find an elastic state s = [u, E,S] corresponding to a concentrated body force in an 
interior of a homogeneous and isotropic semispace |x| < 00, x. > O, under plane 
strain conditions, when the boundary of semispace is clamped and the elastic state 
vanishes at infinity. 

10.3 Suppose that a homogeneous isotropic infinite elastic wedge, subject to generalized 
plane stress conditions, is loaded in its plane by a concentrated force £ applied at its 
tip (see Figure P10.3) 


ue 
xX; =rcos@ eee nea 


xM%=rsing |O|<a 


Show that the stress components Sirs Sris and Soa corresponding to the force £ and 
vanishing at infinity take the form 
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x) =r cos @ 
(r, 9) x) =rsin @ 


= 5-9 
vse 
FIGURE P10.3 
21, cos @ 21, sin @ 


S.(r,Q) = 


r2Qa—sin2a@) r(2Qa+sin2a) 
Sro(t, g)= Soo lt; g) =0 


forevery0 <r<o0,>-a< 9 < 5 +a. Note that /, < 0 andl, < 0 and S,, is 
infinite fora — Oandr > 0. 

10.4 Show that for a homogeneous isotropic infinite elastic wedge under generalized plane 
stress conditions loaded by a concentrated moment MM at its tip (see Figure P10.4) 


FIGURE P10.4 


the stress components S,,, ae and ee vanishing at infinity take the form 


2M sin(2gy — @) 


r2 sina —acosa 


Sr, 9) = 


M cos(2¢ — a) — cosa 


Sro(T, 9) = 2 : 
r sina —acosa@ 


Sug (tT, 9) =0 forevery r>0,0<g<a 
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where 
M= =r { Gyr) dg 
0 
Note that the stress components S,, and Sy become unbounded for a = a*, where a* 
is the only root of the equation 
sina* — a* cosa* = 0 
that is, for w* = 257.4°. Hence, the solution makes sense for an elastic wedge that 
obeys the condition 0 <a < a*. 
10.5 Consider a homogeneous isotropic infinite elastic strip under generalized plane stress 
conditions: 
|x,| < 1, |x2| < co subject to the temperature field of the form 
T(x1,%2) = Tol — HQ2)] (a) 
where 7) is a constant temperature and H = H(x) is the Heaviside function 
1 for x>0 
H(x)= 45 for x=0 (b) 
0 for x<0 
Note that in this case, we complemented the definition of the Heaviside function by 
specifying its value at x = 0. 
(see Figure P10.5) 
ny 
«1 
FIGURE P10.5 


Show that the stress tensor field S = S(x,,x.) corresponding to the discontinuous 
temperature (a) is represented by the sum 


aa iO 
S=S 


+8 (c) 
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where 


CL) Sa) a) 
Si) =-EoT[l—H()], 5 =S, =0 (d) 


and 
(2) a (2) (2) 


Si — Fy, S55 = Fu, Si> = —F 1) (e) 


where the biharmonic function F = F(x, x2) is given by 


F(%,%) = EaT | 2 + 2 [A cosh Bx; + BBx,sinh Bx) sinP%2 ae) (fy 
4 B 
sinh 8 + Bcosh Bf sinh B 
AS = , B=-——— (g) 
sinh26 + 26 sinh 26 + 26 
Hint: Note that 
>) a) 
S,, (E1,x2) = —S,,; (41, x2) 
EaT, 2 FSi 
ky (ed laa | We eee 
2 Ts B 
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| | Solutions to Particular 
Three-Dimensional 
Initial-Boundary Value 
Problems of Elastodynamics 


In this chapter, both the displacement and stress languages are used to present a number of 
closed-form solutions of three-dimensional isothermal and nonisothermal elastodynamics. 
The solutions of isothermal elastodynamics include (a) the plane progressive elastic waves 
in E°, (b) the elastic waves produced by a moving point force in E°, (c) the stress waves 
due to the initial stress and stress-rate fields in E°, and (d) the elastic waves generated 
by a pressurization of a spherical cavity in E°. A decomposition formula for the stress 
energy density of a progressive wave [see (a)] is obtained here for the first time. Also, the 
solutions (b) and (c) are obtained here for the first time. The solutions of nonisothermal 
elastodynamics include (1) a radially symmetric thermoelastic process corresponding to an 
instantaneous concentrated heat source in an infinite body, and (2) a radially symmetric 
thermoelastic process corresponding to an instantaneous spherical temperature inclusion in 
an infinite body. In addition, Saint-Venant’s principle of isothermal elastodynamics for a 
semi-infinite inhomogeneous anisotropic elastic cylinder, in terms of stresses, is formulated 
here for the first time. Problems on radial symmetry with solutions are presented, and their 
solutions are provided in the Solutions Manual. 


11.1. THREE-DIMENSIONAL SOLUTIONS OF ISOTHERMAL 
ELASTODYNAMICS 


In Section 4.2.4, the formulations of an initial-boundary value problem (IBVP) of 
isothermal elastodynamics were discussed. In particular, a mixed problem in terms of dis- 
placements and a mixed problem in terms of stresses were analyzed. Also, it was shown to 
what extent a displacement formulation could be embedded in a stress formulation, and how 
a stress formulation could be used to describe a propagation of elastic waves in a body with 
defects. In this section, we offer a number of closed-form solutions of isothermal elastody- 
namics for a three-dimensional unbounded body. The following problems are dealt with: 


(A) The plane progressive elastic waves in E° 

(B) The elastic waves due to application of an instantaneous concentrated body force 
in E? 

(C) The elastic waves produced by a moving point force in E* 

(D) The stress waves due to the initial stress and stress-rate fields in EF? 

(E) The elastic waves generated by a pressurization of a spherical cavity in an infinite 
body 
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The elastic waves of Part (A) are described in both pure displacement and pure stress lan- 
guages. A natural pure stress description of incompatible elastodynamics is used to study 
the stress waves in Part (D); the elastic waves of Parts (B), (C), and (E) are described using 
the displacement language only. 


11.1.1 THE PLANE PROGRESSIVE WAVES IN A HOMOGENEOUS ANISOTROPIC 
ELASTIC UNBOUNDED BODY 


11.1.1.1 The Displacement Progressive Waves in E? 

Consider a homogeneous anisotropic infinite elastic solid, characterized by a constant den- 
sity @ > 0 and a fourth-order elasticity tensor C. A displacement progressive wave in such 
a solid is defined as a solution to the displacement equation of motion (see Equation 4.2.2) 


div C[Vu] — pit = 0 on E* x (—00, +00) (11.1.1) 
of the form 
u(x, ) =af(x-m-—ct) onE* x (—oo, +00) (1,12) 


where 
f =f(s) is a real-valued function of class C? on (—00, +00) with f’(s) #0 
a and m are unit vectors 
c iS a positive constant 


The vectors a and m are called the direction of motion and the direction of propagation, 
respectively, while c is called the velocity of propagation. 
It follows from Equation 11.1.2 that 


u(x,0) =af(x-m), wu(x,0) = —caf’(x-m) onE (11.1.3) 


Therefore, the displacement progressive wave is a solution to Equation 11.1.1 corresponding 
to the initial conditions 11.1.3, provided the function f = f(s), the parameter c > 0, and the 
vectors a and m are prescribed. 

The name of a progressive wave for the function u = u(x, tf) comes from the fact that u 
takes a constant value vector on any plane defined by 


P,= {x :x-m-—ct= So} (11.1.4) 


where so € (—00, 00), t>0, and the plane, treated as a function of ¢t, is moving with the 
velocity c in the direction m. 

In the following we are to show that u of the form 11.1.2 represents a progressive wave 
if and only if a satisfies the Fresnel-Hadamard propagation condition: 


[A(m) — c71Ja = 0 (11.1.5) 


where, for a given unit vector m, A(m) represents the acoustic tensor for the direction m, 
defined by 


A(m)a = @ 'C[a @ m]m for every vector a (11.1.6) 
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In components, Equation 11.1.5 takes the form 

[Ax(m) — c*dx]a, = 0 (11.1.7) 
where 

Ax(m) = 97! Cixi (11.1.8) 


To prove that u given by Equation 11.1.2 represents a progressive wave if and only if the 
condition 11.1.5 is satisfied, we rewrite Equations 11.1.1 and 11.1.2 in components; they 
are, respectively, 


Cine — QU; = O (11.1.9) 
and 
uj = af (XqMq — Ct) (11.1.10) 
The differentiation of Equation 11.1.10 leads to 
it; = Ca; f" (XqIMq — ct) (11.1.11) 
Ux; = amm; f" (XaMa — Ct) (11.1.12) 


Substituting Equations 11.1.11 and 11.1.12 into Equation 11.1.9, and using the condition 
f(s) #0 on (—oo, +00), we have 


(07 Cin; — C'S) dy = O (11.1.13) 


Therefore, if u; of the form 11.1.10 is a progressive wave, then the condition 10.1.5 is 
satisfied. Conversely, if a, is a nonvanishing solution of Equation 11.1.13, then multiplying 
Equation 11.1.13 by f” (a.m, — ct) # 0 we find that u;, given by Equation 11.1.10, satisfies 
Equation 11.1.9, which means that u; represents a displacement progressive wave. This 
completes the proof. 

Hence, a necessary and sufficient condition that u defined by Equation 11.1.2 be a 
progressive wave is that a is an eigenvector of the acoustic tensor A(m) corresponding to 
an eigenvalue c’. 

Since u is defined over the moving plane P, (see Equation 11.1.4), it may be split into 
orthogonal parts that are normal and tangential to the plane, by using the formula 


u=u' +ul! (11.1.14) 
where 

uy = (m-u)m (11.1.15) 
and 


u!' = (1-m@m)u (11.1.16) 
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Note that 
u- ul =0 (11.1.17) 
u-m=u'-m (11.1.18) 
u'-m=0 (11.1.19) 


The decomposition formula 11.1.14, when related to the progressive wave 11.1.2, leads to 
the following definitions. A progressive wave is 


longitudinal 6 u! = 0 (11.1.20) 
transverse © u- = 0 (11.1.21) 
or, a progressive wave is 

longitudinal © a x m = 0 (11.1.22) 
transverse © a-m=0O (11.1.23) 

From Equation 11.1.10 follows 
divu = a- mf’ (x- m — cf) (11.1.24) 
curlu = m x af’(x-m — cf) (11.1.25) 

therefore, a progressive wave is 
longitudinal © curlu = 0 (11.1.26) 
transverse @ divu = 0 (11.1.27) 


In other words, a progressive wave is longitudinal if the direction of motion and the direction 
of propagation coincide, and a progressive wave is transverse if the direction of motion is 
orthogonal to the direction of propagation. 

The strain field E associated with a progressive wave u may also be split into orthogonal 
parts which are normal and tangential to the plane P,, by using the formula [1] 


E=E'+E! (11.1.28) 
where 
E+ = 2sym(m @ Em) — (m- Em)m @m (11.1.29) 
and 


E| = (1—-m@mE(1—m@m) (11.1.30) 
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and the following relations hold true 


E+ -E'=0 (1.1.31) 
Em = E'm (11.1.32) 
E'm = 0 (11.1.33) 
The function €;(E) defined by 
E;(E) = sE - C[E] (1.1.34) 


represents the strain energy density of the progressive wave 11.1.2, while the functions 
€;(E*) and E;(E') represent the “normal” and “tangential” strain energy densities, respec- 
tively, associated with the wave 11.1.2. Substituting u from Equation 11.1.2 into the 
strain—displacement relation 
E= Vu (11.1.35) 
we have 
E = sym(a ® m)f '(x - m — cf) (11.1.36) 
Hence, and from Equations 11.1.29 and 11.1.30, we obtain 
E+ = sym (a @ m)f '(59) (11.1.37) 
and 


E'=0 (11.1.38) 
Therefore, it follows from Equation 11.1.34 that 
Ex(E)|p, = Ex(E~) = sito) Pom @ a)-C[m @ a] (11.1.39) 
Now, since |a| = 1, therefore, multiplying Equation 11.1.5 by a in the dot sense, we get 
a- (C[m @ aJm) = oc’ (11.1.40) 
or, by using the identity 
a-(C[m ® aJm) = (m @ a) - C[m @ a] (11.1.41) 
we find 


(m @ a) - C[m @ a] = oc’ (11.1.42) 
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Hence, Equations 11.1.39 and 11.1.42 imply the familiar form of the energy 


E=Mc’ (11.1.43) 

where 
E = €;(E*)L? (11.1.44) 
M= SEU (Pe (11.1.45) 


and L stands for a parameter of the length dimension. Note that 
[a] = [m] = [f"(s0)] = [1] (11.1.46) 
therefore, from Equations 11.1.44 and 11.1.45 we get 
[E] = [Force x Length], [M] = [Mass] (11.1.47) 


The problem of existence of a progressive wave, that is, the problem of the existence of a 
solution to the eigenproblem for Equation 11.1.5 is settled by the following theorem [2] 


Theorem 1: If C is symmetric and strongly elliptic (see Equations 3.3.98 and 3.3.99), 
there exist, for every direction m, three orthogonal directions of motion a), a2, a; and three 
associated velocities of propagation c,, c2, c3 for progressive waves. 7 


Proof. If C is symmetric, then A(m) is symmetric. To prove this we note that by 
Equation 11.1.8 


Ax(m) = Q7'Cyumjmy (11.1.48) 
Since Cig = Cui, therefore 
Cin = Cum = Cg; qd 1.1.49) 
and Equations 11.1.48 and 11.1.49 imply that 
A;Qm) = A;;Qm) for every m (11.1.50) 
The symmetry of A(m) implies that A(m) has at least three orthogonal principal directions 
@1, 4, a3 and three associated principal values c7, c3, cj for every m. 
Also, the strong ellipticity of C implies that 


(m@a)-C[m@®a]>0_ forevery aandm (11.1.51) 


Therefore, by Equation 11.1.42, c,, cy, and c3 are real, and this completes the proof of 
Theorem 1. 
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Theorem 1 holds true for an arbitrary homogeneous anisotropic elastic solid. In a 
particular case of a homogeneous isotropic solid, Theorem 1 implies the following result: 


Theorem 2: For an isotropic material, there are but two types of progressive waves: 
longitudinal and transverse; a longitudinal wave propagates with the velocity c = c; = 
J (A + 244)/0, while a transverse wave propagates with the velocityc=c.=/p/O. & 


Proof: For an isotropic material with Lamé moduli 4 and yz we have 


C[E] = 2vE+A(trE)1 forE = E’ (11.1.52) 
Hence, 
C[sym (a ® m)] = C[a @ m] = 2 sym(a ®@ m) + (a- m)1 (11.1.53) 
and 
(C[a @ m])m = [ud — m @m) + (A+ 24)m @ mja (11.1.54) 


Dividing this equation by @ > 0, and using the definition of A(m) (see Equation 11.1.6), 
we obtain 


A(m) = cjm@m-+c3(1—m@m) (11.1.55) 
where 
A 2 
Bee pew (1.1.56) 
Q Q 


Therefore, the line spanned by m is the characteristic space for cj, while the plane 
perpendicular to m is the characteristic space for c}. This completes the proof of 
Theorem 2. 


11.1.1.2 The Stress Progressive Waves in E? 


In this section, pure stress equations of motion of linear homogeneous anisotropic elasto- 
dynamics are used to present a tensorial classification of elastic waves associated with the 
vectorial progressive waves of Section 11.1.1.1. 

We represent the stress progressive wave S on E? x (—oo, +00) in the form 


S(x,t) =S w(x -m — ct) (11.1.57) 


where y is a real-valued scalar function of class C? on (—oo, +00) with y(s) 4 0, S 
is a unit second-order symmetric tensor, m is a unit vector, and c is a positive constant. 
Equation 11.1.57 represents a plane stress progressive wave propagating in the direction m 
with velocity c > 0. 
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Similarly to the decomposition formula for the strain tensor E (see Equations 11.1.28 
through 11.1.33) we can write S as the sum of the “normal” and “tangential” parts with 
respect to the plane P, = {x : x -m — ct = So}, (so = const.), viz., 


S=S' +S! (11.1.58) 

where the normal component is 
S+ = 2sym (m @ Sm) — (m- Sm)m @ m (11.1.59) 

and the tangential component is 
S' = (1-m@m)S—m®m) (11.1.60) 


Note that (see Equations 11.1.31 through 11.1.33) 
S'.S'=0, S'm=Sm, S'm=0 (11.1.61) 


In a homogeneous anisotropic elastic medium with zero body force, the tensor S must 
satisfy the stress equation of motion (see Equation 4.2.9 with B = 0 and @ = const.) 


V (div S) — oK[S] = 0 (11.1.62) 
where V is the symmetric gradient operator, K is the compliance tensor, and g is the density 


of the medium. 
From Equation 11.1.57, 


V (div S) = sym (m@ S m)w" (1.1.63) 
and 
curl curl S = H[s]w” (11.1.64) 
where (in Cartesian components) 
Aiea = €ipk€jgiMpMNq (11.1.65) 
yw =w'"s), s=x-m—ct (11.1.66) 
and €; is the three-dimensional alternator, therefore, 
curlcurlS =0 © S'=0 (11.1.67) 
and 


V(divS) =0 = S+=0 (11.1.68) 
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Hence, a stress progressive wave is 
“normal” < H[S] = 0 (11.1.69) 


“tangential’  § m= 0 (1.1.70) 


Also, it follows from Equation 11.1.57 that 


S=2Sw" (11.1.71) 


Therefore, substituting Equations 11.1.63 and 11.1.71 into Equation 11.1.62, we arrive at 
the propagation condition for a stress progressive wave 


sym(m® § m) — oc?K[S] = 0 (11.1.72) 


Since K=C™', where C is the elasticity tensor, an equivalent form of Equation 11.1.72 
reads 


C[m@ § m] — oc? S= 0 (1.1.73) 
By applying the operator H[-] to Equation 11.1.72, and using the identity 
H[sym(m@ § m)] = 0 (11.1.74) 
we find that a solution S to Equation 11.1.72 must satisfy the compatibility condition 
H[K[S]] = 0 (11.1.75) 


Note that this condition is satisfied identically if § corresponds to a displacement progressive 
wave of the form 11.1.2, that is, if we set 


S= C [sym (m @ a)] = C[m @ a] (11.1.76) 


where a is an arbitrary vector. Moreover, if a satisfies the Fresnel-Hadamard propagation 
condition (see Equation 11.1.5), then § given by Equation 11.1.76 represents a solution to 
Equation 11.1.72. : 

Taking the inner product of Equation 11.1.72 with §, we write 


|S m| 


c(S) = (0 3 Kia} 


(11.1.77) 


where c(S) is the velocity of a tensorial wave. Note that c(S) represents the velocity of a 


° oll oll oll 
normal wave if and only if H[S] = 0, and one can put c(S ) = OifS - K[S ] =0. 
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An alternative form of the velocity formula 11.1.77 is obtained if we note that the 
function 


Es(S) = 5s - K[S] (11.1.78) 


represents the stress energy density of the progressive wave 11.1.57, while the functions 


Es(S*) = 3S - K[S“] (11.1.79) 
and 
E;(S!) = 5s! -K[S"] (11.1.80) 


represent the “normal” and “tangential” stress energy densities, respectively, associated 
with the wave 11.1.57. ol 

Taking the inner product of Equation 11.1.72 with § and using the third of 
Equations 11.1.61 as well as symmetry of K, we arrive at (c > 0) 


SKIS] =0 (1.1.81) 
Multiplying this by ~? > 0 we have 

S-K[S'] =0 (11.1.82) 
This formula shows that the work done by a stress progressive wave on the strain associated 


with the “tangential” part of the wave is always zero. 
Next, from Equation 11.1.81 and the relation 


° ot ot oll oll ot oll 
S:-K[S°]=S -K[S ]+ S -K[S]+2S -KI[S] (11.1.83) 
we obtain 
° ° ot ot oll oll 
S-K[S]=S -K[S ]—S -KIS ] (11.1.84) 
This together with the definition of €(S) (see Equation 11.1.78) implies that 
Es(S) = Es(S*) — E5(S") (11.1.85) 
Therefore, the stress energy density of a progressive wave 11.1.57 is the difference between 
the “normal” and “tangential” stress energy densities. 


Since €s;(S) > 0 for every S 4 0, Equation 11.1.85 implies that 


Es(S*) > Es(S") (11.1.86) 
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that is, the “normal” stress energy density is greater than the “tangential” stress energy 
density. 

Finally, it follows from Equations 11.1.77 and 11.1.84 and 11.1.85 that an alternative 
formula for the wave velocity reads 


oll 7712 
oO ot E S 
c($) =c(S )} 1- 2 (1.1.87) 
Es(S_) 
where 
el. 
ral 
6 ee (11.1.88) 


ai te ee 
{es -K[S 1 


The formula 11.1.87 allows us to compute the velocity of a plane progressive wave in any 
+h 


ie} oO ll ce} 1 
constant density homogeneous anisotropic elastic body if c(S_) and the ratio €s(S )/Es(S_) 
are available. The formula 10.1.87 also implies that 


° ot 

c(S) = c(S ) (11.1.89) 
Hence, in any homogeneous anisotropic linear elastic body the velocity of a stress progres- 
sive wave is bounded from below by the velocity of the normal part of the wave. Also, in the 
general case, because of Equation 11.1.85 and since €;(S) > 0, a pure “tangential” stress 
progressive wave cannot propagate in the body. These are features brought out explicitly 

in the stress formulation, but have not been obtained in the displacement formulation. 
In the following we investigate the velocity formula 11.1.77 for admissible solutions of 


the form 11.1.76 for different orientations of vector a with a view to characterizing stress 
waves and their velocities in a homogeneous isotropic body. 


Case 1: Vector a is parallel to the wave normal m, that is, a = am (a # 0). In this case 
m®a=amem (11.1.90) 
and by Equation 11.1.76 we obtain 
S= a(2um @ m + Al) (11.1.91) 
where A and yz are the Lamé moduli. Hence 
Sm=a(s+2)m (11.1.92) 
and 


|S m| = |a|(A + 2) (1.1.93) 
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Also, 
KIs1= —|§ (tr §)1 (11.1.94) 
2 Ce a ae i 
Hence 
§ Kis] =—|8-8 ame rs (1.1.95) 
‘K[S] = — |S -S -——— (tr wl 
2p 3A + 2m 


Substitution of S from Equation 11.1.91 into Equation 11.1.95 yields 


S -K[S] = a2(a + 2u) (11.1.96) 


Finally, Equations 11.1.77, 11.1.93, and 11.1.96 yield 


° Sm fa 
c(S) = ! : A I “) (1.1.97) 
{e S -K[S @ 


which recovers the familiar wave velocity associated with the longitudinal waves in a 
displacement formulation of homogeneous isotropic elastodynamics. 


Taking the “normal” and “tangential” parts of S given by Equation 11.1.91 we write 
gal. 
S =aQ+2u)m@m (11.1.98) 
and 


oll 
S=ar\(1—m@m) (11.1.99) 


Therefore, the “normal” and “tangential” stress energy densities are given, respectively, by 
(see Equations 11.1.78 through 11.1.80) 


1,0 ot = (A+2u)? (A+ pH) 
E;5(S+) = -W 8S -K = 2y/? 11.1.100 
s(S~) av S IS ] 7 ade ( ) 
and 
1 ,ol ol MW A+2y 
E,(S') = —W’ § -KIS ] = — 2y? 11.1.101 
s(S") av S [S ] eon ( ) 


The total stress energy density is obtained from the equation (see Equation 11.1.85) 


Es(S) = Es(S*) — Es (S!") = 50 + 2p)ory? (11.1.102) 
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This case reveals a characteristic feature of a stress progressive wave 11.1.57 in homoge- 
neous isotropic bodies: for a stress wave propagating with the velocity c; =./(A + 21)/o 
the total stress energy density is measured by the positive difference between the “normal” 
and “tangential” stress energy densities. 

If we introduce the ratio 


Es(S!') 
= 11.1.103 
g £,(S4) ( ) 
we obtain 
2v? 
g=9(v) = (11.1.104) 
l-—v 
where v is Poisson’s ratio. Therefore, since 
1 
a (11.1.105) 
we have 
0<g(v) <1 (11.1.106) 


For a typical value v = 1/3, we get g = 1/3, whereas for rubber-like materials with 
1 


ems 0 We Bchip an As 


Case 2: Vector a is perpendicular to the wave normal m. In this case a-m = 0 and 
hence tr (a @ m) = 0. Therefore, by Equation 11.1.76, we get 


S= 2). sym (m @ a) (11.1.107) 
Hence 
Sm=pa, §-S=2u’a-a, tr §=0 (11.1.108) 


Following the steps in Case 1, the formula 11.1.77 yields 


1/2 
b= ithe (0 vm 


This is the familiar shear-wave velocity of homogeneous isotropic elastodynamics (see 
Equations 11.1.56). 
From Equations 11.1.59 and 11.1.60 and 11.1.107, we have 


ot oll 
S =2usym(m@a), S=0 (11.1.110) 
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The stress progressive wave is now purely normal, and the associated “normal” stress 
energy density is given by 


Es(S) = Es(S*) = sHaye (11.1.111) 


Hence, for a stress progressive wave corresponding to the transverse displacement waves 
the total stress energy density is associated entirely with the normal component of the wave. 


CONCLUSIONS 


1. A purely tensorial treatment of homogeneous anisotropic elastodynamics includ- 
ing a classification of stress wave types and their velocities is possible. 

2. When a stress plane progressive wave is decomposed into “normal” and “tangen- 
tial” parts with respect to the wave front, both parts can propagate with the same 
velocity in a homogeneous anisotropic elastic body. 

3. The total stress energy density of the wave in a homogeneous anisotropic elastic 
body is represented by the positive difference between “normal” and “tangential” 
stress energy densities; this implies that a pure “tangential” stress wave cannot 
propagate in the body. 

4. For a homogeneous isotropic elastic body, the velocities of stress progressive 
waves associated with the longitudinal and transverse displacement waves can be 
recovered using a general stress-velocity formula. It turns out that a stress wave 
propagating with the velocity c, = (A + 2y)'/?/o'/? can be decomposed into “nor- 
mal” and “tangential” parts in such a way that both the “normal” and “tangential” 
stress energy densities are strictly positive; for a stress wave propagating with the 
velocity c) = w'/?/o'/? only “normal” stress energy is carried by the wave front. 


Similar conclusions hold true regarding the decomposition of a stress progressive 
wave propagating in a transversely isotropic homogeneous elastic body with particular 
orientations of the axis of symmetry [3]. 


11.1.2 ELASTIC WAVES IN A HOMOGENEOUS ISOTROPIC INFINITE SOLID DUE TO THE 
APPLICATION OF AN INSTANTANEOUS CONCENTRATED FORCE 


Suppose that a homogeneous isotropic infinite elastic solid, referred to a Cartesian coordi- 
nate system {x;}, is initially at rest, and an instantaneous concentrated force is applied to 
the origin x = 0 of the system at time ¢ = 0 + 0. To find an elastic process p = [u, E, S] 
(see Section 4.2.3) corresponding to such a force we may use either the displacement or 
the stress formulation of the problem. In the following, we employ the displacement for- 
mulation while the use of the stress formulation for other problems will be considered later. 
Therefore, we wish to find a solution u = u(x, f) to the displacement equation of motion 
(see Equations 7.2.1 and 7.2.2) 


2 C\ : , b 3 
sut+}(—]} —-1 VAN See on E” x (0,0) (11.1.112) 


C2 
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subject to the homogeneous initial conditions 
u(x,0)=0, u(x,0)=0, xeF (11.1.113) 


and suitable vanishing conditions as |x| > oo for every t > 0. In Equation 11.1.112 


2 y?_ - = 2h : =e (11.1.114) 
COR Oe, DEQ 2G fb 
and 
b = bx, t) = £6(x)d (4) (11.1.115) 
where 
5(K) = 5(x1)5 (x2)d (x3) (11.1.116) 


is a three-dimensional Dirac delta function and @ is a constant vector. Since 
[b] =[Force x L~*], where L is a constant of the length dimension, and [6(x,)]= 
[5(x2)] = [5(x3)] = [L“'], and [5(t)] = [T~'], therefore [2] = [Force x T]; here T is a constant 
of the time dimension. 

To obtain a solution to the problem we use the Cauchy—Kovalevski-Somigliana 
representation of u (see Equations 7.2.40 and 7.2.41) 


2 
u= e+ (S- ) vain (11.1.117) 


1 


where g = g(x, ft) is a solution to the biwave equation 


b 
‘og = —— (11.1.118) 
pL 
and 
1 8 
Ce Be a 11.1.119 
; ci ar ( ) 


It follows from Equation 11.1.117 that u satisfies the homogeneous initial conditions 
11.1.113 provided g complies with the conditions 


ak 
38% 0) = 0, k=0,1,2,3, forxe E° (11.1.120) 


Therefore, from Equation 11.1.118 in which b is replaced by the RHS of Equation 11.1.115, 
and by Equations 11.1.120, the vector field g = g(x, f) may be taken in the form 


@=Ge (11.1.121) 
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where G = G(x, t) is a second-order symmetric tensor field on E* x [0, 00) that satisfies 
the biwave equation 


1 
i03G = a @ on E? x (0,00) (11.1.122) 
the homogeneous initial conditions 


ak 
ak 9) =0, k=0,1,2,3 (11.1.123) 


and suitable vanishing conditions at infinity. 

In the following, a solution G to the problem 11.1.122 and 11.1.123 will be found 
by a Laplace transform technique. Let f = f(x, 1) be a function on E° x [0, 00), and let 
f =f (x,p) denote the Laplace transform of f: 


(oe) 


Lf =f(x,p) = f erres, t) dt (11.1.124) 


0 


where p is the Laplace transform parameter. 
Applying the operator L to Equation 11.1.122 and using the homogeneous initial 
conditions 11.1.123 we obtain 


2 2 
= 1 
(v _ ) (v = ) G = ——5(x) (11.1.125) 
Ci C5 Ue 
Since 
2 2\ 97! 
P P 
[(*-) (*-3)] 
cy Cy 
2 2\ 71 2\ 71 2\ 71 
= (5-4) [(#-5) -(v-5) (11.1.126) 
Cy C5 Cy C5 
and 
1 1 esl 
as en Cits1o7 
Pano = a Re ( 


therefore, a solution to Equation 10.1.125 that goes to zero as |x| — oo takes the form 


= 1 oak = oar 
G(x, p) = —Aodl | ( ° (11.1.128) 
P 


where R = |x|, and 


= 
1 2 
ApS ee [ - (2) +0 (11.1.129) 
4ro Cl 
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Since 


L" ( —H(t—a)(t—a), a>0 (11.1.130) 


p? 


where H = H(t) is the Heaviside function 


(11.1.131) 


O fort <0 


! fort > i 
H(t) = 


therefore, applying the operator L~' to Equation 11.1.128 we arrive at the simple formula 


1 R R R R 
G(x,ft) = —Ap =| (t-—])H#(t-—)-(t-—]A(t-— (11.1.132) 
ey Ge alae aa) 


As a result, a solution to the problem 11.1.112 and 11.1.113 in which b is given in the form 
11.1.115, takes the closed form 


2 
u=07(G) + ( - 1) Vidiv (Ge)] (11.1.133) 


cy 


Gta ('-=)a(:-=)-(¢- 2) a(r-2)] (11.1.134) 
R (on Cc} C2 C2 


To derive an alternative form of u in which the vector fields +(G£) and V[div(G2)] are 
computed explicitly we apply the Laplace operator L to Equations 11.1.133 and 11.1.134, 
respectively, and have 


where 


2 2, 
= 2 P\ Cy ae: 
a= (v = -) e+ (S is i) V (divg) (11.1.135) 
cy cy 
where 
P Pp 
Ysa ee 
— (: a S ) 0 = Ace (11.1.136) 
p 


In components, Equations 11.1.135 and 11.1.136, respectively, take the forms 


2 2 
a (v-4) z+ (S-1) ms (11.1.137) 
1 


2 
cy 


and 


7 -_pl eat ea 11.1.138 
8p hee R 4 R ( ot ) 


pjwstk|402064| 1435597735 
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By computing the first and second partial derivatives of g,, we obtain 


1 
Ba =O oa | (+82 )e a a (1+22) ete (11.1.139) 
C1 C2 


and 


DP {xxi P Out P RP 
— 3+3R R—)-—=({1+R— Cj 
Bt Pp Ae ( Re Aa “) al : a 
P Pp Sx P —RE 
-| (343R +R? :) - (1+e2)]e s| (i,k, 1 = 1,2,3) 
Co C5 R Co 


(11.1.140) 


Hence, using Equations 11.1.139 and 11.1.140 we get 


fg RP. RP. 
p= ‘ex Vip ape? \e*®& (14 R? \e®S (11.1.141) 
.! p? R Cc} C2 
i Oik RE 
Bini = To je RE a= LaeRe ek 
. R3 Cy Co 


2 D 
_ Be fe +3r2 Poy poP- ar Re (3+3K2 +Re) tél (11.1.142) 
Cj ©2 


C2 


and 


P P 
feeXa Arete 
fan =-t ees (11.1.143) 


Note that from Equations 11.1.138 and 11.1.143 


v2 \z-p(i_! ene (11.1.144) 
G oe CG R av 


or, using the definition of /? (see Equations 11.1.129 and 11.1.136), 


Pp 
2 L ee. 
(° : ) pees (111.145) 
c 


1 


Substituting Equations 11.1.142 and 11.1.145 into Equation 11.1.137, we obtain w; in an 
explicit form. 
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By applying the operator L~' to Equations 11.1.142 and 11.1.145, we have, respectively 


oe a (meh ea aes pee ee 
Bee R C C\ Co Co 
R R R R 
+ ma (+-4)-n(:-=)| 
Cy Ci C2 C2 
F R R R R 
“38 -B)el-£) 96-26-28 
R C Cc} C2 C2 
R R R R 
+35H(1-*)-35H (1-4) 
Cj Ci C2 C2 
R? R R? R 
+3 t= — |) =] 0 |e 
Ci Ci C3 C2 
3x jXx t R R 
=—-f{(—“_§,)— |A#(t-—])-A(t-— 
(Gee) (5) -# 0-2) 
XjxX~ | 1 R 1 R 
—d(t—-—)-——d{r-— 11.1.146 
+R E ( =) cS ( =)]} 


, ee | R 
2g; = ak pa (11.1.147) 


and 


2 
I 
_p (S 2 1) ee (11.1.148) 


and applying the inverse Laplace transform operator L~! to Equation 11.1.137, and using 
Equations 11.1.146 and 11.1.147, gives 


uj = Uy; (11.1.149) 


where [4] 


U; = 4 _—5(r——) 41 —~“)la(+-—)-a(t-— 
470 |c; R Co RS R:? C1 C2 
XiXj 1 R 1 R 
—|sd(t- — —sd({t- 11.1.150 
sg R? E ( *) C3 ( C2 ( ) 


If we note that for every c > 0 


R R R 
=6(1- =) =13(r-5) (11.1.151) 
Cc (6 (6 
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1 R 1 R R t R 
ep yee ee SS ee (11.1.152) 
Cc c}) Rec Cc Re Cc 


we reduce Equation 11.1.150 to an equivalent form 


t Oi R 3x;X; Oi R R 
U; = ae ee ee - Ble =) (== 
4m QR? | co C2 R R C| Co 
ix; | 1 R 1 R 
case 5 (:- ) ey (:- )]| (11.1.153) 
R Ci C\ C2 C2 


and 


Note that 
[U] = [ToL] (11.1.154) 
and 
[£] = [Force x T] = [eL*T™"] (11.1.155) 
Therefore, 
fu] = [Ue] = [L] (11.1.156) 


To find the strain tensor E associated with u we take the symmetric gradient of 
Equation 11.1.149, and receive 


E = Vu= V(U2) (11.1.157) 
In components this equation takes the form 
Ej = UG, j) = Viele (11.1.158) 


where the third-order tensor V;;, is given by 
1 iOKj R R. R 
Vee = a Spe he pe 
470 ok C2 C2 C2 
zs ea R R 
1 1 R 1 R 
HOSE a2) 2-8) 
+ Re Cc C\ C2 C2 
: 5 65 : b(t s : d(t : 
1 Ri De ny ar Cc} & C) 
XixjXe | 1. R 1. R 
=d(t-—]- sd(t-— 11.1.159 
BL o(-2)-4a(-4 une 


3X: at 
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Note that 
[Vix] = [(Force)~'T~"] (11.1.160) 

therefore, 
[Vitel = [1] (11.1.161) 


By taking the trace of Vj, with respect to the indices ij, we find 
1 I. R |i % R 
Vigo oe (ge aes lie 
4ro@ R? |Lc} C1 C3 Co 
1[1 R 1 R 2/1 R 1 R 
—-=|56(t- —=6[(t- Pe ta | 
Rie; Cy C5 Co R* | cy Cy Cr Cr 
1 R R. R 
ae Oe = = see rai (11.1.162) 
c3R C2 c2 C2 


Hence, using the formula 


S = 2uVu-+ Atr(Vu)1 (11.1.163) 
the stress components S; corresponding to u; are obtained in the form 
Sy = Tyli (11.1.164) 


where 


2 
Tig = 20 iz — (1 ae 1) Vou (11.1.165) 
2 C3 

and Vj, and V4. are given by Equations 11.1.159 and 11.1.162, respectively. This completes 
the task of finding the elastic process p = [u,E,S] corresponding to the action of an 

instantaneous concentrated force in a homogeneous isotropic infinite elastic body. 
If an initially undisturbed homogeneous isotropic infinite elastic body is subject to a body 
force b = b(x, f) on Q x [0, 00), where Q is a bounded domain of E°, then a displacement 

vector G = U(x, ¢) produced by such a load is obtained from the formula 


t 


a(x,/) = [ J UK-& 1-1) br) dug) de (11.1.166) 


0 Q 


where the second-order tensor field U = U(x, t) is defined by Equation 11.1.153. 


11.1.3. THE ELAstiCc WAVES PRODUCED BY A MOVING POINT FORCE IN AN 
INFINITE SOLID 
Assume that a point force of magnitude / acting in the x3 direction of the Cartesian coordinate 


system {x;} is applied suddenly at x = 0 and t=0+ 0 in a homogeneous isotropic infinite 
elastic body, and is then maintained at a position that moves with a constant velocity v 
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along the positive x3-axis. A displacement field u= u(x, f) produced by such a load then 
satisfies the displacement equation of motion 11.1.112 in which 


bi(x, 1) = 16336 (x1 )d(x2)d 3 — VDA) @= 1,2,3) (11.1.167) 


subject to the homogeneous initial conditions 11.1.113 and suitable vanishing conditions 
at |x| =o for every t > 0. Following the steps in Section 11.1.2, and substituting b; given 
by Equation 11.1.167 into the formula 11.1.166 in which Q stands for an infinite domain, 
we find 


+00 +00 +00 t 
u(t) =1 { dé, { dé { dé | de 8(&1) 8G) d(& — vv) 
—0o —0o —oo 0 
x Ui3%1 — §1,X2 — &,%3 —&3t-—7T) (= 1,2,3) (11.1.168) 


or, by using a filtering property of the Dirac delta function, [see Equation (g) in Example 
4.1.15] 


t 
uj(X, ) =1 | Us,x2,%3 — vt;t— 1dr (11.1.169) 
0 


Here U;3 is obtained from Equations 11.1.153 in the form 


a a t— 3 R, 
U3 (X1,%2,%3 — UT;E—T) = i ee ae iz x Alt-tTtT- — 
4m oR! 


R, 1 R, 
—-H({t—t——]]+]—é(t-1tr- — 
C2 Cj Ci 


1 R, 
——4d (-7-%)]| a=1,2 (11.1.170) 
C2 C2 


and 
yy ( ‘ ) (t —T) By i R, 
X1,X2,X3 — UT; =) = — -—-TtTt- — 
33(X1, X2, X3 42 0R? | cy C> 
1 - 2 R, R, 
Te 38 i” —l||H(t-t——)-Al(t-1tr-— 
R, R2 Ci C2 
_ a wa R, 1 R, 
pS ieee oe epee (111.171) 
R? Cc Cc C2 C2 
where 


R2 =x, +x54+ (3 — vt)’ (11.1.172) 
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It follows from Equations 11.1.169 through 11.1.172 that u= u(x, f) possesses axial sym- 
metry with respect to the x;-axis. Therefore, if we introduce cylindrical coordinates by the 
formulas 

xX} =Prcos¢g, %M=rsing, x%%=Z (11.1.173) 
and note that 


up =U, COS~+uySING, Ww = U;, (11.1.174) 


we reduce Equations 11.1.169 through 11.1.172 to the form 


t 
u(r, X33 1) = 1] U,(r,x3 — vt3t- OD) dt (11.1.175) 
0 
t 
us(r,x330) = 1 Us(r,23 — vest — t) de (11.1.176) 
0 
where 
= t- 
U,(r,x3 — Ut;t —T) = ea WE S®) 
4 oR! 
el ase) bee Ganaey 
x,—|A(t—-t—-—)-Al(t-1tr- — 
R, C) C2 
1 R, 1 R, 
+ ]—d(t-t—-—)-—d[t-1t- — 
Cy cy C2 C2 
(11.1.177) 
t 1 R, 
A ee ee p) — —-tT-— 
Am oR (co Co 
1 — 7 R R 
iF ge OS gp a Ne pe 
R, R C| C 
(x3 -—uty 1 R, 1 R, 
Shit ees | Goa ee eg a 
R? Cc 1 C2 C2 
(11.1.178) 
and 
R=r+(3— vty (11.1.179) 


By letting r = 0 in Equations 11.1.177 through 11.1.179 we obtain 


U,(0,x3 — ut;t-—T) =O fort >t and |x; — uvt| > O (11.1.180) 
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and 
U;(0 jaye e® {m8 Mesa 
,%3- UTist-TtT)= —TO T—X3/v 
eee axovs (t—33/v oe 
2 
+ ——— [HA (t—1t —M, |t — x3/v)) —H (t— t — M2 |t — x3/v|)] 
|t — x3/9| 
for t > t and |x3 — vt| > O (11.1.181) 
where 
v 
M,=— (i=1,2) (11.1.182) 


i 


Here, M, and M) are the Mach numbers of the moving force relative to the longitudinal 
and transverse waves, respectively. In the following we analyze waves generated by the 
displacement 


t 
3 (X3, 1) =1 | U3(0,23 — 0; t—t)dt (11.1.183) 
0 


in the subsonic case (M, < M> <1); similar analysis can be carried out in the transonic 
(M, <1,M>)> 1) and supersonic (M, >M, > 1) cases. Also, we restrict the analysis to 
x3> 0. 

To this end we represent U3(0, x3 — vt;t — T) by asum 


U3(0,x3 — vt;t -—T) = U3 (0, x3 —vt,t—t)+ U? (0,x3 —vt,t—T) (11.1.184) 


where 
UO ee a ee (11.1.185) 
A4rov> (t — x3/v) 
2 t—T 1 
U? (0,x3 —vt,t—T)= hoe ey P= 
x {A[¢. (t, 7)] — Algo(t, t)]} (11.1.186) 
and 
git,tT) =t—t—M;|t —x3/o| G@=1,2) (11.1.187) 


Next, we introduce the following partition of the semi-infinite time interval 


[0, 00) = [0, M, x3/v] U My x3/0, M2 x3/v] U (M2 x3/0,%3/u] U (3/v,00)  (11.1.188) 
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FIGURE 11.1 A range of time (shaded) for Case (a). 


and calculate the integral 11.1.183 in four cases (a), (b), (c), and (d) corresponding to the 
four intervals on the RHS of Equation 11.1.188. 
Case (a): 0 < t < M, x3/», M, <1-J1-M, 
In this case time ranges over the shaded interval are shown in Figure 11.1. 

Since M, <M, <1 and 0<t<tr, hence t <x3/v, and |t — x3/v| = — (t — x3/v), and 
Equations 11.1.185 and 11.1.186, respectively, take the forms 
M, C= Tr) 


U°(0,x3 — vt;t-—T) = 
Oe ) Amov? (t — x3/v) 


sOl Gi (t, T)] (11.1.189) 


and 


2 (t —T) 
3 {HI gi(¢, t)] — Algo, t)]} = C11.1.190) 


U% (0,23 — vt, t — tT) = ———_- ——~ 
3 (0,43 ) 4rov? (t — x3/v) 


where 
gi(t,tT) = 1-M))( — 7) (11.1.191) 
gr(t,T) = (1 — Mo) (tm — T) (11.1.192) 
and 
T= naar h= a (11.1.193) 


Since tT, <0 and tT <0, therefore g(t, tT) <0 and g(t, tT) < 0, and Equations 11.1.189 and 
11.1.190 imply that 


U3(0,x3 — vt;t — t) = UZ (0,x3 — vt;t — tT) = 0 (11.1.194) 
and it follows from Equations 11.1.183 and 11.1.184 that 
W3(%3,t1) =O for0<t< M,x3/v (11.1.195) 


Case (b): M,x3/u <t < M)x3/», M, <1-J1-M, 
A range of time for this case is shown in Figure 11.2. Also, in this case tT < x3/v; therefore, 
it follows from Equations 11.1.183, 11.1.184, and 11.1.189 through 11.1.193 that 


U3(X3,¢) = U3 (x3, t) + us (x3, f) (11.1.196) 


%3 
Vv 


FIGURE 11.2 A range of time (shaded) for Case (b). 


0 M, 
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where 


IM, Se (t—T) 


4rou? Sy 5 SLi (t, t)] at (11.1.197) 


5 
U; (x3, t) = 


t 


21 (t —T) 
J = {Hlgi(t,t)] — Higo(t, t)]} dt (11.1.198) 
(t —x3/v)° 


4nrov3 


Us (x3, t) = 


while g(t, T) and go(t, T) are given by Equations 11.1.191 and 11.1.192, respectively. Since 
g(t, tT) = —d —M,)(t — T) (11.1.199) 


and | — M, > 0, therefore 


1 

d[g, (t, T)] = b(t — 11.1.200 
[oi = pape — 1) ( ) 

and from Equation 11.1.197 we find 

M, ¢ (t—T) 
ud (x3, 0) = S(t — 4) dt 11.1.201 
3%.) 4rov? 1—M, i (P= Kaif uy : ( : 
Also, since 

g2(t,T) = —U — M2)(t — Tt) (11.1.202) 


and 1 — M, > 0, from Equation 11.1.198 we get 


us (x3,t) = — . j ae = (H(t — t) — H(t — 1)] dt (11.1.203) 
; dru? (t — x3/v)° 


Since M, x3/v < t < M,x3/v, therefore, the integral in Equation 11.1.201 can be split into 
two integrals, and then 


M,x3/v 
t- 
u3(x3,t) =A fi eae —t)dt+ i a Gadi 
5 (t— 43/0) Mioari (t — x3/v)° 
(11.1.204) 
where 
l M, 
(11.1.205) 


= 4rov? 1-M, 
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Similarly, Equation 11.1.203 can be written in the form 


M,x3/v 


us (x3, t) = —B i ee SG = 7 H(t) —t)]dt 
S(t —x3/0)° 


+ f ce - t) — H(t) —1)|dz 


M,x3/v 


where 


_ 4 

~ Aroev3 
Now we consider the two subcases of case (b). 
Case (b.1): 0 < M, x3/u < t < M,x3/u+M,(1 — M)) x3/v 
Case (b.2): M, x3/v-+M,(1 —M))x3/u < t < Mox3/v 


(11.1.206) 


(11.1.207) 


Note that splitting case (b) into (b.1) and (b.2) cases makes sense since the inequal- 
ity M, <1—./1—M, guarantees that to =M, x3/v+M,(1 —M,)x3/v=M,(2— M,) x3/v 


belongs to the interval (M, x3/v, Mz x3/v) shown in Figure 11.2. 


Case (b.1): It follows from the definition of tT; and t, (see Equations 11.1.193) that in 


this case 
0<% <M,x3/v, m <0 


and Equations 11.1.204 and 11.1.206, respectively, reduce to 


5( t) K t-— T) 
U3 (x3, t) = A —————_,, 
o (1 — 33/0)" 
and 
tT 
(=) 
Aa. Se. | 

ee een: 

Since 
t— 1 
: = o dt =(t—a)'— rid —a)(t—a)° fora#t 

therefore, 


ox.) = ~B| 1 1 @=%/») es 


%|] —%3/0 2 (tq, —2x3/v)? 2. (43/0)? 


(11.1.208) 


(11.1.209) 


(11.1.210) 


(11.1.211) 


(11.1.212) 
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Next, substituting t, from the first of Equations 11.1.193 into Equations 11.1.209 and 
11.1.212 gives, respectively, 


5 Pitre M1 —M,) 
13 (x3,) = Wai: (11.1.213) 


and 


(11.1.214) 


1—M ; 
Uy (x3, 0) =-B : a 


2(t—x3/v) 2 (%3/v)’ 


Finally, using the definition of A and B (see Equations 11.1.205 and 11.1.207) we have 


l fe 
i) SOD) La 1) SS 11.1.215 
Gat) = h(t) + alla) = FG ) 
Case (b.2): In this case tT < x3/v, T < 0, and 
t— M, x3/v 
M1 x3/0 < ae Si (11.1.216) 
and from Equation 11.1.201 we get 
t 
t— t— M; l 
U3(X3, 1) =A ij ae —%)dt =4 a = er ! 5 
Maeve (t — x3/U) (t — x3/v) mpu” (t — x3/v) 
(11.1.217) 
Also, from Equation 11.1.203 we have 
at 
t-— 
ull (x3,1) = —B aad) (11.1.218) 


oe x3/0)° 


Therefore, Equations 11.1.217 and 11.1.218 are identical to Equations 11.1.209 and 
11.1.210, respectively. Hence, 


a 
~ Arpvu3 (x3/v) (t — x3/0) 


U3(X3, 0) = (11.1.219) 


By combining the results obtained in cases (b.1) and (b.2) we find that u3 (3, t) is given by 
Equation 11.1.215 (or Equation 11.1.219) for every M, x3/u < t < M)x3/v. 


Case (c): M2 x3/v < t < x3/v,M, < 1 —./1 — ™M); a range of time for this case is shown 
in Figure 11.3. 
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‘ - L d > 


x x. x 
0) M3 MM, 23 
v v v 


FIGURE 11.3 A range of time (shaded) for Case (c). 


Since t<t<x3/v then t<x;/v. Also, the inequalities M)x3/u<t<x3/v and 
0 <M, x3/v < M> x3/vimply that 


0 < M,x3/u0 < Mox3/u0 <t <x3/v (11.1.220) 
Hence, 
0<t1<t O<m<t (11.1.221) 
and from Equations 11.1.201 and 11.1.203 we get, respectively, 


k= Ty M; l 


EE ie aie ar =u) (11.1.222) 


U3 (x3, th=A 


and 


oy 


_ =e ae oat ange (=O 
BON | (t ar ae J (t — x3/0)° | 


0 0 


7  Anpv3 


l | ? — MP (x3/0)’ MG (x3/v)* |- (M3 — M7) 1 
(x3/u)" (t— 23/0) (3/0)? (t-x3/0) A4mpvus  (t—x3/v) 
(11.1.223) 


As a result, we obtain 


IM; 1 
4npv? (t — x3/v) 


U3 (x3, t) = US (x3, t) + us (x3, ) = for M,x3/u < t <x3/v 


(11.1.224) 
Case (d): t > x3/u (see Figure 11.4). 
In this case, the integral in Equation 11.1.183 is split into two integrals 
x3/U t 
U3(x3,t) = 1 ij U3(0,x3 — ut;t —T)dt+ f U3(0,x3 — vt; t—T)dt (11.1.225) 
0 x3/U 


: ‘ i : 


e 
Xx. x Xx. 

0 M23 M,=3 “3 t 
UV Uv Vv 


FIGURE 11.4 A range of time (shaded) for Case (d). 
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where 


U3(0,x3 — vt;t — tT) = U8(0,x3 — vt3t —t) + UFZ (0x3 — vt;t-—t) — (11.1226) 


M, t—T 


U°(0,x3 — vt,t—T = ; 
3 ( 3 ) Ar pv3 1-M, (Tt — x3/v)? 


(t= %4) (11.1.227) 


ae (t— Tt) 
Anpv (t —x3/0)" 


U%(0,x3 — vt; —T) = [H(t, —t) —H(tm —T)] 


for0 < Tt <x3/v (11.1.228) 
and 


U3 (0,x3 — vt;t — tT) = USO, x3 — vest — t) + UF (O,x3 — ut;t—t) ~—— (11.1229) 


M, t—T 
dxpu 14M, (t — x30 


(H(t) —t) H(z) —7)} 


forx3/u<T<t (11.1.231) 


U3;(0,x3 — vt;t—-t) = 5(t —t)) (11.1.230) 


aes t—T 
— Arpv3 (tr —x3/v)° 


U? (0,x3 —vt;t—T) 


Here 


0 t+ M;x3/v 


= 0 11.1.232 
T; ay; (i ) ( ) 


Now, we show that the first integral on the RHS of Equation 11.1.225 vanishes. To this end 
we note that the inequality 0 < t <.x3/v<t implies that 


t—x3/v 


T-T> ty —%23/v= TM, >0 (11.1.233) 
and 
See rey) eee ae kar, (11.1.234) 
1—M, 
Hence, we obtain 
6(t —T) = 46(t) —T) =0 (11.1.235) 
H(t, —t) -H(m—T)=0 (11.1.236) 


and it follows from Equations 11.1.226 through 11.1.228 that the first integral on the RHS 
of Equation 11.1.225 vanishes. 
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As aresult, we have 


U3 (x3, t) = U3 (x3, t) + us (x3, 0) (11.1.237) 
where 
l M, ; t—T 
ub (x3, ft) = b(t —t°) dt 11.1.238 
33,1) 4rpv3 rm (t —x;/v)’ ( ') ( ) 
and 


Fe (Ch ee f ~ “S[k -1)-a(o-d]ar— 11.1.239) 


To compute the integrals in Equations 11.1.238 and 11.1.239 note that 

x3/U0< i <t (11.1.240) 
and 

w3/U<T <t (11.1.241) 


Hence, it follows from Equation 11.1.238 that 


3 l M, t— T) M; l 

u, (x3, 0) = —_——7 = ——— (11.1.242) 

4npv? 14+M, (x? ae x3/1) 4mpv? (t—x3/v) 

Also, it follows from Equation 11.1.239 that 
| ; ; | 
21 t— t— 

wi (x31) = =| f eal oat = eee (11.1.243) 

A4npv? [so (tT — x3/Vv) ii (tT — x3/v) | 


Note that the integrals on the RHS of this equation are singular as both have the same 
integrand that tends to infinity as tT — x;/v-+ 0. If they are computed in the sense of a 
principal value, the result is 


f 
_@-7) 

Ngee ye an eee) (111.244) 

10 

NGS 2) se PE) aes ey ae er 
Ca eee) (11.1.245) 


x3/v 
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where (see Equation 11.1.211) 
=] 1 —2 
F(t) = (t — x3/v) Tae) (t — x3/v) (11.1.246) 


By subtracting Equation 11.1.245 from Equation 11.1.244 gives 


10 


10 
1 t%) 
(ea ! G=%) rf, ¢— Tt) dt =F (t°) — F (1°) (11.1.247) 
(t 
x3/v 


x3/v a Bor ~~) x3/0)° 


Substituting Equation 11.1.247 into the RHS of Equation 11.1.243, and using the definitions 
of t? and ty) (see Equations 11.1.232) we get 


H (x3, 2) MMs : (11.1.248) 
Uu, (x3, t) = wl. 
a 4npvu> (t—x3/v) 


Finally, it follows from Equations 11.1.237, 11.1.242, and 11.1.248 that 


M3 
Anpv? (t — x3/v) 


U3 (x3, t) = for t > x3/v (11.1.249) 


This completes the discussion of Cases (a)—(d). 

To complete the analysis of the displacement wave uz = u3(x3,¢) for tf > 0 and x3 > 0, 
we explore the behavior of this function at the points t; = M,x3/v, t2 = Mox3/, tz = x3/, 
and t = oo for a fixed x3 > 0. 

It follows from Equations 11.1.195 and 11.1.219 that 


U3 (x3, M, x3/u—0) = 0 (11.1.250) 
and 
l M; 1 

Uz (x3, M, x3/v+ 0) = ie iM GD (11.1.251) 

Hence 
[vsI) = Le : (11.1.252) 

4nrpv? 1—M, (x3/v) 

where 

lust) = w3%3, 4) + 0) — w3(%3, ty — 0) (11.1.253) 


represents a jump of u3 att = fy. 
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Also, it follows from Equations 11.1.219 and 11.1.224 that 


l M; 1 
U3 (x3, Mz x3/u—0) = ee T= Ga) (11.1.254) 
Mo 
U3 (%3, Mz x3/u +0) = ioe 1s Gl) (11.1.255) 
Hence, we find 
[us I(t) =0 (11.1.256) 
Finally, using Equations 11.1.224 and 11.1.249 we find, respectively, 
U3 (x3,X3/u — 0) = +00 (11.1.257) 
and 
U3 (X3,.x3/U+ 0) = +00 (11.1.258) 
Therefore, 
U3(x3,f) > +00 ast —> x3/v (11.1.259) 


The results are summarized in the following theorem: 


Theorem 1: An elastic wave produced by the suddenly applied concentrated force / that 
moves with a constant velocity v in the positive direction of the x3-axis of the cylindrical 
coordinates (r, y, x3) in a homogeneous isotropic infinite solid, and restricted to points of 
the positive x3-axis, is represented by the vector field 


u(x3,t) = [0, 0, u3 (x3, 2)] (11.1.260) 
where 
0 for 0 < t < M,x3/v 
Z for M,x3/v < t < Myx3/ 
= or < 
Apu? (x3/v)2(t — x3/0) ae Pee 
U3(X3, 0) = IM2 I (11.1.261) 


—_ —- ———_. for Mox3/u < t < x3/v 
Arpv3 (t —x/v) 2X3/ af 


IM2 1 
Anpv? (t —x3/v) 


for t > x3/v 


In Equation 11.1.261, M, and M, are the Mach numbers of the moving force relative to the 
longitudinal and transverse waves, respectively, restricted by the inequalities 


Meet aw,.. O22 21 (11.1.262) 


The profile of the wave, based on Equation 11.1.260, is shown in Figure 11.5. 7 
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U3 
0 . > 
x3 x3 x3 
M, 5 Mz 7 7 


FIGURE 11.5 Profile of the wave produced by a moving concentrated force. 


Note that the point t = M, x3/vis a point of discontinuity of the velocity field 43 (x3, t), and 
this is indicated by two different tangent lines to uz at t= 1). Also note that u3; > +00 at 
the point of application of the moving force, and u3; — 0 as t—> oo, which means that the 
wave has a transient character. 


Note: 


The hypothesis M, < 1 — ./1 — M; in Theorem 1 is satisfied, for example, for steel in 
which M, > 0.2. If M; > 1 — /1 — M), a similar theorem involving a closed-form wave 
profile may be formulated. 


11.1.4 THE STRESS WAVES DUE TO THE INITIAL STRESS AND STRESS-RATE FIELDS IN 
AN UNBOUNDED SOLID 


11.1.4.1 A Solution to the Homogeneous Scalar Wave Equation Subject to Initial 
Conditions in an Infinite Space 


We now prove a theorem that will be widely used in Section 11.1.4.2. 


Theorem 1: A solution of the scalar wave equation 


2 
(v? 7 Z x3) o(x,t)}=0 (c>0) (x,t) € E’ x [0,00) (11.1.263) 
Cc 


subject to the initial conditions 
(x0) = Go(X), $(x,0) = dolx) XE QCE (11.1.264) 


admits the representation 
. 0 
p(x, t) = tMx.c:(ho) ot 3 UE Mxer(o)1 qd 1.1.265) 


where, for any function g = g(x) on Q, the symbol M,..,(g) stands for the mean value of 
g over the surface of a ball with its center at x and with the radius ct: 


Qn 1 


1 
Mya(g) = — J f ec + net) sin@ d0 dy (11.1.266) 
4a 0 0 
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In Equation 11.1.266 n is the unit outward normal vector on the spherical surface 
n= [sin@ cos ¢, sind sing, cos 4] (11.1.267) 
7 


Proof. Let ¢ = $(x,p) denote the Laplace transform of ¢ = (x, f), that is, 


(oe) 


L{o(x,)} = (xp) = feron, t) dt (11.1.268) 


0 


where p is the transform parameter. Applying operator L to Equation 11.1.263 and using 
the initial conditions 11.1.264 we obtain 


Las 
(v° ~ ag B(x, p) = —[do(X) + pho] x2 (11.1.269) 


Since for a fixed point € € Q 


en ble § 

(v — ak = —475(x — &) (11.1.270) 
Ix — §| 

where 6(-) stands for the Dirac delta function, then, for any function g = g(&) on Q, 
multiplying Equation 11.1.270 by g(&) and integrating over Q, we find 


(v-4) ey gated (€) du(é) = —g(x) (111.271 
@) an) Ix a8 u(§) = —g(x 1.271) 
or, in an alternative form, 
1 ie SB = be, pl en Bx § 
- (v -5) 80) = Fa | RoE sav) (11.1.272) 


Now, applying the operator L~' to this equation we arrive at 


oe ee P\” 1 g(é) —&| 
}-3(#-4) «| = a £05 (1-8 Ratt) awe (11.1.273) 


In the following we show that the volume integral on the RHS of Equation 11.1.273 may 
be expressed in terms of the mean value of the function g over the surface of a ball. Let 


|x—§|= 


Since 


5 pee bop ad ee Reb 
C?R c) CR Cc ~ COR le : 


1 Rt t 
— §(R —ct) = — — 6(R—ct) = — 6(R-et 114.274 
OR (R — ct) ae (R — ct) R (R — ct) ( ) 
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hence 


vont 1 g(é) 6(1- =) aug) = 2 f g(é) 3 (ix —&| —ct) dulé) 
ae 


Arc? 4 Ix — &| Cc |x — &|? 
(11.1.275) 
Introduce the spherical coordinates with the origin at point x: 
&—-x=Rn (11.1.276) 
where 
n = [cosgsin6, sing sin@, cos 0] (11.1.277) 
Then Equation 11.1.275 is reduced to the form 
R2n x 
t : 
(1) = f i if 5(R — ct)g(x + Rn) sin6 dé dydR (11.1.278) 
us 
00 0 
or, by using the filtering property of the Dirac delta function, to 
8° (Xt) = tM er(g) (11.1.279) 


where M,.:(g) is the mean value of g over the surface of a ball with center at x and 
with radius ct (see Equation 11.1.266). Finally, using Equations 11.1.273, 11.1.275, and 
11.1.279, we arrive at 


ijl pay. 
Ere |-3 (v = ) ca] = tMxa(g) (11.1.280) 
Now, it follows from Equation 11.1.269 that 


= 1 Sale 
O(%p)=->Z (v = ) Lo(x) + pbo(X)] (11.1.281) 


Therefore, applying the operator L~' to Equation 11.1.281 and using the relation 11.1.280 
we arrive at the representation 11.1.265. This completes the proof of Theorem 1. 


Theorem | implies that for d9(x) = 0 on Q the solution ¢ = (x, t) vanishes outside of 
an interval 0 < t; < t < ft, that determines a spherical shell with the center at x bounded 
by the radii Ry = ct, and Rp = ch, and containing Q (see Figure 11.6). 

If t; < t < ft then M«xer(o) # 0 over an intersection & of the support of do and the 
spherical surface of radius ct. 
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h<t<t, 


FIGURE 11.6 Intersection & of a support of dy with a spherical surface of radius ct. 


11.1.4.2 The Stress Waves Produced by the Initial Data in a Homogeneous 
Isotropic Infinite Elastic Solid 

The stress waves produced by the initial stress and stress-rate fields of compact support in 

a homogeneous isotropic infinite elastic solid are described by a solution to the following 

pure stress initial-value problem. Find a stress field S = S(x, f) on E? x [0, oo) that satisfies 

the equation (see Equation 4.2.14 with b = 0) 


p 


V (div S) — — 
cx) 2s 3A + 2u 


ww] =0 onE x (0,00) (11.1.282) 
subject to the initial conditions 
S(x,0) = S°(x), S(x,0)=S°%), xe QcE (11.1.283) 


where S°(x) and S°(x) are prescribed second-order symmetric tensor fields on Q. In 
components, Equations 11.1.282 and 11.1.283, respectively, take the forms 


p (+ Xx “ 
Sik) = On (8 = 3042p ss) =0O on ee x [0, oo) (11.1.284) 
and 
Sij(x,0) = SHR),  S,(x,0) = SPX), x CQCE (11.1.285) 


By letting i = j = k in Equation 11.1.284, we have 


n 13 
Sine es (11.1.286) 
p 


Therefore, if we substitute Equation 11.1.286 into Equation 11.1.284 and integrate the 
result twice with respect to time, because of Equation 11.1.285 we arrive at an alternative 
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formulation of the initial-value problem: Find a tensor field S$; = S,(x, 1) on E? x [0, 00) 
that satisfies the integro-differential equation 


t 
Sij = Si} + 189 + po! KG — t)[2uS cing + ASarapd5jldt on E* x [0,00o)  (11.1.287) 
0 


Note that S;; given by Equation 11.1.287 is a solution to the initial value problem 11.1.284 
and 11.1.285 provided the tensor field S(z4) on E? x [0, 00) is available. In the following we 
outline a method of finding S(,;;, using the formulation described by Equations 11.1.284 
and 11.1.285. 

Let Si = Sii(x, p) be the Laplace transform of S$; = S;(x, 1) with respect to time, that is, 


(oe) 


L {Sj} = Sj(x,p) = f eP"sy(x, t) dt (11.1.288) 


0 


where p is the transform parameter. By applying the operator L to Equation 11.1.284 and 
using the initial conditions 11.1.285, we write 


2 
Sine) = ep’ Si = pa fee bij => —pp’ By (11.1.289) 
; Qu 3A + 2 


where 


free go _* gos, a feet (eee ee (11.1.290) 
a Be NN Bit Dy ee Di NE Bho, 


Next, by letting j= a and getting rid of the index parentheses in Equation 11.1.289 we find 
2 
a re PP (se r rc 27 
Si a Sa eo aS Sia i ae S Sia =-2 Bia 11.1.291 
kka T Sakk ‘i ( fon ) pp ( ) 


Now, applying the operator 0?/0x,0x; to Equation 11.1.291 and taking the symmetric part 
of the result with respect to the indexes i and j, gives 


vy P)5,. = Pina its 2pp’B 11.1.292 
3 e (ia,aj) = — Oy FeO kk + Sabb ) ij — 20P” Biiaaj) (11.1. ) 


where 


= L/p (11.1.293) 


Finally, the application of the operator (V* —p?/c?) to Equation 11.1.292, where 
cy = (A + 2y)/p, results in 


2 2 
P Be Ve = 
(v - 4 (v° = F) Stiaay = —Fij (11.1.294) 
2 


cy 
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where 


Fy = ye Supa os, a+(V? ae [20p* Briaaj| (11.1.295) 
Gc , cy 3A + 2u ci 


Clearly, a solution of Equation 11.1.294 in E? is available provided F;; is a known tensor 
field on E°. In the following, we show that F;; may be expressed entirely in terms of the 
stress and stress-rate initial fields, and of the transform parameter p. 

First, it follows from the definition of By (see Equation 11.1. 290) that the last term on 
the RHS of Equation 11.1.295 may be expressed in terms of ‘ya 5. and p. To show that the 
term (V* — p*/c{) (-) on the RHS of 11.1.295 may be expressed in terms of S¥, S 
we proceed in the following way. 

By applying the operator (5,;V? — 97/ dx;0x;) to Equation 11.1.289 and using the identity 


and p, 


(s,v?- a -)s Stay = 0 (11.1.296) 
we obtain 
(sv sa ) (5; = aus) = 2 (VBaa — Barat) (11.1.297) 
Ox;0X; 3A + 2 
or 
eV — Subap = 24(V? Baa — Baba) (11.1.298) 


Also, by letting i = j = a in Equation 11.1.289 we get 


pp 


———— Sa S, ab = — eB 11.1.299 
3A + ln + Sab,ab pp ( ) 


Now, because of Equation 11.1.290, we get 


= = 1 F A+2u .: A+ 2p 
2 Bis a Babab) = pe | (Sinn Ba ea St) +p (st Ay 4, S. ) 


30+ 2u 3h. On. OP 
(11.1.300) 
and 
Big (6 5) (11.1.301) 
aa p 3r +2 aa aa mie 


Hence, substituting Equations 11.1.300 and 11.1.301 into Equations 11.1.298 and 11.1.299, 
respectively, and eliminating Sa ab» WE atrive at the single equation for S32 


pe NS ma ra 
Vos Sa (11.1.302) 
cy 
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where 


f= 89? 0 cae rt 
‘i aa A P aa a2 ab,ab 32 fe Qu aa,bb 


REO 
+p? (Su = Ne it.) (11.1.303) 


(3A + 2p) lo (s: A+ 2 59 ) 
p 


Also, by substituting Equations 11.1.300 and 11.1.301 into Equations 11.1.298 and 
11.1.299, respectively, and eliminating S,,, we arrive at the simple equation for Sgy,ay: 


(v = =) Sa = g (11.1.304) 
1 
where 
8 = Sina + PStran (11.1.305) 
Next, if we introduce the notation 
Ay = 2pc3p"B ia (11.1.306) 


then it follows from Equation 11.1.290 that 


Hie Si et eee (11.1.307) 
y (ia,aj) 3A +2u aa, ij P (ia,aj) 3A + 2u aa,ij See 


Finally, substituting Equations 11.1.302, 11.1.304, and 11.1.306 into Equation 11.1.295, 
we arrive at 


Re (ee pee ee A Pea TO (11.1.308) 
ee Ne Si 4 tae C ie ee i 


Hence, on account of Equations 11.1.303, 11.1.305, and 11.1.307, Fy is expressible in 
terms of tye St; and p. 

Now, to obtain Soa, Sapp, and S(iaqj) in the space-time domain, we use the results of 
Theorem | of Section 11.1.4.1. 


First, to obtain S,, we rewrite Equation 11.1.302 in the form 


2 1 2\ oh 
Sia = -5 (v = ) Zi (11.1.309) 


cy 


By applying the operator L~! to this equation and using the formula (see Equation 11.1.280) 


L" 1 v2 a * — 
-3(V-2) ep = Maule) (11.1.310) 
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that is valid for any function g = g(x) on Q, and Equation 11.1.303, we find 


: 0 
Saa(X, t) = tMyxit (Sia) ~ ar [Maer (Soa) | 


3A +2 4D 
+ sce J v [Maa Ce Bee Ss ) 
0 


p 30 + 2u aa,bb 


A+2u 
+ (1) Meee (Si. = oh St) | dt (1.1.31) 


Next, to find S,»,, we rewrite Equation 11.1.304 in the form 


= 1 2\71 
Sabab = — (v - ) z (11.1.312) 
Cc 


By applying the operator L~' to this equation and using Equations 11.1.305 and 11.1.310, 
we atrive at the simple result 


. 0 
Savab(&t) = tMyerr (So,a6) + - [Miraax(S2,)| (11.1.313) 
Finally, to get Siiaaj,, we reduce Equation 11.1.294 to the form 


= 1 p DN fp. 1 py 
Stas) = —al(V—-a) (Ve -S a hy tty)-a(V-S) 
w= al("-&)("-3)| (Gaagtetes)-a(%-B) 

(11.1.314) 


Since, for any function = h(x) on Q, 


a a EN ea 
(v 5) (* | pe (are) 
aa py)" 
x (v- 2) new) - (v2) h(x) (11.1.315) 
Ce eS 


therefore, by applying the operator L~! to Equation 11.1.315 and using the formula 11.1.310 


we get 
2 IN oqa1 
e([(-S)(@-3)] | 
CT C3 


22 
C15 


2 
1 


2: 
— 65 


fe —1)t {PO Mgeir(h) — OMyeye()} dt (11.1.316) 
0 


Note that an alternative form of Equation 11.1.316 reads 


2 ae Na pope 
L! {[( = ) (v° = 4] F0| =5 1 at [e{Maey1(h) — Maege(h) | 


1&2 
(11.1.317) 
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Hence, by applying the operator L~! to Equation 11.1.314 and using Equations 11.1.303, 
11.1.305, and 11.1.307, as well as the inversion formulas 11.1.310, 11.1.316, and 11.1.317, 


we arrive at 
t 
Stiaaj)(X, ) = fe = E)t le Mie (F5) a OMyeye (Fi) | dt 
0 
t 
+ ft lei Myeye (Ff) — Maege (F9)] dt 
0 
+ t [ei Macyt (Gi) — Maco (Gj) 
0 
+ ttle Maer (Gi) — Maco (Gi) I} 
. ) 
+ Macy (i9) + 5 [Mace (2)] 
where 
2 
rf — | a a) : 
Fi ae (tau C3 a eC 32 ati Qu it) ol] 
0 (co _ ct a 0 i 
Fi a4 (sta ¢ ee 3 3). at Qu Stu) ol 
0 1 Xr fy 
a — 3A+2y 
0 1 r 0 
se ci — 5 3A +2 Sai 
, ‘ Xr , 
if = ous ~~ 3n Ee Qu Sie 
and 


Xr 
0 _ A 0) 
ij = S ia,aj) = vee Qu aa,ij 


As aresult we formulate the following theorem: 


(11.1.318) 


(11.1.319) 


(11.1.320) 


(11.1.321) 


(11.1.322) 


(11.1.323) 


(11.1.324) 


Theorem 2: A solution to the stress initial value problem 11.1.284 and 11.1.285 takes 
the form 11.1.287 in which S,,q, and S(iaqj) are given by Equations 11.1.313 and 11.1.318, 


respectively. 


Note: 


The problem described by Equations 11.1.284 and 11.1.285 cover both a conventional 
formulation of elastodynamics in which the initial strain and strain-rate fields, associated 
with the initial stress and stress-rate fields through Hooke’s law, satisfy the strain and strain- 
rate compatibility conditions at t= 0, and a formulation of elastodynamics with defects in 
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which the initial stress and stress-rate fields do not satisfy compatibility conditions. Hence, 
a solution in the form 11.1.287 is valid in both the conventional and nonconventional 
elastodynamics. 


11.1.4.3 The Volume Change Waves Produced by an Initial Spherical Pressure in 
a Homogeneous Isotropic Infinite Elastic Solid 


Assume that the initial stress and stress-rate fields in the problem 11.1.284 and 11.1.285 
take the forms 


S)(x) = —p 5;H(a — |x\) (11.1.325) 
S(x) =0 (11.1.326) 


where p > 0 and a> 0 are prescribed constants, and H = H(x) is the Heaviside function. 
This means that at the time t=0 a uniform pressure of magnitude p is applied inside the 
sphere with center at x =0 and with radius a, while the exterior domain of the sphere is 
kept at a zero stress level. 

The discontinuity of \y across the spherical surface |x| = a implies a discontinuity of the 
associated initial strain field 


Poi 


E(x) = ——_1—_ 
ij X) 3A +2u 


H(a — |x|) (11.1.327) 
and this amounts to the existence of an initial defect in the infinite body. 

The stress waves produced by the initial spherical pressure in the body may be studied 
using the stress representation formula 11.1.287 in which S(,,,;) 1s restricted to the initial 
conditions 11.1.325 and 11.1.326. In the following, we discuss the associated volume 
change waves only, that is, the waves described by the field E,,(x, t). To this end we take 
trace of Equation 11.1.287 and obtain 


3A+2u ¢ 
Saa(X, t) = S° (x) + 18°, (x) + eee fe — T)Sabap(X, T) AT (11.1.328) 
p 0 


Substituting S,,4,(x,t) from Equation 11.1.313 into Equation 11.1.328, and using the 
volume change formula 


1 
Eqa(X, t) — ah ay, Saa(X; t) (11.1.329) 


leads to 


1 : 
Eaa(X, t) = 3.4 2p [S2.(x) + 189,(x) | 


a, a 
~ ; Je —t) TMaeyt (Sosan) + re [eM (se)1} dt (11.1.330) 


Note that Equation 11.1.330 holds true for the arbitrary initial stress and stress-rate fields. 
By restricting this equation to the initial conditions 11.1.325 and 11.1.326 the simple 
volume change formula is obtained 
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t 


: 1 
E,q(X, #) = S®(x) + 5 |e Myas (Sia) de (11.1.331) 
0 


1 
3A + 2 
Hence, an analysis of the volume change waves produced by the initial spherical pressure in 


the infinite body has been reduced to that for the integral on the RHS of Equation 11.1.331. 
To discuss the integral we rewrite Equation 11.1.325 in the form 


S0,(x) = —pSa,H(a — R) (11.1.332) 
where 
R= |x| (11.1.333) 
Hence, we have 
S° (x) = —3pH(a — R) (11.1.334) 
S°, ,(X) = —p8q(—Ry)5(a— R) =p > 5(R —a) = = 3(R —a) (11.1.335) 
and 
0 3p R, 
Sibab(X) = m7 ar =a) A é(R- a (11.1.336) 


and, by using the definition of the mean value of a function over the surface of a ball with 
center at x and with radius c,T, we get 


Qn 1 


0 = 3p 
Mxeys (Stat) = qo i i sux +nc;t| — a) 


1 
+ 3x + nc,t|d'(|x + nc; Tt| — a| sin 6 dé dp (11.1.337) 


where 


n = [sin@ cos @, sin @ sin g, cos 6] (11.1.338) 
In the following, we compute the function Eu (x,t) at x =x, =0, and x =x, = (0,0, —/A) 
(h > a) for every t > 0. 


11.1.4.3.1 Case 1: Analysis of the Volume Change Waves at the Center of the 
Spherical Pressure Inclusion 


By letting x = 0 in Equation 11.1.337 we find 


Qn 1 


3 1 
Moet (Sosas) = — : J [ster =a) + zeit8'(cit — a| sin 6 do dy 


3p Deh 
= — | d(cjt —a) + qeue) (ct — a) (11.1.339) 
a 
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Hence 
; 3p ( 1 
f Moye (9,0) dt = — f t [ster — a) + ze: 8'(c1t — a dt (11.1.340) 
, a 
0 0 


Since 


t cyt-a 


f cd(eit —a)dt = ao J (u + a)3(u)du 
Ce 


0 I _g 


1 cjt—a 
= ai (s- “) ij (u+a)8(u) du = Sa(e- “) (11.1.341) 
CVS CT c 


Cy 1 


and 


t c\t—a 
1 

f 18 (cyt —a)dt = = i (u + a)*d'(u) du 
ied 


0 


u=—a 


cyt—a 
= ea c +a)’8(u)|*_“* —2 ji (u + a)8(u) | 
cy 


—a 


Mill aos a 
= 4] ¢6(cit — a) — 2aH | t-— — 
Cc) Cj 
1 [a a a 
==4|—6|(t- —])-2aH|t- — (11.1.342) 
C7 Le Ci Cy 


therefore, Equation 11.1.340 takes the form 
; a a a 
J Mocs (S73) @t = ia Ei (: — “) +—5 (: - “)| (11.1.343) 
5 ' Cy Cl Cj Ci 


Substituting Equation 11.1.343 into Equation 11.1.331 taken at x=0, and using 
Equation 11.1.334, we get 


A 3A 4+ 2u a a a 
Ea(0,t) = —E*, }1 — ———~ |# [t-—] + —6(t-— (11.1.344) 
3(A + 2) fon C| C1 


where 


3 
pS (111.345) 
3A + 2u 
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ee A 
cua (0,t)/Ega 


FIGURE 11.7 The volume change at the center of spherical pressure inclusion as a function 
of time. 


The function [Ee (0, t) /E:, | for t > 0 is shown in Figure 11.7. It follows from Figure 11.7 


that the volume change Es (0, t) is negative and equal to the initial value (—Ex,) over the 
interval 0 <t< a/c); it jumps to +00 at t=a/c,; and attains a negative value greater than 
the initial value over the interval t > a/c). The value of the function E,,(0, t)/E%, att =a/c, 


is shown in Figure 11.7 by a vertical semi-infinite line. 


11.1.4.3.2 Case 2: Analysis of the Volume Change Waves at a Point Lying outside 
of the Spherical Pressure Inclusion 
By letting x = x, = (0,0, —h) (A > a) in Equation 11.1.331 we find 
‘ ae 
Fg ( 200) = = if tT Muay eit (onan) AT (11.1.346) 
0 
To compute the integral 11.1.346 we need to find the length of the vector y = x, -+ncjT (see 


Equations 11.1.337 and 11.1.338). To this end consider the situation shown in Figure 11.8. 
It follows from the definition of n (see Equation 11.1.338) and from Figure 11.8 that 


ly| = jie — 2c\thcos 6 + cir? (11.1.347) 


where @ has the same meaning as in the integral 11.1.337 in which x = x. Therefore, the 
integrand in the integral 11.1.337 at x = x, is independent of ~, and we have 


3p c 1 ; ; 
M pie NS ds) J sy —a)+ zlvls (ly| — a sin 0 dO (11.1.348) 
0 


where |y| = ly|(@, T) is given by Equation 11.1.347. 
To compute the integral 11.1.348 we let 
u(O,t) = |y| —a (11.1.349) 


and, because of Equation 11.1.347, 


cth . 
du = v1 sin 6 d@ (11.1.350) 
y 
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n*3 


F(0,0,-h) = x, 


FIGURE 11.8 The sphere at center x, and of radius c,t intersecting the spherical support of the 
initial stress at center x = 0 and of radius a for (h — a)/c, < tT < (h+a)/c,. 


or 


ag Ol ee (11.1.351) 
cith cith 


Hence, the integral 11.1.348 can be reduced to the form 


|h+ce,t|-a 
3p 1 
0) 2 
My ¢11 (Sonus) = Dacich, J c + a)d(u) + 3 +a)°d «| du (11.1.352) 
Since h > a, therefore 
|h+ce4t|—a 
a h 
J (w+ «89 du = alt (“ r- =) (11.1.353) 
cl c\ 
|h—c,t|—-a 
and 
|h+e,t|—a 
(u + a)?5'(u) du 
|h—c,t|—-a 
\ht+ce,t|—a 


= ; (u +.a)*6(u) |“ 2 if (u + a)d(u) du 


u=|h—c,t|—a 


5] 2( ). (| h 
=—--/—|{tr——) 6{ |r-— 
3/a Cc} Cy 


|h—cyt|—a 


2 “) +2H (4 a 
Cj Ci 


(11.1.354) 


634 The Mathematical Theory of Elasticity, Second Edition 


Hence, substituting Equations 11.1.353 and 11.1.354 into the RHS of Equation 11.1.352, 


we find 
2 
Dp a h Cy h h a 
EMegs ia OS" =. .=— |H{(—-|r- = CS 6(jr-——]-— 
se ( wba) Z| & Cj ) a ( *) ( C\ *)| 
(11.1.355) 
and, using Equation 11.1.346, the volume change formula has the form 
t 2 
im h h h 
Eaa(X2,t) = i fja(S-|- )-2(- ) a(}e-]-4) at 
2pcih Cy Cy a Cy Cc} Cy 
(11.1.356) 


To calculate the integral on the RHS of Equation 11.1.356, we introduce the partition of 
time interval 


(0,00) = |, “=*) uJ 2—*, #2) u[*** oo) (11.1.357) 
Cc 


1 ci an ci 


and consider the three cases corresponding to the three subintervals in Equation 11.1.357. 


h- 
Case (i): 0 <t < 


In this case 


—a h 
O2rere pees (11.1.358) 
Ci Cj 
Hence 
h 
pears | (11.1.359) 
c\ 
and 
h ie 
Pc Nip ela ese) (11.1.360) 
Ci Cj Ci 
i Be 
a(<- r-2))=u(c- *) <0 (11.1.361) 
Ci Ci Ci 
h pe 
5(|p- = -*) <5(e- *) =0 (11.1.362) 
Ci Cj Cj 


and, from Equation 11.1.356 we find 


h-a 


E,,(X%,t)=0 for0<t< (11.1.363) 


Cl 
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h—- h 
Case (ii): 2 <t< pili 
C\ Cl 
This case will be resolved into the two subcases, (ii 1) and (ii 2). 
h—-a h 
Subcase (ii 1): <t<— 
Cj Cy 
In this case 
h 
0<t<t<— (11.1.364) 
an 
hence 
h 
tT—— <0 (11.1.365) 
cl 
and 
t (h—a)/cy t 
fijac= [ (jat+ fo tar (11.1.366) 
0 0 (h—a)/c1 


where {-} stands for the integrand in Equation 11.1.356. Now, the first integral on the RHS 
of Equation 11.1.366 vanishes because of the relations 11.1.359 through 11.1.362. The 
second integral in Equation 11.1.366 takes the form 


t t 2 
h- h h- 
i {Jdt= ih la («- “)-2 («- ) 3(r- ‘)| dt 
Cl a Ci Cy 
(h—a)/c 1 (h—a)/c 1 


t—(h—a)/c 1 


a h h 
es i [Hw = “a0 | du =H(+- ~) (:- *) (11.1.367) 
Cy Ci C\ 


(0) 


Hence 
x Dp h h-a h 
Eg (Xt) = t-—— for <t<— (11.1.368) 
2pc\h C\ Cc) C\ 
h h 
Subcase (ii 2): — <t < te 
ci cj 
In this case 
t (h—a)/cy h/cy t 
[thar = ii {jdt+ ii {}dr + f (ar (11.1.369) 
0 0 (h—a)/c} h/cy 


The first integral on the RHS of this equation coincides with the first integral on the RHS 
of Equation 11.1.366; hence it is equal to zero. The second integral takes the form 


h/cy a/cy 


a 
J {dt = il [Hw = “ sw) du =0 (11.1.370) 


(h—a)/c 1 0 
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Finally, the third integral on the RHS of Equation 11.1.369 takes the form 


t t 2 
{ Qar= f Fr caiaicaeeen eee ei) ary premenc clinica 
Cy a Cy Cy 


h/cy h/cy 
a/cy 3 t—(ht+a)/c 1 4 2 
as ii H(wdu — = if (v4 “) 8(u) dv 
a Cj 
(h+a)/c,—-t —a/cy 
h h 
-i-( ren t)ar-2 (11.1.371) 
Cj Ci Cy 


Hence, it follows from Equations 11.1.369 through 11.1.371 that 


A Dp h h h+a 
E,g(X, t) = t-—— for —<t< (11.1.372) 
2pch Cy Cy 


and, from Equations 11.1.368 and 11.1.372 we find 


. h pe h 
CO a em e seteaian) ae (aac (11.1.373) 
2pcih Cl Cy Cy 
h 
Case (iii): tf > a 
cj 


In this case we obtain 


t t 2 
ftjar= J [w(*#2-s)-2(--4) a(r- 42) dt 
} Ci a C C1 


(h/c)1 
a/cy : t—(ht+a)/cy P 2 ‘ - - 2 
= fHwau-2 f (v+“) swdv= 4-2 (4) = 
0 a —a/cy Cc} Cy a Ci 
(11.1.374) 
As aresult we have 
h-a 
0 forO <t< 
Cl 
a h h— h 
E,,(%,t)=4—P — (4- jp ee (11.1.375) 
2ecih C} Cl C 
h 
0 fort > ia 
cy 


The function f(¢) = E,,,(X, t)/(p/2pci;h) is shown in Figure 11.9. It follows from 
Figure 11.9 that except for t=h/c; at which the volume change reverses its sign from 


: oe : h-ah+a 
negative to positive values, the interval ( ‘ ) represents a support of the volume 
Cj Ci 


pjwstk|402064] 1435597756 
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* fo) 


FIGURE 11.9 The volume change at a point outside of the spherical pressure inclusion as a 
function of time. 


change at x = x). This means that an intersection of the spherical surface at the center at x, 
; wee ; h—a h+a 
and of radius c,¢ with the initial stress spherical support is not empty for <t< 
C1 C1 


(see Figure 11.8). 

Finally, we note that the analysis of Cases (1) and (2) is representative for a discussion 
of the volume change waves, since the pure stress initial value problem, described by 
Equations 11.1.284 and 11.1.285 in which the initial stress and stress-rate fields are given 
by Equations 11.1.325 and 11.1.326, referred to the spherical coordinates with the center at 
x= 0, has a polar symmetry. The case 0 < h < a, when a point of observation of the waves 
lies inside of the spherical pressure inclusion, may be treated in a way similar to Case (2). 


11.1.5 THE ELASTIC WAVES GENERATED BY A PRESSURIZATION OF A SPHERICAL 
CAVITY IN AN INFINITE BODY 


11.1.5.1. The Elastic Waves Generated by Suddenly Applied Uniform Pressure on 
a Spherical Cavity in an Infinite Medium 


Consider an initial-boundary value problem of homogeneous isotropic elastodynamics in 
which we are to find an elastic process corresponding to zero initial conditions and a 
suddenly applied uniform pressure py > 0 on the surface of a spherical cavity of radius 
r=a in an infinite solid (see Figure 11.10). 


FIGURE 11.10 Spherical cavity subject to uniform pressure. 
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Since the pressure is uniformly distributed over the cavity surface, the elastic process, 
referred to the spherical coordinates (r, y, 8) with the center at the cavity center, has a polar 
symmetry, which means that 


s=s(r,t) =[ucr,t), E(r,t), S70] (11.1.376) 
where 
u(r, t) = [u,(7, 1), 0,0] (11.1.377) 
| E,,(r, 0) 0 0 | 
E(7, t) = 0 Ewe 0 (11.1.378) 
0 0 Eoo(r, t) | 
and 
| S,(r, t) 0 0 
S(r,t) = 0 Sop) 0 (11.1.379) 
0 0 Soa (r, t) 


As a result, a solution to the problem satisfies the following set of equations: The strain— 
displacement relations 


Ou, Uu; Uu;, 
= ug a eae Ege ae 


ar” r r (11.1.380) 
Eyp =E~ =E,=0 forr>a,t>0 


the equation of motion 


OS; (S,, a Soo) 07u, 
2 — 
or i r e ar? 


forr>a,t>0 (11.1.381) 


the constitutive relations 
Sr = 2E, +ACE, Sop = 2UEg +AtrE 
(11.1.382) 
Soe = Soo, Srp = Sw = Soo = 0 forr>a,t>0O 
the initial conditions 
u,(r,0)=0, u,(r,0)=0 forr>a (11.1.383) 


and the boundary condition 


S,,(a,t) = —poH(t) fort > 0 (11.1.384) 


pjwstk|402064| 1435597755 
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where H = H(t) is the Heaviside function. In addition, the solution is to vanish as r > co 
for every t > 0. 
To find the solution we let 


u,(r,t) = “ (11.1.385) 


where ¢= (r,t) is a scalar potential defined for r>a, t>0. Substituting of Equa- 
tion 11.1.385 into Equations 11.1.380 yields 


ob 1 0¢ 1 0d 
E,,= =>, Ego=-—, Eu =-— 11.1.386 
or ry Or + or ( ) 
Hence, we write 
trrE=V’¢ (11.1.387) 
where 
0? 20 
W=— 4+ 11.1.388 
or = r or ( ) 
and, using Equations 11.1.382, 11.1.386, and 11.1.387, we get 
02 
Si, = 2 oe +,1V7o (11.1.389) 
or? 
lo 
Si So Wages (11.1.390) 
r or 


Also, substituting u, from Equation 11.1.385, and S,, and Sgg from Equations 11.1.389 and 
11.1.390, respectively, into Equation 11.1.381 we arrive at the equation of motion in the 
form 


a5, 9 (#@ 
(A+ 21) (V9) = pa (55) (11.1.391) 


Clearly, this equation is satisfied if @ is a solution of the wave equation 


Vv? ee ¢=0 (11.1.392) 
Ci 0r 7 . 
where 
1 
eee (11.1.393) 
cy A+2u 


Since an equivalent form of Equation 11.1.392 is 


le 1 0 
ap (?) = 


Cor 


(rd) =0 (11.1.394) 
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then a solution to the problem is obtained if @ satisfies the equation 


a? 1 0? 
gO) — 2 ap) =0 forr>a,t>0 (11.1.395) 
the initial conditions 
o(r,0)=0 forr>a (11.1.396) 
b(r,0)=0 forr>a (11.1.397) 


and the boundary condition 


ep A vo 
2 or. ae @ OP ie =-—poH(t) fort>0 (11.1.398) 
In addition, @ = ¢(r, t) and its partial derivatives of a finite order should vanish as r > oo 
for every tf > 0. 
To solve the problem 11.1.395 through 11.1.398 we use the Laplace transform technique. 
Let ¢ = $(r, p) be the Laplace transform of @ = @(r, t) with respect to time f¢, that is, 


(oe) 


Lo = 6(,p) = fevoc, tdt (11.1.399) 


0 


where p is the transform parameter. Applying the Laplace transform to Equations 11.1.395 
and 11.1.398, respectively, and using the homogeneous initial conditions 11.1.396 and 
11.1.397, we find 


ne 
—s -a)lro@p)}=90 forr>a (11.1.400) 
(= -) | 
and 
OG. Ws ge 
(20 ie + =p i) = —P (11.1.401) 
fe Orgs - p 


Hence, a solution of Equation 11.1.400 that vanishes as r — oo takes the form 


P 
err 


b(r,p) =A 


(11.1.402) 


where A is a constant. Next, substituting ¢ from Equation 11.1.402 into the boundary 
condition 11.1.401, we obtain 


P 


aa 


a Po e“l 


pp (p+a)?4+ BI] 


(11.1.403) 


Solutions to Particular Three-Dimensional (IBVPs) of Elastodynamics 641 


where 
2 2 Xr 
ete pee ORE (11.1.404) 
A+2u a aV prA+2u 
or 
1-2 V¥1—2 
wes py Fphetee eee (11.1.405) 
l-va l1-—v a 
Here v stands for Poisson’s ratio. 
It then follows from Equations 11.1.402 and 11.1.403 that 
= Po (a\ 1 eae? 
(r,p) = -— (=) Spe (11.1.406) 
PNPL DP Pa PA 
By applying the inverse Laplace transform to this equation gives 
Po (a 1 ea 
L'{¢}=¢=-— (<) Tes (11.1.407) 
p \r Plp+a) + B?] 
Since 
1 in Bt 
ie {| ag ee (11.1.408) 
eo) ae oe B 
and 


—P (ra) 
cy — 
‘ha |: | =(+- id *) (11.1.409) 
P Cy 


where H(.) is the Heaviside function, then, by the convolution theorem, we find 


1 nee 
PY ee eta 2, (: ao *) it e- sin Bt dt (11.1.410) 
pr 


0 


By using the formula 


— Sry p (sin Br + Bos Br) (11.1411) 


Ice sin Bt dt = 


Equation 11.1.407 is reduced to 


_— pa il _roa . _ro-a 
d(r,t) = 5 a(t B yf! feos ( 5 ) 


a. r—a r-—a 
+ & sing (1 ) exp |-« (:- )]| (11.1.412) 
B Cj Cj 


642 The Mathematical Theory of Elasticity, Second Edition 


Now, since 
maar = am ; =V1-2v (11.1.413) 
therefore, 
o(r.t) = ~ Pig [1 — (cos pi + VI 2vssin fi) e*] (11.1.414) 
where 
?=1-*—* (11.1.415) 


By substituting ¢ = ¢(r, f) from Equation 11.1.414 into Equations 11.1.385, 11.1.389, and 
11.1.390 we find, respectively, 


3 A x A 
vet tae ° H(i) [1 ~ (cos Bi + JT — 2vsin Bie +2 (<) VT —2vsin pie~“'| 
(11.1.416) 


S,(r,f) = —po (*) H®) [ — (cos Bi ++ V1 — 2v sin Bie 


5 (£) V1 —2vsin Bie + (-) (cos 6? — VT — 2vsin pe 
a 
(11.1.417) 


and 


Sort) = (2)" HO — (cos Bi + VT = 2vsin Bie 


42 ) JT —2vsin pie? — — (“) (cos 6? — JT — 2v sin pe" 
(11.1.418) 
Hence, we have 
trS = S,, + 28jp = (34 + 2u)trE 
l+vea x " Soc hn aeth 
= =P (=) H(@ (cos 67 — V1 — 2vsin Bie (11.1.419) 
S,,(a, t) = —poH (2) (11.1.420) 


and 


a | 


Soo(a,t) = SHO [ = a gape Ta Ou sin pe | (11.1.421) 
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To obtain the strain tensor components, note that by substituting ¢ = @(r,t) from 
Equation 11.1.414 into Equations 11.1.386 we arrive at 


r 


nene 5 (*)'n0|1 ~ (cos 7 + V1 — 2Qvsin Bie“ 


+2 (-) ail = 20 Sint Bie + . a (4) (cos bi sa/l =2ysin pe 
“ : (11.1.422) 
and 
Ego (ty) = Eyg(t.t) = a (7) HO — (cos Bi + V1 — 20 sin pie“ 
+2(2) vI=Bisin pie| (11.1.423) 


Thus, the elastic waves produced by a suddenly applied uniform pressure on the spherical 
cavity in an infinite medium are represented by the process (see Equations 11.1.376 through 
11.1.379) 


s(r,t) = [u(r,t), E(r,t), Sr, 0)] (11.1.424) 


where u, FE, and S are given by Equations 11.1.377, 11.1.378, and 11.1.379, respectively; in 
which u, = u,(r, t) is obtained from Equation 11.1.416; E,, = E,,(r, t) and Egg = Epa (r, t) are 
given by Equations 11.1.422 and 11.1.423, respectively; and S,, = S,,(r, t) and Sgg = Soe (r, t) 
are obtained from Equations 11.1.417 and 11.1.418, respectively. 

It follows from these formulas that 


s(r,t) > 3(r) ast > 00 (11.1.425) 
where 
3(r) = [a(7); EW), SO] (11.1.426) 
a(r) = ap (2) 1.0.9 (11.1.427) 
<i. 20: 1 
Bn) = a () 0 1/2 0 | (11.1.428) 
0 0 1/72 
and 
i e- 
Sir) = —pp (*) 0: 19s 0 (11.1.429) 
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Then, the dynamic process s=s(r,f) approaches an isochoric elastic state 5 = S(r) as t 
tends to infinity. 


11.1.5.2 The Periodic Vibrations of an Infinite Elastic Solid with a 
Spherical Cavity 
Suppose that a uniform time-periodic normal pressure is applied to the boundary of a 
spherical cavity in a homogeneous isotropic infinite elastic solid (see Figure 11.11). 
Let the period of the load be T = 277 /@o, where wp is a prescribed frequency (wy > 0). 
We look for a time-periodic elastic process with polar symmetry of the form 


s(r,t) = 8(r, wpe 0" (11.1.430) 
where 
3(r, @) = [(r, @), E(r, a), S(r,a)] (11.1.431) 
i(r, ) = [4,(r, @o), 0, 0] (11.1.432) 
E,,.(r, @o) 0 0 
| 0 £,,(r, a») 0 | (11.1.433) 
0 0 Exa(rs on) 
and 
pee 0 0 | 
S(r,o) =| 0 0 (11.1.434) 


Si (r, @o) 
| 0 0 Soo (, a 


Po exp(—iwot) 


FIGURE 11.11 A uniform pressure pp on the surface of a spherical cavity r = a oscillating with 
a frequency wp. 
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Note that the actual time-periodic elastic process that has a physical meaning may be 
characterized by either the real or imaginary part of the right-hand side of Equation 11.1.430. 

It follows from Equations 11.1.380 through 11.1.382, and 11.1.385 through 11.1.394 
that such a process is generated by a displacement potential 


(r,t) = P(r, woe" (11.1.435) 


where db = br, @o) satisfies the field equation 


a F 
(S+#) (ro) =0 forr>a (11.1.436) 
z 


subject to the boundary condition 


ad : 
2s Ce Kid Te (11.1.437) 
dr? 
and suitable vanishing conditions at infinity. Here, 
kee (11.1.438) 
an 


A general solution to Equation 11.1.436 takes the form 


se efkir a evr 
P(r, a) =A +B (11.1.439) 
r 
where A and B are arbitrary constants. Since the function 
a ; ewer eo itky r+aot) 
P+ (7, Wp) = e’ —— = ———_ (11.1.440) 


r 


represents an incoming wave, that is, a spherical wave propagating from r = oo tor =a, 
while the function 


os ; elk r elk r—wot) 
b_(r, @y) = e 0" = (11.1.441) 
r 


r 


stands for an outgoing wave, that is, a wave propagating from r=a to r=oo, and no 
spherical waves are sent from infinity, we let B = 0 in Equation 11.1.439, and obtain 


a efkir 


b(r, a) =A 


(11.1.442) 


A comparison between the functions @(r, p) and or, @o), given by Equations 11.1.402 and 
11.1.442, respectively, as well as between the boundary conditions 11.1.401 and 11.1.437, 
respectively, leads to a conclusion that 


P(r, ©) = [po(rp)], (11.1.443) 


=— iw 
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Thus, in view of Equation 11.1.406, we find 


A po(a elk -@ 
: = 11.1.444 
A aaa, (<) [e= ion ee] 


where a and £6 are given by (see Equation 11.1.405) 


1-2 V1—2 
poe. oS (11.1.445) 
l-va l1-—v a 
An alternative form of b = br, @o) is given by Equation 11.1.442 in which 
me Po etka 
Pp  [(@ — iw)? + B*] 
By differentiating Equation 11.1.442 we obtain 
dp A . 
ae ——(1 — ikyr)e™” (11.1.447) 
or r? 
arg A . ikyr 
aa at ter are (11.1.448) 
Hence, 
Vo = Ko (11.1.449) 
and 
ag 1 —ik 
ee es a cece (11.1.450) 
dr pp 1 [(a — iw)? + B*] 
i ao a po (2—2ikir— Kr?) _, 
E,,(r, @o) = =- ep 11.1.451 
0) = 32 5B [la ion) + BN 
: ; 1 a¢ 1—ik 
EG) = tS oe SI, GS) 


r dr p PF [(a— iw)? + B?] 
The stress components are 


S.(r, Oo) = 2WE,,(r, oy) + AtrE(r, wp) 


eee @) [a? + B? — a (r/a)” — 2iawya (r/a)| 


Hea) 11.1.453 
Cer : ( 


r 
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and 


Scolr, Wo) = QE ge (r,@o) +2 trK(r, Wo) 


_ Po (a) {a? + B+ 2v/O1 = v)le% (r/a)" = 2iwoe 7/A)} ins 
_) ( ) [(a@ — imp)? + B?] , 


r 


(11.1.454) 


The real-valued time-periodic vibrations of an infinite elastic solid with a spherical cavity 
may now be derived from the formula 


S*(r, t) = Re[S(r, woe] (11.1.455) 


where 5 = S(r, wo) is given by Equations 11.1.431 through 11.1.434, and 11.1.450 through 
11.1.454. 
In particular, we find 


ur(r,t) =a 


Po (*) (at Bp?) 
4u \r [ (a? + p? - we)” + deojor | 


x {| +p? — >) + 2apar (=)| COS Wo (: nea *) 
Cj C\ 


yi | ( +B? — 2) (=) & 2a sin wy (: = — “)} (11.1.456) 
1 1 
and 


57.1) = —po (=) [(a? + 6? — 0%) + 4eRe2] 


2 = 
x {| (7 + B* — a) G + 6 — “) + soja COS Wo (: =e *) 
a a 


c\ 


2 — 
Dane | (0° + B* — a) - — (+e — 5) SiN Wo (- : “) 


c\ 


(11.1.457) 


ne a 1 
Spo (ts t) = 5 (*) IG rey. ee wR)” + 4opo?] 


2v Fr 
x {| (o? + 6° — of) (a+ p+ pay _ 


+ soja COS Wo (: ays *) — 2a [ (a? + om _ >) f 
a a 


an 


2 2 = 
= (a+ p+ hd we 5) |sinen (:- 4 “)} (11.1.458) 
l-v a Cl 
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By letting w) — 0 in Equations 11.1.456, 11.1.457, and 11.1.458, respectively, we have 


2 
U(r.) > in(r) 2a (Z) asa > 0 (11.1.459) 
4u \r 
A a 3 
S’ (r,t) > Si(r) = —po (=) as wo > O (11.1.460) 
r 
and 
A a 3 
St (7,1) > Syp(0) = (=) as wy > 0 (11.1.461) 


Hence, the harmonic process s*(r, t) approaches an isochoric elastic state S(r) if the period 
of vibrations T = 27r/a@p goes to infinity (see also Equations 11.1.425 through 11.1.429). 
Also, the formulas 11.1.456 through 11.1.458 take a simple form if @» = @*, where 


wo = fo? +p =2 (=) - — (—) (11.1.462) 


In this case, the result is 


7 Po (a\2 /2—2v w*r\? . r-a _ (o'r 
u(r,t)=a ( ) 1+ {—) sinjJo* (t- + tan 
8u \r 1—2v C} Cc} Cy 


(11.1.463) 


where uw; = u*(r, t) stands for u* = u*(r, ft) restricted to w) = w*. By letting pp = uw andr=a 
in Equation 11.1.463 we have 


2 (a5 20 — 
it*(a,t) = ee ” sin Serge =) (11.1.464) 
8 1—2v l-—v 


This implies the useful estimate 


Ses 
it (a,1)| < i —. ~ fort >0 (11.1.465) 
— ZV 


In particular, for v = 0.25 we get 
|a* (a, 1)| <0.33a fort >0 (11.1.466) 


Thus, in a problem of periodic vibrations of a homogeneous isotropic infinite elastic body 
with a spherical cavity of radius r = a, in which a uniform pressure po = yu oscillating 
with the frequency w* is applied to the surface r = a, a maximum amplitude of the radial 
displacement on r = a does not exceed 0.33a. 
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11.2. THREE-DIMENSIONAL SOLUTIONS OF NONISOTHERMAL 
ELASTODYNAMICS 


In Section 4.2.2, the field equations of a dynamic theory of thermal stresses were discussed. 
In particular, it was shown that for a homogeneous isotropic body an elastic process 
Ss = s(x,f) = [u(x, 1), E(x, 1), S(x, 4], corresponding to zero body forces and a temperature 
change T = 7(x, £), satisfies the following system of field equations (see Equations 4.2.53 
through 4.2.56): 

the strain-displacement relations 


E= 5 (Vu Vu") (11.2.1) 
the equation of motion 
divS = pil (11.2.2) 
the stress—strain—temperature relation 
S = 2uvE + A(trE)1 — GA+4+2W)aT1 (11.2.3) 


Here, u, E, and S represent the displacement, strain, and stress fields, respectively, and they 
depend on both x and ¢, with x € B and t > 0. The temperature field T = 7(x, ft) satisfies the 
parabolic heat conduction equation 


WT = ge: _2 (11.2.4) 
K K 
We recall that Q/k = W/k, where Q is a prescribed heat supply field, W stands for the 
internal heat generated per unit volume per unit time, k denotes the thermal conductivity, and 
« means the thermal diffusivity. We note the dimensions: [Q] = K/s and [W] = N/(m’s). 
It was shown in Example 4.2.4 that a particular elastic process of the theory is generated 
by a scalar potential ¢ = #(x, t) through the relations 


u=Vo (11.2.5) 
E=VV¢ (11.2.6) 
S = 2u (VV¢ — V’°¢1) + pd (11.2.7) 


where ¢ satisfies the nonhomogeneous wave equation 


io = mT (11.2.8) 


with 


5 1 0° BA ae 1 A+2u 
~ 


ae 11.2.9 
ear OS Ds G p ( ) 
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In this section, we use the potential process described by Equations 11.2.5 through 11.2.9 to 
obtain a number of solutions to particular initial-boundary value problems of the dynamical 
theory of thermal stresses for an infinite body. The solutions include (A) dynamic thermal 
stresses produced by an instantaneous concentrated source of heat in an infinite body, 
(B) harmonic vibrations of an infinite elastic body produced by a concentrated source of 
heat, and (C) dynamic thermal stresses produced by an instantaneous spherical temperature 
inclusion in an infinite body. The solutions (A)-(C) are presented in closed forms involving 
elementary and error functions. 


11.2.1 DYNAMIC THERMAL STRESSES PRODUCED BY AN INSTANTANEOUS 
CONCENTRATED SOURCE OF HEAT IN AN INFINITE BODY 


Suppose that a homogeneous isotropic infinite elastic solid, referred to a spherical coordi- 
nate system (r,¢,@), is initially at rest, and an instantaneous concentrated heat source is 
applied to the origin of the system at time t=0-+ 0. The temperature field T produced by 
such a heat source is then spherically symmetric with respect to the origin r= 0, that is, 
T =Tv(r,t), and satisfies the heat conduction equation (see Equation 11.2.4) 


1. r) 
VT a= pa 2 2 sy torr s 0, 1>0 (11.2.10) 
K K Amr? 
the initial condition 
T(r,0) =0 forr>0 (11.2.11) 


and suitable vanishing conditions at infinity. In Equation 11.2.10 6(r) and 4(¢) are, respec- 
tively, the Dirac delta functions of radius r and of time t, and « means the diffusivity, and 
Qo denotes the heat source intensity, and 


é(r) 
= 6(x1) 6 (x) 6(%3) (11.2.12) 

4a r? 
x; =rcosgsiné, x=rsingsind, x;=cosd (11.2.13) 
0<y<2n, 0<6<n, 0<r<o (1.2.14) 


An elastic process corresponding to the temperature JT = T(r, t) is described by a scalar 
potential ¢ = (r,t) through the relations [see Equations 11.2.5 through 11.2.9 written in 
spherical coordinates (r.¢, @)] 


s(r,t) = [u(r,f), EG, 0), S(r, 0] (11.2.15) 
where 


u(r, t) = [u,(7, 1), 0, 0] (11.2.16) 
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E,,(r, t) 0 0 
E(r,t) = 0 Egoltst) 0 (1.2.17) 
0 0 Eoo(r, t) 
Sit) 0 0 
S(7,t) = | 0 Soo (Fr, t) 0 | (11.2.18) 
0 0 Soo (1, t) | 
and 
u,(r, t) = “ (11.2.19) 
E,(r,t) = ae Fog(hst) =Ee(t,) = . “e (11.2.20) 
Si(r,t) = —4u : “ + pd 
Vb 1 7 (1.2.21) 
Syo(1,t) = Sea(r,t) = —2u (7s es *) + po 
The function ¢ = @(r, f) satisfies the equation 
(v- 55) o=mr forr>0,t>0 (£12,223) 
cy Of? 
the initial conditions 
o(r,0) = (7,0) =0 forr>0 (11.2.23) 


and suitable vanishing conditions as r > oo for every t > 0. 

Note that the homogeneous initial conditions 11.2.11 and 11.2.23 imply that at t=0 the 
body is kept at a constant temperature 6) > 0 (T = 6 — 6 =0 at t=0), and u,(r, 0) =0 and 
u,(r,0) =0 for every r > 0. 

To obtain a pair of functions (T, @) that generates the process s=s(r,t), we transform 
Equations 11.2.10 and 11.2.11, and 11.2.15 through 11.2.23 to a dimensionless form in the 
following way. Let Xo, fo, Qo, &o, and So, in this order, denote the length, time, heat source, 
potential, and stress units, defined by 


eo K 
xy=-, = 
Seats 0 a 
0 : (11.2.24) 
m 
Qo = x), do= a, = ui 
Xo to 
Introduce the dimensionless independent variables 
r t 
RS Ss SS (11.2.25) 
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and the dimensionless fields 


[Rays B26. Hae So 
A Uo 
E(R, Tt) le S(R, T) Ig (11.2.26) 
,T) = —E, 2 2: 
Eo So 
where 
Uy = Po. En = a (11.2.27) 
Xo Xo 
Since 
1 
8(r) = 8(%oR) = —8(R) (11.2.28) 
Xo 
and 
1 
8(t) = 8(tt) = ~8(t) (11.2.29) 
0 


therefore, the temperature problem 11.2.10 and 11.2.11 may be transformed to the 
dimensionless form. Find a function T = T(R,t) for r > 0, t > O that satisfies the 
equation 


TE ee oe 6(t) forR>0, t>0 (11.2.30) 
OT 4 R? 
the initial condition 
7(R,0)=0 forR>0O (1.2.31) 
and the vanishing condition 
T(R, tT) 20 asR~>+co fort>0 (11.2.32) 


In Equation 11.2.30 


eae ee 


= 11.2. 
OR? 5 ROR ( 2 


Similarly, Equations 11.2.15 through 11.2.21 are transformed to the dimensionless 
equations 


3(R, T) = [G(R,T), E(R, T), S(R, T)] (11.2.34) 


U(R, T) = [ir(R, T), 0, 0] (11.2.35) 
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Epe(R, T) 0 =| 
B(R,t)=| 0 — E,,(R,7) (1.2.36) 
0 0 Ege (R, vo. 
Srr(R, T) 0 
S(R, t) = 0 Soy (R, T) (1.2.37) 
0 0 Soo (R, an 
where 
; ad 
R,t)=— 11:938 
Uur(R, T) aR ( ) 
z ve » ‘ 1 a¢ 
Epr(R,T) = aR2’ Egy (R, T) = Ego (R, T) = R aR (11.2.39) 
and 
“ ap _1—2v 1 dd 
Ree Lt} 11.2.4 
Smt) = a ao ROR cee 
(RT) = Soo(R, 7) = Oa re (1.2.41) 
T T = aye 
See dt2 1—v \aR? ROR 


Here v stands for Poisson’s ratio. Finally, Equations 11.2.22 and 11.2.23 are reduced to the 
dimensionless form 


02 A A 
(v-<)é=t forR>0,17>0 (11.2.42) 
45 
$(R,0) = (R,0) =0 forR>0 (11.2.43) 
$(R,t) > 0 asR—>oco andt>0 (11.2.44) 


Since, in view of Equation 11.2.42, 


=T+ ae d (11.2.45) 
a dt? ROR me 


then, substituting a /OR’ from Equation 11.2.45 into the RHS of Equation 11.2.41, an 
alternative form of Equations 11.2.40 and 11.2.41 is established: 

, op 21-2) 1, 
Or? (op ke 


(11.2.46) 
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Thus, to find the stress components, it is sufficient to have the fields d, ir, and T. In the 
following, a pair (Tf) will be found by the Laplace transform technique. 
Let f = f(R, p) be the Laplace transform of a function f = f(R, T): 


(oe) 


L{f} =f (Rp) = f emer, t)dt (1.2.47) 


0 


where p is the dimensionless transform parameter. By applying the operator L to 
Equation 11.2.30 and using the homogeneous initial condition 11.2.31 we obtain 


SO: g..8 
(11.2.48) 


Vepras——, 
( P) in = 


Similarly, by applying the operator L to Equation 11.2.42 and using the homogeneous initial 
conditions 11.2.43 we write 


(V—p)¢=7T, R>0 (11.2.49) 


Hence, eliminating ? from Equations 11.2.48 and 11.2.49 leads to 


BR) pag 
(11.2.50) 


2 I 72 eo 
(V — pW -p\p=-T a, RE 


Now, note that for a positive parameter k, a solution of the equation 


of pie 5(R) 
(Vi —k)f(R,p) = - forR>0 (11.2.51) 
An R2 
that vanishes as R — oo takes the form 
- 6(R) eK 
R,p) = —(V? —k’)"! = 11.2.52 
F(R, p) ( ) tnR? ~ 4aR ( ) 


Therefore, letting p be a real valued positive parameter, and applying the operator (V?—p)~! 
to Equation 11.2.48 we get 


FRpSawtapt ae (1.2.53) 
vee P! 4nR 4nR vy 
To derive the function b — (R, PD), we apply the operator 
LOE APN Dre 
to Equation 11.2.50 and arrive at 
= -1 6(R) 
R,p) =— v2 — yp) (v2 — 1! 
(Rp) = —[(V° —P*) (VY —P)] Tae 
1 -1 -1) 6(R) 
=-— | (v= p*) "(v= p) |} 11.2.54 
oye ae). ae Se 
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Then, using Equation 11.2.52 we get 


b(R, p) = (11.2.55) 


Now, we note that [5,6] 


R R2 


L7' fev? | = e 4 (11.2.56) 
V4 73 
-Ryp 1 R R 
es {: = = ie erfc (= — v*) +e erfc (= + v)| (11.2.57) 
pif re 11.2.58 
[2 ]-«(&) os 
and 
L {F(R p)e*’} = f(R, t — R)H(t — R) (11.2.59) 
where, for any real valued x, 
erfe (x) = 1 — erf (x) (11.2.60) 
erf (x) = Sa a (11.2.61) 
ae 2. 
erfe (x) = 3 fer du (11.2.62) 
ae 3 


Here, erf (x) stands for the error function, erfc (x) is the complementary error function, and 
H (.) means the Heaviside function. Hence, by applying the operator L~' to Equation 11.2.53 
and using Equation 11.2.56 we get 


T(R, tT) = — e (11.2.63) 
An /4nt3 
Also, by using the decomposition 
: ee (11.2.64) 
pe—1) p-1 p i 
and the formulas 
-l 1 T 
L"'}——_t =e (11.2.65) 
p-1 


L ‘| =] (11.2.66) 
Pp 
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as well as Equations 11.2.55 through 11.2.59, we arrive at 


— 1) H(t —R) + erfe (==) — U(R, 0] (11.2.67) 
where 


U(R,T) = ; E ™Rerfc (= — vt) + e*erfe (= + v)| (11.2.68) 


To calculate the function @(R, Tt) we may differentiate Equation 11.2.67 twice with respect 
to T, or use the formula (see Equation 11.2.55 multiplied by p”) 


1 
~ 4nR fle® ARIE 


ewe] 


Since 


(11.2.69) 

L" {e-*} = 3(t — R) (11.2.70) 
therefore, application of the operator L~! to Equation 11.2.69 and using Equations 11.2.56 
through 11.2.59 gives 


b(R, = ar" —R) +e" *H(t — R)— 


R 

e * —U(R, 0] (1.2.71) 
V4r 3 

Finally, by differentiating Equation 11.2.67 with respect to R, we arrive at 


- (R,T) = are {fa + Rye™* — 1] H(t — R) 
+ erfc (=) — U(R, t) — RV(R, o} (11.2.72) 
and 
ag : 
a = ee [S(t — R) +e" “H(t — R) — U(R,1)| 
+ al [1+ R)e** — 1] H(t — R) 
+ erfe (=) — U(R,t) — RV(R, o} (11.2.73) 
Here, the function V = V(R, T) is defined by 
V(R,T) = ; E ™Rerfc (= — ve) — e'*erfc (2 + vi) (11.2.74) 
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Note that the pair (U, V) satisfies the relations 


U(R,T) = a V(R,T) 
(11.2.75) 


C) SRE: 
Oe ar U(R,T) — e 4 


By substituting the functions f. d, and 06/dR from Equations 11.2.63, 11.2.71, and 11.2.72, 
respectively, into Equations 11.2.46 we arrive at the stress components 


See(R,t) = aa — R) +e" "H(t — R) — U(R,t) -— = ef 
5a Soy. 4 i 
aay rate +R) e™* — 1]JH(t — R) 
+ erfe (=) — U(R,t) — RV(R, o} (11.2.76) 
Seo(R,T) = aS = _| se — R) +e *®H(t — R) — U(R,t) — et 
- oo plat met 1] H(t — R) + erfe a 


(1 — 2v) 1 
4n(1 — v) Jae” 


— U(R,t) — RV(R, o}- (11.2.77) 


Also, by substituting T and b from Equations 11.2.63 and 11.2.71, respectively, into the 
volume change formula 


rh=¢+7 (11.2.78) 
we find 


trE = _ [o(c — R) +e" *A(t — R) — U(R,T)] (11.2.79) 


11.2.1.1 Analysis of the Solution 


It follows from Equation 11.2.63 that the temperature change T =T(R,t) due to the 
instantaneous concentrated heat source in an infinite body has a diffusive character, which 
means that 7 “propagates” with an infinite speed throughout the body. The infinite speed 
paradox is temperated by the fact that T(R,t) > Oas R > oo for every T > 0. 

It follows from Equations 11.2.34 through 11.2.41, 11.2.46, and 11.2.71 through 11.2.79 
that the thermoelastic process § = 5(R, Tt) corresponding to the temperature T =T(R,t) 
takes the form 


S(R, T) = Sq(R, T) + 5,,(R, T) (11.2.80) 
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where $7—[a@,E@,S@] and §, = [a™, BE, $%] represent the diffusive and wave 
processes, respectively. For example, using Equations 11.2.72, 11.2.76 and 11.2.77 yields 


: 1 
a? (Rt) = — zy [+ Re — 1] AG — R) (1281) 
Siete Al Ae in ole eee CU) 
Sar (Rt) = 7 b(t Sea per {¢ Y Gp) 

x asl( + Rye" * — ul H(t —R) (11.2.82) 
So (Rt) = a 5(t —R) + aElis ager 
Peter 4nR 1— 4rR [1 - 

d es i le 
= aay eee Ne —R) (11.2.83) 


Therefore, 5,, represents a spherical wave in which t = R is a front propagating with a unit 
velocity from R = 0 to R = o. Let [[f]](R) denote the jump of a function f = f(R, Tt) 
across the front tT = R 


[If1(R) = f(R, R — 0) — f(R,R+ 0) (11.2.84) 


Then it follows from Equation 11.2.81 that 


~(w) 1 
[ae WR) = 7 (11.2.85) 


Also, it follows from Equations 11.2.82 and 11.2.83 that 


[Ste [] @ = aaltt “ —) 7 (1.2.86) 
lal OSs eR ai : po. = a) pears 
Since 
[a] (® =0 (11.2.88) 
therefore 
[la] (R) = _ (11.2.89) 


Hence, the radial displacement ig exhibits a finite jump across the front t = R. 
Also, since 


[Bal (R) = [52 | (R) =0 (11.2.90) 
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therefore 


[Sex|] = []Sie |] a er 


[Sf] @ = [5] @ 


Note that a delta profile in a neighborhood of the front t=R should be imposed on 
the discontinuities of § rR and ie across T = R to describe completely the behavior of the 
stresses in a neighborhood of the front t = R. For a time behavior of the radial displacement 
ir(R, T) as R + O we derive the formula 


1 
ip(R, T) > Bo asR—> 0 (11.2.92) 
A 


Finally, the thermoelastic process 5 = S(R, T) is transient in time, that is, for R > 0 
3(R, T) = [G(R,t), E(R,t), S(R,t)] > [0,0,0] ast > 00 (11.2.93) 


If the Dirac delta functions in Equations 11.2.76 and 11.2.77 are ignored, we arrive at the 
dynamic thermal stress components obtained to the authors’ knowledge for the first time 
by Witold Nowacki [7]. 


11.2.2 HARMONIC VIBRATIONS OF AN INFINITE ELASTIC BODY PRODUCED BY A 
CONCENTRATED SOURCE OF HEAT 


Assume that at the origin of the spherical coordinates (R, g, 6), located in a homogeneous 
isotropic infinite elastic solid, there acts a concentrated heat source, the intensity of which 
varies harmonically with time; and we are to find a harmonic temperature and associated 
thermoelastic process in the solid. By introducing the dimensionless independent variables R 
and t as well as the dimensionless temperature T= T(R, T) and potential o= A(R, T) (see 
Equations 11.2.25 and 11.2.26) and proceeding in a way similar to that of Section 11.2.1, 
we reduce the problem to that of finding a pair (T, é) that satisfies the field equations 


d\- d(R) 
2 = iQt 
(v — =) T= =a R>0 (11.2.94) 
Oo ae 
(v° = =) ¢=T, R>O0 (11.2.95) 
T 


subject to suitable vanishing conditions at infinity. Here, Q is a dimensionless frequency 
(Q > 0), andi= /-1. 
By looking for the pair (T, db) i in the form 
T(R, t) =e T)(R, Q) (11.2.96) 
&(R,T) =e! bo(R, Q) (11.2.97) 
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we find that oe é) satisfies Equations 11.2.94 and 11.2.95 provided (To, do) satisfies the 
equations 


(V2 + iQ)T) = mea (11.2.98) 
5 An R? ae 
(V7 + Q)d) =T, R>=O (11.2.9) 


The associated displacement tig = iir(R, T) and the stress components Sa = Sx (R, T) and 
Seo = See (R, T) take the forms 


iig(R, T) =e uO (R, Q) (11.2.100) 
Ser(R, T) = e7' SOR, Q) (11.2.101) 
Soo(R, T) = 7 ' SOR, Q) (11.2.102) 


where (see Equations 11.2.38 and 11.2.46) 


Ido 
(0) 
=. 11.2.103 
UR aR ( ) 
2(1 —2v) 1 
Ske = —2 bo — aUeae es ur (11.2.104) 
l1—v R 
1=or7F i 
50 = "2° + st fy a (11.2.105) 
l-—v 1—v \R 


By proceeding in a way similar to that of deriving the pair (T, 6) of Section 11.2.1, we find 
that a pair (7p, 60) that represents an outgoing wave from R=0 to R= ow takes the form 
(see Equations 11.2.53 and 11.2.55 in which we let p = —iQ2) 


e RV iQ 
4aR 


T)(R, Q) = (11.2.106) 


1 eT RCI®) _ 9-RV=R 


Po(R, 2) = Fe CiMCia— 1) (11.2.107) 


where 


/-i2 = 2a ~i) (11.2.108) 


Therefore, it follows from Equations 11.2.96 and 11.2.97 that 


a7 Q 
e BY ~i0(:— R ) 
e 


T(R,t) = V22 11.2.109 
(R,T) ik ( ) 

i 1 er i2e-R) _ RVG | (Fs) 

@(R,T) = (11.2.110) 


4nR Qi — Q) 
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Now, if we introduce the notation 
f*(R,t) = Relf(R, t)] = Rele@fy(R, Q)] Cott) 


where 7 (R,T) = e*fo(R, Q) is an arbitrary function and Re[f] stands for the real part of 
f, then by taking the real parts of Equations 11.2.109 and 11.2.110, respectively, we get 


T*(R,T) 1 Me Q rs (11.2.112) 
,T) = ——~e cos Tt —- — 2 
4R V22 
and 
1 R 
o*(R,T) = “Gop Tom {cos Q(t — R)- o VE cosQ (« — a] 
+ 5 [sina R) VF sino ( =) || (11.2.113) 
— | sin Q(t — R)—e sin t—- — 2. 
Q V/ 2Q2 
It follows from Equations 11.2.112 and 11.2.113 that 
(T*,@*) > (0,0) asR— oo and Q>0 (11.2.114) 
and 
1 
To, > -w aQ->0,R>0 (11.2.115) 
4aR 


Therefore, for a long period of vibrations (27/82 — oo) the temperature 7* approaches 
a steady-state field (see Equation 9.2.5) while the potential #* reveals a pathological 
behavior. This is related to the fact that in a steady concentrated heat source problem of 
thermoelasticity for an infinite body, a potential generating the solution is unbounded as 
R— o (see Equation 9.2.14). 

In the following we show that a pair (7%, @*) defined by Equations 11.2.112 and 11.2.113 
generates the displacement u% and the stress components Sz, and Sj, in such a way that 
Up —> UR, Srp —> Serr» Sop > Seg aS — 0 for R>O, where ug, Sep, and S%, are the dis- 
placement and stress components of the steady-state problem. To this end we differentiate 
Equation 11.2.113 with respect to R and obtain 


ao* I 1 
OR 47 R21422 


= ok ( +a/3) cos Q (« - =) - nf 2sing (« 7 za) | 


1 ‘ 1 -r/Z 
Fe Se SINCE OT REI Costa (eK) ee a 


[(:+2/2)sna(+-—f) +0/Ema(o--2)]| 


uR(R, T) = 


{cos 2 — R) — RQ sin Q(t — R) 


(11.2.116) 
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The stress components are obtained from the formulas (see Equations 11.2.104 and 
11.2.105) 
(1 — 2v) uR(R,T) 


PK * 2 
Sea(R, t) = —Q°9"(R, 1) — S=—— 


(11.2.117) 


uz(R, T) 
R 


* v 2k 1—2v rk 
Sio(R. 0) =~ BGR) + T— TR) (11.2.118) 


where the functions T*=7*(R,t), @*=@*(R,t), and u,=—u,(R,T) are given by 
Equations 11.2.112, 11.2.113, and 11.2.116, respectively. 
By letting Q2 — 0 in Equation 11.2.116 we get 


1 
ur(R, tT) > un = ee asQ > 0 (11.2.119) 


Also, it follows from Equation 11.2.113 that 
O¢*(R,T) > 0 aQ>0 (11.2.120) 


Hence, by letting (2 — 0 in Equations 11.2.117 and 11.2.118 and using Equations 11.2.119 
and 11.2.120 we have 


s 5 (l1—2v) 1 
Spp(K, tT) > Sap = ae =a as Q > 0 (11.2.121) 
and 
S*,(R,T) > SS a sa Q—> 0 (11.2.122) 
,T) > => — —- as > 2. 
ve me 8r(1—v) R 


The displacement u, and stresses Sk, and S;, represent a solution to the steady-state 
concentrated heat source problem for an infinite body (see Equations 9.2.15 and 9.2.18). 
In particular, Sp, and S;, satisfy the equilibrium equation 
) fe} 2 fo} fo} 
ARR (Ske — Soo) =0 (11.2.123) 


Finally, by letting R — 0 in Equation 11.2.116 we arrive at 


cos Qt 


up(R, T) > as R—> 0 (11.2.124) 


This result reduces to that of Equation 11.2.119 if Q = 0. 


11.2.3.) DYNAMIC THERMAL STRESSES PRODUCED BY AN INSTANTANEOUS SPHERICAL 
TEMPERATURE INCLUSION IN AN INFINITE BODY 


Assume that a homogeneous isotropic infinite elastic body, referred to a spherical coordinate 
system (R, ~, 9), and initially at rest, be subject to an instantaneous spherical temperature 
inclusion of the form 


T(R,t) = ToH(a — R)5(t) (11.2.125) 
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and a spherically symmetric thermoelastic process 
3(R, T) = [a(R, T), E(R, tT), S(R, T)] (11.2.126) 


produced in the body by the discontinuous temperature change T is to be found. Here, 
ie U, E, and § are the dimensionless temperature, displacement, strain, and stress fields, 
respectively, defined by Equations 11.2.26; and H = H(a — R) is the Heaviside function, 
while 6(t) is the Dirac delta function 


(11.2.127) 


The parameters 7 and a represent a dimensionless constant temperature and a dimension- 
less radius of the temperature inclusion, respectively. The nonvanishing components of U 
and S are given by the formulas (see Equations 11.2.38 and 11.2.46) 


4 
A(R, T) = - (11.2.128) 


and 


a°f =2(1 — 2) tip 


See(R, T) = 11.2.129 
rr (R, T) ar? faye ( ) 
x : v oh 1—2v (ip » 
Soo (R, T) = Sop (R, T) = —T 11.2.130 
vo (R, T) 90 (R, T) ia” Gea (3 ) ( ) 
where the potential db = A(R, T) satisfies the nonhomogeneous wave equation 
a eae 
(v- 2 )é=7 forR>0, t>0O (11.2.131) 
T 
subject to the homogeneous initial conditions 
6(R, 0) = $(R,0) = 0 (11.2.132) 


and suitable vanishing conditions at infinity. 

Note that in the problem under consideration the temperature T =T(R, Tt) does not satisfy 
a parabolic heat conduction equation in the classic sense since Tisa product of the spatially 
discontinuous Heaviside function and the time-dependent Dirac delta function. Then, T is 
a singular function in the space-time domain: R> 0, t > O with a singularity at the point 
(R=a,t = 0). 

To find a solution b = b(R, T) to the initial-boundary value problem 11.2.131 and 
11.2.132 we use the Laplace transform technique. Let f =/(R, p) be the Laplace transform 
of a function f = f(R, T) 


(oe) 


Lif} =f(R,p) = f errr, t)dt (11.2.133) 


0 
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where p is the transform parameter. By applying the operator L to Equation 11.2.131 and 


using the homogeneous initial conditions 11.2.132 we write 
(V?=p)o=T 
A solution to this equation may be represented by the integral 


z 


B(R,p) = | b (R.Rosp)T(Ro,p) dRo 
0 


where b (R, Ro; p) satisfies the equation 


(V? — p°)d (R, Ro: p) = 8(R — Ro) 


subject to the vanishing condition 
o (R,Ro;p) > 0 asR—> oo 


To find d we multiply Equation 11.2.136 by R and have 


& = 
(= -?*) (Rd ) — R3(R — Ro) = Ry(R — Ro) 


Since 


2 CO 
Ro5(R — Ro) = —Ro J sin @Ry sinaR da 
IT 
0 


therefore, a solution of Equation 11.2.138 may be represented by the integral 


(oe) 


=x 2 sinaRy sinaR 
R$ (R,Rosp) = ——Ro [ 
M5 


a? + p? 


or, using the identity 
2 sinx sin y = cos(x — y) — cos(x + y) 


by the formula 


= 1 7 COS a(R — Ro) 7 cosa(R + Ro) 
Rd (R, Ro; p) = ——R dori | as 
d ( 03P) = i a2 +p? if a? + p? 
Since 
cos wx me Pr 
| ag =5 forp > 0 


(11.2.134) 


(11.2.135) 


(11.2.136) 


(11.2.137) 


(11.2.138) 


(11.2.139) 


(11.2.140) 


(11.2.141) 


(11.2.142) 


(11.2.143) 


Solutions to Particular Three-Dimensional (IBVPs) of Elastodynamics 665 


hence Equation 11.2.142 reduces to the form 
ne Roy, IR-Ro| —p(R+Ro) 
Rd (R,Ro:p) = a [ere Rol cer ere ko) (11.2.144) 
DP 


This completes the derivation of a solution to Equation 11.2.136. 
By applying the operator L~' to Equation 11.2.144 we get 


Z R 
O°(R, Ros t) = > (Alt — IR Rol] — Alt — (R+ Ro} (11.2.145) 


Finally, by applying the operator L~! to Equation 11.2.135 we arrive at the integral 
representation of @ = @(R,T) 


$(R,T) = f G(R, Ros T —u)T (Ro, u) dRo du (11.2.146) 
0 


where 7 and o* are given by Equations 11.2.125 and 11.2.145, respectively.” There- 
fore, substituting 7 and ¢* from Equations 11.2.125 and 11.2.145, respectively, into 
Equation 11.2.146 we obtain 


‘ T) ( 
0(R,T) = on J Ro {H[t — |R — Rol] — Alt — (R+ Ro)]} dRo (11.2.147) 
0 
Calculating the integral on the RHS of Equation 11.2.147 we get 
BR.) = 58 | (5? — (a RMIT (aR) 
= Ir — (a+R)’ Jt — (a+ Roi)H =e) 
1 
+ (te — (R — a) JH[t — (R-a)] 


= Ir —(R+a)JH[t — (R+ ayer = ao} (11.2.148) 


* The integral representation 11.2.146 involving an arbitrary distribution of temperature T=T(R,t) was 
obtained apparently for the first time [8]. 
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Hence, by differentiating Equation 11.2.148 with respect to R we find 


; ad T, 
fig(R, t) = - = pale +R —a’) 


x { {rte =@>*)) file> (a+ RI)H(a- R) 


+ (itr — R—a)1- He — a+ RIHR- «| (11.2.149) 
Also, by differentiating Equation 11.2.148 twice with respect to tT we have 


dR, tT) = et { (re — (a—R)]—H[t —- (a+ R)] 
2R 
+ té[t — (a —R)] — t6[t — a+ RIM —R) 
+ (at — (R—a)]—H[t —(R+a)] 


+ té[t — (R—a)] — to[t — (R+ anyHR - o} (11.2.150) 


Substituting ip and b from Equations 11.2.149 and 11.2.150, respectively, into Equa- 
tion 11.2.129 we find 


Sea (R yee pp iad eR Aw 
ae ay i=y R 


x [H(t — (a—R))-H(t—- (a+R))] 


+t[d(t — (a@— R)) — 8(t — (a+ RY) Ha —R) 


1-2 77+R?-a@ 
ie 


l-—v R2 
x [H(t — (R—a)) —H(t—-(R+4))] 


+1 [8(t —(R—a)) -8(t— R+ayi)HR- a} (11.2.151) 
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Also, by substituting i ir, and é from Equations 11.2.125, 11.2.149, and 11.2.150, 
respectively, into Equation 11.2.130 we get 


v 1—2v eS] 


A “a Ty 
Syg(R, T) = Soo (R, 7) = {Fee —20d=v) 


2R 
x [H(t — (a— R)) — H(t — (a + R))] 


+ ——1[8(t — (a—R)) — 8( - (a+ RY) Ha 
v 1-20 ?+R-a 
+o - R | 


x [H(t — (R—a)) — H(t — (R+a))] 


+ ——1[8(t — (R= a)) — 8( — (R+ an) HR —a) 
2(1 — 2v) 
==, R@HG= r)| (11.2.152) 


Finally, using Equations 11.2.125 and 11.2.150, we arrive at the volume change formula 


é[t — (a— R)] — d[t — (A + R)] 


wh=VG=T4O= 1/80 +t 


2R 
+ ta 8 
2R 
d[t — (R—a)]— 46[t — (R 
+ Toft a OOF —— 
, He @- aia - +9) H(R—a) (11.2.153) 


11.2.3.1 Analysis of the Solution 


It follows from Equations 11.2.149 through 11.2.153 that the thermoelastic displacement 
potential b= P(R, T) as well as the displacement tg = tp(R, T) and the stress components 
Srr = Sprr(R, T) and Soo = Soo(R, T) represent spherical waves with the wave fronts: 


t—(a—R)=0 andt—(a+R)=0 ifa>R 
t—(R-a)=0 andt—(R+a)=0 ifR>a 


If we define the jump of a function f = f(R, T) across a front tT — T(R) = 0 by the formula 
(see Equation 11.2.84) 


[f(z (R)) = F(R, t(R) — 0) — fCR, TCR) + 0) (11.2.154) 
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where t = T(R) is a prescribed positive function, then by taking the jump operation on 
Equation 11.2.148, we find 


[él(a—R) =[¢](a+R)=0 fora>R (11.2.155) 
and 
[dR —a)=[¢](R+a)=0 forR>a (11.2.156) 


Therefore, b = b(R, T) is acontinuous function on the wave fronts; since b is continuous 
otherwise, then @¢ = $(R, T) is a continuous function for every R > O and t > 0. 
To discuss the radial displacement ig we consider two cases: (i) a > R and (ii) R > a. 


Case (i): a > R. In this case 


ir(R,t) =0 forO<t<a-—R (11.2.157) 
iir(R,T) = melee +R’ -a@’)= ue (« —-V@ —R*) (z + va —R?) 
4R? 4R? 
forO<a—R<t<a+R (11.2.158) 
and 
up(R,t)=0 fort >a+R (11.2.159) 
Hence, 
iir(R,a -—R—0)=0 (11.2.160) 
iig(R,a —R+0) = si(a—R) (11.2.161) 
iig(R,a + R—0) =-s2@+R) (11.2.162) 
iir(R,a+R+0) =0 (11.2.163) 


and up = Ur(R, T) exhibits the jumps on the wave fronts as shown in Figure 11.12. 

Although itg shown in Figure 11.12 is displayed for a particular set of input parameters 
(To = 4, a = 2, R = 1), the graph reveals a general pattern of the displacement wave inside 
the spherical inclusion (a > R). 


Case (ii): R > a. If follows from Equation 11.2.149 that in this case 


up(R,t) =0 forO<1t<R-a (11.2.164) 


T, 
fig(R, T) = =a te —~@)<0 forR-a<t<R+a (11.2.165) 
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a>R 
3 os. a=2, R=1, Ty=4 


FIGURE 11.12 The radial displacement iz as a function of t for a fixed R inside the spherical 
temperature inclusion. 


and 
up(R,t)=0 fort >R+a (11.2.166) 

In addition, 

x To 

Up(R,R—-—a+0) == 550 =) (11.2.167) 
and 

, To 

Up(R,R+a—0) = — 5p K+) (11.2.168) 


By letting 7) = 4, a = 2; R = 3 in Equation 11.2.165 we write 
: is 
UrR(3,T) = 9 +5) forl<t<5 (11.2.169) 


Plot of ug(3, t) for tT > 0 is shown in Figure 11.13. Note that in contrast to the interior of 
the spherical region (a < R) in which the displacement ig changes sign from positive to 
negative over a finite time interval, the displacement ig is strictly negative and decreasing 
over a finite time interval outside the spherical region (R > a). 

To plot the stress component Ses = Sea T) as a function of time tT, consider cases (i) 
and (ii) separately. 
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R>a 


/ (RT) 


Ty=4, a=2, R=3 


FIGURE 11.13 The radial displacement wg as a function of t for a fixed R outside the spherical 
inclusion (R > a). 


Case (i): a > R. In this case Equation 11.2.151 implies that 


Ser(R,T) =O for0 <t<a—R (11.2.170) 
Sea(R, 1) = To (1+ 1—2v cin“) 

2R l-—v R2 

fora—R<t<a+R (11.2.171) 
Ser(R,t) =0 forr>R+a (11.2.172) 


Note that the Dirac delta functions with supports on the wave fronts tT = a — R and 
t =a+ Rare not included in Equations 11.2.170 through 11.2.172; and the finite interval 
a—R<t<a-+R represents a support of Spe on the semi-infinite time interval t > 0. By 
letting Ty) = 4, a = 2, and R = 1, and v = 1/4 in Equation 11.2.171 we get 


Ser(1,T) = ; (e _ 5) forl<t<3 (11.2.173) 
A plot of the function Saath: t) for t > 0 is shown in Figure 11.14 

Figure 11.14 shows that for a particular set of input parameters the stress wave 
Saath, T) has a support over the interval a— R<t<a+R, it becomes compressive for 
a—R<t<t<a+R and expansive for 1] <t<a+R. It follows from Equations 
11.2.170 through 11.2.172 that this type of behavior of the stress wave remains valid 
provided 


(11.2.174) 
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T,=4, a=? 
R=1, v=1/4 


FIGURE 11.14 The radial stress Ser (R, T) on t-axis for a fixed R inside the spherical inclusion 
(a> R). The Dirac delta contributions are not shown in the figure. 


In this case T) defined by 


1 
= fe-R—R : (11.2.175) 
1 —2v 
is positive and 
Ser(R, T) = 0 (11.2.176) 
If the ratio a/R is restricted by the inequality 
(te ee (11.2.177) 
<—< 22. 
R 1—2v 


the radial stress Se(R, T) represents an expansive spherical wave over its whole support 
interval a— R < t <a+R. In this case 
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a To) 1-2v f/1l—-v a 
Srer(R,a —R+0) = b2= 25, 


2R l—v \1l—-2v 
2 
EL pseaeaad ee (ay eae 0 (11.2.178) 
ay a 1 — 2 = a 
and 
Slaton ya ee Beg (11.2.179) 
a = OR ta NP Sop R )~ i: 


Also, if the inequality 11.2.177 holds true, the radial stress wave is represented by a concave 
parabolic curve restricted to the intervala-—R<t<a+R. 


Case (ii): R > a. In this case Equation 11.2.151 implies that 


Ser(R,t) =0 forO<1t<R-—a (11.2.180) 
re To (1 ‘ = 27 +R? =“) 

2R l-—v R2 

forR-a<t<R+a (11.2.181) 
Ser(R.t) =0 forr>R+a (11.2.182) 


Letting 7p = 4,a = 2, R = 3, and v = 1/4 in Equation 11.2.181 yields 


a 2 
Ser(3,T) = 3 (1 + = ) forl<t<5 (11.2.183) 


A plot of SerQ, t) for tT > 0 is shown in Figure 11.15. 

Figure 11.15 shows that Salk. t) for R > a is switched on att = R-—a+Otoa 
compressive wave, the amplitude of which increases until t = R+ a — 0, and jumps toa 
zero level fort > R+ a. 

A discussion on the hoop stress wave Sf — ive (R, T) is similar to that of the radial stress 
wave, so it is omitted here. 


FIGURE 11.15 The radial stress Sei (R, T) on t-axis for a fixed R outside the spherical inclusion 
(R > a). The effects due to the Dirac delta function are not shown in the figure. 
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» trE 


a>R>O 


a-R a a+R 


FIGURE 11.16 The volume change tr E as a function of time T for a fixed R inside the temperature 
inclusion. 


To conclude this section, we discuss briefly the volume change of the body subject to the 
dynamic spherical temperature inclusion. The volume change tr E restricted to the internal 
points of the temperature inclusion (a > R) is plotted in Figure 11.16 in which effects due 
to the Dirac delta function are not shown (see Equation 11.2.153). 

The volume change shown in Figure 11.16 holds true if R > 0. For R = 0 the simple 
formula has the form 


trE(0, t) = To[d(r) + a8(t — a)] (11.2.184) 
To prove this equation we note that Equation 11.2.153 restricted to 0 < R <a yields 


dle—G—RK))—d[e (a7 R)] 


trE(R, Tt) = Tp [ace +t 


2R 
ss Mee BIH e+ 8) (11.2.185) 
2R 
Since 
d[t —(a a —(a+R)] + §t-a) asR>O0 (11.2.186) 
and 
2A ost2) ae lee (11.2.187) 


2R 


therefore, by letting R — 0 in Equation 11.2.185 we get 
trEK(R, T) > To[d(t) + 15(t — a) + 6(t —a)] asR>O (11.2.188) 
Since 
(t —a)d(t —a) =0 (11.2.189) 
hence, by differentiating Equation 11.2.189 with respect to t we have 


1§(t —a) +5(t —a) = ad(t — a) (11.2.190) 
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By substituting Equation 11.2.190 into the RHS of the relation 11.2.188 we arrive at the 
result 11.2.184. 

The formula 11.2.184 implies that the volume change of an infinite body due to an 
instantaneous spherical temperature inclusion, calculated at the center of the inclusion, is a 
sum of the diffusive and wave parts, as expected. 


11.3. SAINT-VENANT’S PRINCIPLE OF ELASTODYNAMICS IN TERMS 
OF STRESSES 


In this section, a pure stress initial-boundary value problem for a nonhomogeneous 
anisotropic semi-infinite elastic cylinder loaded on its end face is formulated, and a decay 
estimate for the stress energy U = U(I,t) of a portion of the cylinder beyond a distance 
1 > 0 from the load region stored over the time interval [0, f] is obtained. The result repre- 
sents a dynamic counterpart of the classic static Saint- Venant’s principle for a semi-infinite 
cylinder due to Toupin [9] for t > //c, where c is a velocity expressed in terms of the lower 
bounds on the density and compliance fields of the cylinder. The stress energy U(I, ft) is 
shown to vanish for t < l/c. 


11.3.1. SAINT-VENANT’S PRINCIPLE OF ELASTODYNAMICS FOR A SEMI-INFINITE 
CYLINDER 


Let B denote a semi-infinite nonhomogeneous anisotropic elastic cylinder with end face Cy 
as shown in Figure 11.17 and let C; be the intersection with B of a plane perpendicular to an 
axis k of the cylinder and a distance / from Co. Suppose that we are looking for a solution 
to the following pure stress initial-boundary value problem. Find a stress field S = S(x, 2) 
on B x [0, 00) that satisfies the field equation (see Equation 4.2.9 with B = 0) 


V (p 'divS) — K[S] =0 on B x [0, 00) (11.3.1) 
the initial conditions 


S(x,0)=0, S(x,0)=0 forxeB (11.3.2) 


FIGURE 11.17 Configuration of a semi-infinite cylinder. 
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the boundary conditions 


Sn=0 on (dB—C) x [0, 00) (11.3.3) 
Sn=pZ0 onG x [0,c) (11.3.4) 


and the asymptotic conditions 


[ Snda— 0 asl—>oco fort>0 (11.3.5) 
Cy 
[xx (Sn) da > 0 asl1—> oo forr>0 (11.3.6) 
C 
| p\Givs) : (Sn) da>0O asl> ow fort>0 (11.3.7) 
Ci 


Here, p = e(x) and K= K(x) are the density and compliance fourth-order tensor fields, 
respectively; n stands for the unit outer vector normal to a surface, and p=p(x,f) is a 
prescribed load. The functions p = p(x) and K = K(x) satisfy the inequalities 


0 < Pn < p(®) < pu < CO onB (11.3.8) 
and 
0 <k,|Al? <A-K[A] < ky|A|? < co onB 
and forevery A=A’ 40 (11.3.9) 


where p,, and py denote the minimum and maximum of p = p(x) on B, respectively; while 
k» and ky denote the minimum and maximum of K = K(x) on B, respectively. 
Let B(/) denote the semi-infinite cylinder defined by 


BU) = {xe B:x-k>l} 1>0 (11.3.10) 


i.e., B(/) is a semi-infinite cylinder with the end face C;, see Figure 11.17. Let u = u(x, f) 
be the displacement field satisfying the equation of motion (see Equation 4.2.2 with b = 0) 


divS = pu’ onB x [0, 0) (11.3.11) 


By integrating Equation 11.3.11 over the finite cylinder B — B(/), using the divergence 
theorem, and the boundary conditions 11.3.3 and 11.3.4, we get 


[ pda+ | Snda = f piidv (1.3.12) 


Co C B-B()) 


Next, by letting /— oo in Equation 11.3.12, and taking into account the asymptotic 
condition 11.3.5 as well as the fact that B — B(l) ~ Bas1— co, we obtain 


[pda = | pido fort >0 (11.3.13) 


Co B 
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Similarly, by multiplying Equation 11.3.11 by x in the sense of vector product, integrating 
the result over B — B(/), using the divergence theorem, the symmetry of S, and letting 
1 — oo, on account of Equations 11.3.3 and 11.3.4 and 11.3.6, we get 


[xx pda= | px x itdv fort > 0 (11.3.14) 
B 


Co 


Therefore, Equations 11.3.13 and 11.3.14 are the necessary conditions for the existence of 
a solution to the problem 11.3.1 through 11.3.7. They assert that the resultant force and 
resultant moment applied to the end face Cy are equilibrated by the total acceleration force 
and total acceleration moment, respectively, for every t > 0. Note that these global dynamic 
equilibrium conditions are obtained under the asymptotic hypotheses 11.3.5 and 11.3.6. 

We are now in a position to formulate and prove the dynamic version of Saint-Venant’s 
principle for a semi-infinite cylinder. 


Theorem: Let S = S(x,?) be a solution to the problem described by Equations 11.3.1 
through 11.3.7. Define the total stress energy associated with the solution and stored in the 
semi-infinite cylinder B(/) over the time interval [0, ¢] by 


U(l,t) = ; J J {o-Giv S) - (divS) + §- K[S]} dvdr (11.3.15) 
0 Bil) 


Then, there exists a positive constant c of the velocity dimension such that for any / > 0 
the following estimates hold true: 


l 
U(d,t)=0 forO<t<- (11.3.16) 
c 
and 
l l 
U(l,t) < U(O,t) exp (-=) fort>->0 (11.3.17) 
Cc c 
rT 


Proof: First, we show that if S is a solution to the problem, then the function U = U(/, 1) 
defined by Equation 11.3.15 may be represented in the form 


t 
U(L,t) = f J [(¢ — t)p7 (div $) - (Sm)] dadt (11.3.18) 
0c 
To this end we rewrite Equation 11.3.1 in components and have 


(07 ' Sire), — KiyeSu = 0 (11.3.19) 
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By multiplying Equation 11.3.19 by Si and using the symmetry of S;; and Kj, we get 
hee aid 1a; 
(p Sic eSij),j —/p Si, Sit.k = 5 ap Oo Rint) =0 (11.3.20) 


Let h > 0. Integrating Equation 11.3.20 over the finite cylinder B(/) — B(/ + h), using the 
divergence theorem, and taking into account the fact that the lateral surface of the cylinder 
is stress free, we arrive at 


{ pGiv S) - (Sn) da + f p \(divS) - (Sn) da = U(,t) -U(+h,t) (113.21) 
Cc Cith 
where U = U(I,t) is defined by Equation 11.3.15. 


Next, by letting #— oo in Equation 11.3.21, using the asymptotic condition 11.3.7 as 
well as the fact that BU) — B(/+ h) > B(D) ash— ~, we get 


Ut) = { piv S) - (Sn) da (11.3.22) 


Ci 


Finally, integrating Equation 11.3.22 twice with respect to time, and using the homogeneous 
initial conditions 11.3.2, we arrive at Equation 11.3.18. 
Also, note that the function U = U(/,t) given by Equation 11.3.15 may be written as 


Ul, t) = ; {J Jtoaiv S) - (divS) + §- K[S]} da dx; dt (11.3.23) 
0 


1c 


where x3 is the integration variable on the axis of a cylinder spanned by the unit vector k 
(see Figure 11.17); and, by differentiating Equation 11.3.23 with respect to /, we obtain 


o U(I,t) = -5 f fto- (div S) - (divS) + §- K[S]} dadt (11.3.24) 


0 Cc 
Next, we note that for any two functions f = f(x, t) and g = g(x, f) defined on the Cartesian 
product C; x [0, ¢] and integrable on C; x [0, t] the Schwartz inequality is satisfied 


1/2 1/2 
t t t 


[ [f-gdadr < { [faade [ [ edadr (1.3.25) 


0 Cc 0 Cc 0 Cc 


By letting f = p22 (div S) and g = p72 (Sn) in the inequality 11.3.25 we get 


1/2 
t t 
J f -\Giv S) - (Sn) dadt < f { Giv S)? dadt 
0 Cc 0c 
1/2 
x f f p'Sn dadt (11.3.26) 


0 C 
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Hence, it follows from Equation 11.3.18 and from the inequality t — t < ¢ that 


1/2 1/2 
t t 
U(,t) <t J J p-\(div S)?dadt if f p~'(Sn)? da dt (11.3.27) 
0 C] 0 C} 
Applying the inequality 
1/2 1 <4 
(AB)'? < (cA +€'B) (1.3.28) 


where A, B, and € are nonnegative scalars with € > 0, to the inequality 11.3.27, we arrive at 


t t 
Ul, t) < : e! J { pGiv S)-dadt +e i f p-'(Sn)? dadt (1.3.29) 


0¢ 0c 
Now, by the hypothesis 11.3.8 and 11.3.9, we arrive at the estimates 
on C; (11.3.30) 
and 

|Sn|? < |S)? < + §. KIS] on Gx [0,1] (11.3.31) 


m 


Hence, from Equation 11.3.29 follows 


t t : . t 
U(Lt) < 5 ~ ff S-kiSldade +e"! f f p-'@iv8) dade 
Pm m 0 C 0 C 
t t 
< sve) J Ste 'aiv S)? +8 -K[S]} dadt (11.3.32) 
0 C] 


where 
y(e-) =e! tek 'p7! (11.3.33) 
The function y=y(e), treated as a function of € on (0,00), attains a minimum at 


€=€) = (P»km)'/”. Therefore, letting ¢€ =€) in Equation 11.3.32, and introducing the 
notation 


p 
= = 11.3.34 
c= y (Eo) am ( ) 
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we atrive at the estimate 
t 
1 eee Poe . 
U(L,t) < set f flo (div S)? + $ - K[S]} dadt (11.3.35) 
0 C 
It follows from the definition of c (see Equation 11.3.34) that c has dimension of a velocity. 
Also, differentiating Equation 11.3.18 with respect to ¢ yields 
9 t 
5p Ulht) = { J e'Giv S) - (Sn) dadt (11.3.36) 
0 Cc 


and, by virtue of the inequality 11.3.26, we get 
1/2 1/2 


oul t)< { J e'Giv S)? dadt f J e-\Sny? dade (11.3.37) 


0c 9 ¢ 


By estimating the RHS of the inequality 11.3.37 in a way similar to that leading from 
Equation 11.3.27 to Equation 11.3.35, we arrive at 


a Dy taper att cach 2 eS 
5 Ulht) S 3° J (divS)? + § - K[S]} dadt (11.3.38) 
1 
Hence, applying Equation 11.3.24 leads to 


1 a 7) 
~—U(I,t)+ —U(Lt) < is: 
3 9p UO + UGS <0 (11.3.39) 


Also, because of Equations 11.3.24 and 11.3.35, we may write 
1 a) 
—U(ULp)+ U0, <0 (11.3.40) 
ct al 


Next, by integrating the inequality 11.3.39 along the line / = ct in the plane (/,f) from 
(0, 0) to (ct, t) we find that 


U(ct;t) < U(O,0) (11.3.41) 


On account of the homogeneous initial conditions, U(0,0) = 0. Moreover, it follows from 
Equation 11.3.24 that 


a 
5 Ut) <0 forr= 0 (11.3.42) 


Hence, U(I, t) is a nonincreasing function of /, that is, 


U(,t) < U(ct,t) forl>ct>0 (11.3.43) 
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Since U(0,0) = 0, the inequalities 11.3.41 and 11.3.43 imply that 
0<U(,t) <0 forl>ct>0 (11.3.44) 


This completes the proof of the first part of the theorem (see Equation 11.3.16) that is a 
kind of a domain of influence result for the pure stress initial-boundary value problem [10]. 

To prove the spatial decay estimate 11.3.17 we restrict the time interval to the range 
t > l/c > 0, and multiply the inequality 11.3.40 by exp (//ct), to obtain 


) l I 
—jlexp(—])UG0)|<0 fort>->0 (11.3.45) 
al ct Cc 


Integrating the inequality 11.3.45 with respect to / over the interval [0, /], we arrive at 


ct 


l l 
U(l,t) < U(O,1t) exp ( ) fort>->0 (11.3.46) 
c 
This completes the proof of the theorem. 


11.3.2 CONCLUDING REMARKS 


e The dynamic version of Saint-Venant’s principle for anonhomogeneous anisotropic 
semi-infinite elastic cylinder asserts that a total stress energy U = U(/, t) of a portion 
of the cylinder beyond a distance / from the loaded region, stored over the time 
interval [0, t], vanishes for 0 <t <//c, and decays exponentially with increasing / 
for t > 1/c > 0. Here c is a velocity expressed in terms of the lower bounds on the 
density and compliance tensor fields of the cylinder. The result is consistent with 
a domain of influence theorem for a pure stress initial-boundary value problem of 
linear elastodynamics, and for t > //c it is similar to the classic static Saint-Venant’s 
principle for a semi-infinite cylinder in which an exponential decay of the elastic 
energy away from the end load is observed. 

e Acharacteristic feature of the dynamic version of Saint-Venant’s principle is that the 
time-dependent end load complies with the global dynamic equilibrium conditions: 
the resultant force and the resultant moment of the end tractions are equilibrated 
by the total acceleration force and the total acceleration moment of the cylinder, 
respectively, for every ¢ > 0; in the static case the end load is time-independent and 
self-equilibrated. 

e The dynamic version of Saint-Venant’s principle is related to a pure stress initial— 
boundary value problem for a semi-infinite cylinder. A dynamic version of Saint- 
Venant’s principle for a semi-infinite cylinder using the displacement language of 
elastodynamics may be formulated by the relations [11] 


‘ I 
U(,t) =0 fort< <x (11.3.47) 
Cc 
and 


(11.3.48) 


foes te 


” is l 
U(,t) < U(O,t) (1 — =) for t > 
c 
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d(l) 
ee 
\ 
d,(1) = exp(-I/ét) 
ct >120 
d,(J) = (1-I/ét) Pot 

e on 

) ét i 


FIGURE 11.18 The decay functions d, (J) and d,(/) corresponding to the energy estimates 11.3.48 
and 11.3.51, respectively. 


Here, vu=0 (1, t) is a total energy of B(/) stored over the time interval [0, t], expressed in 
terms of the displacement vector u = u(x, ft); and ¢ is a positive constant of the velocity 
dimension. Since 


l I l 
1— — <exp (-z) fort >= >0 (11.3.49) 
ct ct Cc 
and 


U(0,t))>0 fort>->0 (11.3.50) 


therefore, the inequality 11.3.48 implies that U = U(1,t) also satisfies the exponential 
decay estimate 


a ns l l 
U(,t) < U(O,t) exp ( ) fort>=>0 (11.3.51) 
c 


et 
The decay functions for the estimates 11.3.48 and 11.3.51 are shown in Figure 11.18. 
PROBLEMS 
11.1 A dimensionless temperature field T* =T* (R, Ro; T) is assumed in the form 
T*(R, Rost) = 8(R — Ro)5(t) (a) 
for any point of an infinite body referred to a spherical system of coordinates (R, ¢, 8) 


(R> 0, Ro > 0, t > 0). Show that a solution é* = b*(R, Ro; T) to the nonhomogeneous 
wave equation 


a ee 
(v-)e=r forR>0,t>0 (b) 


pjwstk|402064| 1435597784 
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11.2 


11.3 


11.4 


11.5 
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subject to the initial conditions 


"(R, Ro:0) = $"(R, Ro: 0) =0, R>0 (c) 


and vanishing conditions at infinity takes the form 
a Ro 
P*(R, Ro; T) = aR {H[t — (Ro — R)] — H[t — (Ro + R)]} H(Ro — R) 


R 
— ap ile — (R—Ro)| —H[t — (R+Ro)BA(R-Ro) 


for every R > 0, Ry > 0, t > 0. 

Compute the radial displacement u ite = Up(R, Ro; T), and the stress components Se RR = 
St (RR): T) and s, = — Sa (R, Ro; T) generated by the potential é* = = é* (R, Ro; T) of 

Problem 11.1. 

Hint: Use Equations 11.2.128 through 11.2.130. 

Show that if 7 = 7(R,T) satisfies a parabolic heat conduction equation for Rk > 0, 

t> 0, then the radial displacement tig = itp(R, T) and the stresses San — Ser(R, T) 

and Spy = Soo (R, tT) produced by the temperature 7 in an infinite body R => 0 and for 

t > O are generated by the potential b= b(R, T) given by the double integral 


G(R, T) = J J Ro; t —u)T(Ro,u) dRy du (a) 
0 0 


where b* = b* (R, Ro; T) is the thermoelastic displacement potential of Problem 11.1. 
The Laplace transform of the temperature T = T(R,t) due to an instantaneous 
concentrated source of heat in an infinite body R > O takes the form (see 
Equation 11.2.53) 


e Rv 


T(R,p) = aR 


(a) 


where p is the Laplace transform parameter. By applying the Laplace transform to 
Equation (a) of Problem 11.3, show that 


1 ek — Rvp 


aera ae (b) 


where b = dR, p) is the Laplace transform of db = A(R, T) associated with T = 
T(R,T). e . 
Find a thermoelastic displacement potential ¢** = 6**(R, Ro; T) for an infinite body 


with a stress free spherical cavity of radius R=a corresponding to the temperature 
field 


T(R; Ry: t) = 5(R— Ry)d(t) forR>a, Ry) >a,t>0 (a) 
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11.6 The temperature field T =T(R,T) produced by a sudden heating of a spherical cavity 


of radius R = ain an infinite body R > a to aconstant temperature 7) is given by the 
formula 


Toa (==) for R > dr>0 (a) 
=> eric or aq andtT a 
R VAT a ~ 


Show that the associated potential b a G(R, tT) that generates the displacement 
ig = Ur(R,T), and the stress components Spr = Spr(R, T) and Seg = Sog(R, T) in an 
infinite body R > a subject to the stress free boundary condition 


Ser(a,t) =0 fort >0 (b) 


and zero stresses at infinity, admits the integral representation 


$(R,t) =T, all erfc (* = “) DR Rig war (c) 
oy 0 J J /4u Ry 2 AN0> 0 


where er is the potential obtained in Problem 11.5. 
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] 2 Solutions to Particular 
Two-Dimensional 
Initial-Boundary Value 
Problems of Elastodynamics 


In this chapter, both the displacement and stress languages of two-dimensional elastodynam- 
ics are used to consider a number of typical isothermal and nonisothermal elastic waves. 
The waves of isothermal elastodynamics include (a) two-dimensional plane progressive 
waves in a homogeneous isotropic infinite elastic body, (b) the surface waves propagating 
in a homogeneous isotropic elastic semispace, and (c) the stress waves produced by the 
initial stress and stress-rate fields in an infinite elastic body; while those of nonisothermal 
elastodynamics include (1) dynamic thermal stresses in an infinite elastic sheet subject to a 
discontinuous rectangular temperature field, and (2) dynamic thermal stresses produced by 
an instantaneous concentrated heat source in an infinite elastic sheet. The two-dimensional 
stress progressive waves, the stress waves due to the initial stress and stress-rate fields, as 
well as the dynamic thermal stresses due to an instantaneous concentrated heat source, are 
discussed here for the first time. A number of problems, with solutions provided in the 
Solutions Manual, conclude the chapter. 


12.1 TWO-DIMENSIONAL SOLUTIONS OF ISOTHERMAL 
ELASTODYNAMICS 


In Section 8.2.1, the plane strain and generalized plane stress problems of homogeneous 
isotropic and isothermal elastodynamics were formulated. In this section, closed-form 
solutions to particular plane strain and so-called antiplane problems of the isothermal 
elastodynamics are obtained. The problems include 


(A) Two-dimensional plane progressive waves in a homogeneous isotropic infinite 
elastic body 

(B) The surface waves propagating in a homogeneous isotropic elastic semispace 

(C) The propagation of SH waves in a semispace overlaid by a solid layer 

(D) The stress waves produced by the initial stress and stress-rate fields in E” 


In Part (A), both the displacement and stress characterizations of a two-dimensional 
progressive wave are presented. In Part (B), a natural pure stress language is used to 
recover a classic solution of the problem of surface waves in a semispace as well as to 
provide a new stress energy partition formula for such waves. In Part (C), the dispersion of 
elastic waves in a composite solid is discussed, while in Part (D), the stress waves produced 
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by the initial stress and stress-rate fields that may or may not satisfy the compatibility 
conditions in E” are analyzed. 


12.1.1 Two-DIMENSIONAL PLANE PROGRESSIVE WAVES IN A HOMOGENEOUS 
ISOTROPIC INFINITE ELASTIC BODY 


12.1.1.1 The Plane Displacement Progressive Waves 


Consider a homogeneous isotropic infinite elastic solid referred to the rectangular coor- 
dinates (x,,x2,x3). A plane strain displacement progressive wave referred to the (x1, x2) 
plane is defined as a solution to the displacement equation of motion [see Equation (a) with 
b., = 0 in Example 8.2.1] 


Ma yy + (A+ Ly ya = Pilly on E’ x (—00, +00) (12.1.1) 
of the form 
Ug (Xy,t) = def (xn, — ct) on E’ x (—00, +00) (12.1.2) 


where 
f =f (s) is a real-valued function of class C? on (—00, +00) with f’(s) 4 0 
da, and n, are unit vectors 
c iS a positive constant 


The vectors a and n define the direction of motion and the direction of propagation, 
respectively, while c is called the velocity of propagation. 

Note that (i) the vector field u, = u,(x,, t) takes a constant value on any straight line of 
the plane (x,, x.) defined by 


P, = {x :x,n, — ct = So} (12.1.3) 


where so = const, and (ii) the line is moving with the velocity c in the direction n as ¢ ranges 
over a time interval (fo, t;); (O < to < t) < &). 

By substituting u,, from Equation 12.1.2 into Equation 12.1.1 and dividing the result by 
f(s) £9, [s = x,n, — ct], we find 


[Lay + (A + L)ayn, Ng — dy = 0 (12.1.4) 
or 
[(c? — c5) up — (cj — C3) nang] ag = 0 2.15) 
where 
Bete Gi (12.1.6) 
p p 
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A nontrivial solution a, to Equation 12.1.5 exists if and only if c? is a real-valued solution 
to the algebraic equation 


det [(c? — c3) ug — (cj — c3) nang] = 0 (12.7) 
or 
(c? — c3) (C — cj) =0 (12.1.8) 


Therefore, the plane strain displacement progressive waves can propagate in a homoge- 
neous isotropic infinite elastic medium with two velocities c=c, and c=cp. If c=c), 
Equation 12.1.5 implies that 


dy = (Ngap)ng (12.1.9) 


Hence, the displacement vector associated with a plane strain progressive wave propagating 
with the velocity c, is in the direction of propagation, which means that such a vector 
represents a longitudinal wave. If c=c,, Equation 12.1.5 implies that 


apng = 0 (12.1.10) 
Thus, the displacement vector associated with a plane strain progressive wave propagating 
with the velocity cy, is in a direction perpendicular to the direction of propagation, that is, 
it represents a transverse or shear wave. 
Let u; = u;(%q,t), i = 1, 2,3, be a vector field defined by 
Uy = Ug(X,,t), Us = U3(X_,t) = 0 (12.1.11) 


where u, is a plane strain displacement progressive wave of the form 12.1.2. Then the 
vector field 


Ui(Xest) = Eee, 1, j,k = 1,2,3 (12.1.12) 
in components takes the form 

mw =0, m=0, b=mi—MW2 (12.1.13) 
and for a longitudinal wave, on account of 12.1.9, we obtain 


ity = (Ayn; — aynr)f'(xyn, — ct) = [(nya,)non, — (nya, )nyno]f' (xn, — ct) = 0 


(12.1.14) 


Therefore, the longitudinal wave associated with a plane strain progressive wave is 
irrotational or dilatational. 
Also, since for a transverse wave, because of Equations 12.1.2 and 12.1.10, 


lag = 0 (12.1.15) 
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Xo - 
u (P wave) 
n 
u (SV wave) 
P, (wavefront) 
e > 
0 xy 


FIGURE 12.1 Two-dimensional plane waves: SV and P waves. 


the transverse wave associated with a plane strain progressive wave is equivoluminal or 
distortional. 

Let the (x,,x2) plane be a vertical plane as shown in Figure 12.1. The displacement 
progressive wave u can be decomposed into the longitudinal and transverse components 
with respect to the wavefront P,. 

The longitudinal component of the wave is called a “P wave” (primary wave), while the 
transverse component is called “SV-wave” (secondary or vertically polarized shear wave). 
These definitions come from geophysics: since c, > C2, a longitudinal wave arrives first and 
a transverse wave second in an earthquake. 

The strain tensor Ey, related to the displacement progressive wave 12.1.2 is obtained 
from the formula 


Eup = Uap) = AgNgyf (XN, = ct) (12.1.16) 
while the stress tensor S, is given by 
Sup = [2dr + ASapdyNy | f’ Xata — ct) (12.1.17) 


Hence, the elastic energy density of a plane strain progressive wave 12.1.2 is computed 
from the formula 


1 Xr 
E(Xy,t) = 3 op Sap = ua + (am) [f’ atta - ct) (12.1.18) 


12.1.1.2 The Antiplane Displacement Progressive Waves 
Substituting the displacement field u = u(x,, t) of the form 


U(X_,t) = [0, 0, u3 (Xo, £)] (12.1.19) 
into the displacement equation of motion 4.2.13 with b = 0, we obtain 
[L390 = plz on E* x (—00, +00) (12.1.20) 


An antiplane displacement progressive wave is defined as a solution to Equation 12.1.20 
of the form 


U3(Xq,t) = g(x,ny — ct) (12.1.21) 
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where 
g = 9(s) is a real-valued function of class C? on (—oo, +00) with g’(s) £0 
nis a unit vector 
c 1s a positive constant 


Substituting 12.1.21 in 12.1.20 we find that 


(12.1.22) 


C=C), => 


Hence, a function 
U3(x,,t) = gx,n, — Cot) (12.1.23) 


represents an antiplane progressive wave propagating with the velocity c2, and for a vertical 
(x, X2) plane uz is called an “SH wave” (horizontally polarized shear wave), see Figure 12.2. 

The strain components F3, and E32, and the stress components $3; and $3, associated 
with the wave 12.1.23 are given by the formulas 


1 1 
E3, = 53 — 5118 Kala — Cot) (12.1.24) 
1 f=. 
Ex = 732 = 28 (XqNq = Cot) (12.1.25) 
and 
S3) = 2WE3, = wing’ (XeNa — Cf) (12.1.26) 
S32 = 24E3. = nog’ (XaNe — Cat) (12.1.27) 


Hence, the elastic energy density of an antiplane progressive wave is given by the simple 
formula 


1 
E(Xe,t) = E13813 + E3823 = Hs! Caita — cot)f (12.1.28) 


x2 


u (SH wave) 


P, (wavefront) 


0 


FIGURE 12.2 Two-dimensional SH wave. 
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12.1.1.3 The Stress Progressive Waves Corresponding to a Plane Strain State 


To discuss a two-dimensional stress progressive wave, we note that the stress equations of 
motion for a homogeneous isotropic infinite elastic solid subject to plane strain conditions 
take the form [see Example 8.2.3, Equation (i) with b, = 0] 


Suse m (Sus — vS;8yp) =0 on E? x (—00, +00) (12.1.29) 
Representing a stress progressive wave S,g on E* x (—oo, +00) in the form 


Sup (Xyst) =Sap W(xyn, — ct) (12.1.30) 


where y = y(s) is a real-valued scalar function of class C? on (—oo, +00) with w’(s) £0, 


Sag 1S a unit second-order symmetric tensor, 1, is a unit vector, and c is a positive con- 
stant; and substituting Equation 12.1.30 into Equation 12.1.29, and dividing the result by 
w"(s) £0, we find 


C2 


5 n,Nng, — — 
(ay My" B) Qn 


(Sop Sissi, Sap =0 (12.1.31) 


Let H,, be the second-order symmetric tensor defined by 


Aap = Eay3€p53y Ng (12.1.32) 


where €,3 18 the three-dimensional alternator €,, restricted toi = a, j = B, k = 3; 
a, B = 1,2. Then, we have 


Aap Stay nN) — Aap Sap n,Ng = Eqy3€ ps3NyNg Sac neNg 


= EqyMy Sac Ne€pastpns (12.1.33) 
Since 
Epaangns = 0 (12.1.34) 
therefore, 
Hop Stay NyNp) = 0 (12.1.35) 


Hence, by multiplying Equation 12.1.31 by Hyg, we find that a tensorial wave S,, defined 
in Equation 12.1.30 must satisfy the compatibility condition 


Aap (Sop —v Syy 7) => 0 (12.1.36) 


or, since v = A/2(A + pL), 


0 Xr 0 
A, ‘68 —- = Jug ) =O 12.1.37 
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This condition is satisfied identically if we set (see Equation 12.1.17) 
Sup= 2d (aNg) “EP AdapayNy, (12.1.38) 


where a, is an arbitrary vector. To prove that Sup given by Equation 12.1.38 satisfies 
Equation 12.1.37 note that, by virtue of Equation 12.1.38, 


Syy= Qh + 2p)ayn, (12.1.39) 


Hence 


° Xr ° 
CF ere Oop = 2UAwa 12.1.40 
Sap 4D Syy Sap HA (qlp) ( ) 


Substituting Equation 12.1.40 into Equation 12.1.37 and dividing the result by 244 40, we 
arrive at 


AagaaNg) = Ay pdaNg = Eay3€ps3NyNsAqnp =0 (12.1.41) 


SiNCe €g53N3Ng =O. This completes the proof that Sig given by Equation 12.1.38 satisfies 
Equation 12.1.37. 


Moreover, if a, satisfies Equation 12.1.5, the tensor Ses given by Equation 12.1.38 
represents a solution to Equation 12.1.31. 


Let Sup be a solution to Equation 12.1.31. By taking the inner product of the tensorial 


equation 12.1.31 with the tensor Sok we obtain 


ce) 
| S ni 
ie} 


a {(o/2m [8-8 -varsye]} 


(12.1.42) 


Hence, a velocity of the stress progressive wave may be treated as a function of a pair (n, S), 


in which n and § represent a unit vector and a unit tensor, respectively, and, in addition, § 
satisfies the compatibility condition 12.1.36. 


To describe other properties of the stress progressive wave in terms of the pair (n,§S), 


we decompose §, into the normal and tangential parts with respect to the front P, (see 
(12.1.3)) as 


Sap=Sop oh Sop (12.1.43) 


where 


ork 


Sap= GauMottp + 8 pyMyNq —NaNgNyNy) Syr (12.1.4) 
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and 
oll o 
Sap= (Sep — NeNy) (Spy a npny) Sv (12.1.45) 
Then 
ot oll oll oO ot 
Sup Scep= 0, Soup ng => 0, Sop ng =Sup Ng (12.1.46) 


ot oll 0 
Note that S,, and S,, represent the normal and tangential parts of S,, with respect to P,, 


and, because of Equations 12.1.44 and 12.1.46, we receive 


ot ot ot ot 
Sup = Say MyNpt Sg, NyNa— Syy MyNyNgNp (12.1.47) 
and 
pte od PA a ea 2 
SSS 2 Sis My Sc (5.0mm) (12.1.48) 


The decomposition formula 12.1.43 allows us to obtain estimates for the stress energy of a 
progressive wave in terms of “normal” and “tangential” stress energies. The function €(S) 
defined by 


= ! eS 2 
Esai 8 v(trS)°| (12.1.49) 


represents the stress energy of the progressive wave 12.1.30. The functions €(S)~ and €(S!) 
are defined as the “normal” and “tangential” stress energies of the wave 12.1.30. Since 


oll 


Sap Mp = 0 (12.1.50) 
therefore, 
oll oO oll oO 
Sop Stay n,NB) = SupSay n,Np => 0 (12.1.51) 


oll 
and multiplying Equation 12.1.31 by S,, Ww, we get 
Sip (Sap — VSyySop) = 0 (12.1.52) 


By substituting Equation 12.1.43 into Equation 12.1.49 and using Equation 12.1.46,, we 
obtain 


E(S) = = [(s* +$!').(S* +S!) —v (St + irs!)’| 


= (S+) + €(s!) - a (trS+) (tr!) (12.1.53) 
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Also, by substituting Equation 12.1.43 into Equation 12.1.52 and using Equation 12.1.46), 
we receive 


S'.S'— v (tS* + tS") ts! =0 (12.1.54) 
or 


2€ (S!) = i (trS“) (trs") (12.1.55) 


Hence, it follows from Equations 12.1.53 and 12.1.55 that 
E(S) = E (S*) — E(S') (12.1.56) 


Therefore, the stress energy of a progressive wave is the difference between the “normal” 
and “tangential” stress energies. 
Since 


E(S) >0 for everyS 40 (12.1.57) 
then, by virtue of the relation 12.1.56, 
E(S~) > E€(S') (12.1.58) 


that is, the “normal” stress energy of a progressive wave is greater than the “tangential” 
stress energy of the wave. Also, it follows from Equation 12.1.56 and the inequality 12.1.57 
that a pure tangential stress progressive wave cannot propagate in the body. 

Finally, it follows from Equations 12.1.42 and 12.1.56 that 


: (8) io cues 
(8), 


c (n, S) > (0 ) (12.1.60) 


that is, the velocity of a stress progressive wave is bounded from below by the velocity of 
normal part of the wave. 

Note that the properties of a stress progressive wave described by Equations 12.1.56 and 
12.1.58 through 12.1.60 are complementary to those describing a plane strain displacement 
progressive wave of Section 12.1.1.1, and they are brought out explicitly only in the stress 
formulation. In this sense, the pure stress language of elastodynamics makes a positive 
difference in a study of the plane strain progressive waves. 

To wind up this section, we take advantage of formula 12.1.42 to recover the familiar 
wave velocities c, and co, and verify the difference stress energy formula 12.1.56 for both 
these velocities. To this end we consider the following two cases. 


which implies that 
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12.1.1.3.1 Case 1: Vector a in Equation 12.1.38 Is Parallel to the Wave Normal n, 
That Is, a= kn, k £0 
In this case, Equation 12.1.38 takes the form 


Sap k (2punany + Sup) (12.1.61) 
Hence, we receive 
Sup Np = (A+2u)kng, Syy= 200 + w)k (12.1.62) 
SopSap= 2K [( + wy? + 22] (12.1.63) 
| Sips f (s ) = A+ 2p) (12.1.64) 
Qu apap Dy vy a LU wl. 


Substituting 12.1.62, and 12.1.64 into the velocity formula 12.1.42 we obtain 


0 A+2 
c(n, §) = c, = = (12.1.65) 


which recovers the familiar wave speed associated with the longitudinal waves in a 
displacement formulation of homogeneous isotropic elastodynamics. 


Taking the “normal” and “tangential” parts of S given by Equation 12.1.61, we obtain, 
respectively, 


ot 
Supa KA + 2u)nang (12.1.66) 


and 


oll 


Sap= —kA(Natg — dap) (12.1.67) 
Therefore, the “normal” and “tangential” stress energies are given by (see Equation 12.1.49) 


1 d 2] kw? (A+ 2p)3 
Bis as Se gle 3 Ef pie Bie 1 
E(S*) Ta Is S EST (trS | (12.1.68) 


8 wAt+ pH) 
and 


Dinka \2 
€(S!) = x [s .Si =r (rs') | = = —s (12.1.69) 


respectively. The total stress energy is obtained from the equation (see Equation 12.1.56) 


E(S) = €(S*) -E(S') = SPW + 2p) (12.1.70) 
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If we introduce the ratio p= €(S!)/E(S+), we get p=y(v) = v*/(1—v)’, where v is 
Poisson’s ratio. Since 0 < v < 1/2, g(v) < 1, as expected (see the inequality 12.1.58). Also 
note that the parameter k in Equations 12.1.61 through 12.1.64, and 12.1.66 through 12.1.70 
is defined by the normalization condition § - S= 1, and, on account of Equation 12.1.63, 
may be taken in the form 


1 
k= (12.1.71) 


V2 [a+ p+ we]! 


12.1.1.3.2 Case 2: Vector a in Equation 12.1.38 Is Perpendicular to the Wave 
Normal n 


In this case, Equation 12.1.38 takes the form 
Sup= 2MaaNp) (12.1.72) 
and we obtain 
Syy=0, Sup Mg = Uda, SapSup= 2M GaAy (12.1.73) 
Substituting Equations 12.1.73 into the velocity formula 12.1.42 


é (n, S) a.5 ; (12.1.74) 


This is the familiar shear wave velocity of homogeneous isotropic elastodynamics. From 
Equations 12.1.44 through 12.1.45 and 12.1.72 we have 


ot Il 


Sap = 2MA aN, Sup = 0 (12.1.75) 


Hence, the stress progressive wave 12.1.30 is now purely normal, and the associated 
“normal” stress energy is given by 


1 
E(S) =€ (S*) = zHaye (12.1.76) 
Since Sop Sap = 1, therefore, a® = 1/2”, and Equation 12.1.76 reduces to 
1, 
éS)=—v¥ (12.1.77) 
4u 


Hence, for a stress progressive wave corresponding to the transverse displacement waves 
the total stress energy is associated entirely with the normal component of the wave. 
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12.1.2 THE SURFACE WAVES PROPAGATING IN A HOMOGENEOUS ISOTROPIC 
ELASTIC SEMISPACE: RAYLEIGH WAVES 


The surface waves propagating in a semispace |x,| < 00, x, > 0 can be defined as the plane 
strain waves confined to a thin layer adjacent to a stress free boundary x. =0. They can be 
described using the displacement or stress language of two-dimensional dynamics. In the 
following, a pure stress formulation of the problem will be used to study the surface waves 
in a semispace [1]. 

Consider a homogeneous isotropic elastic solid that occupies the semispace |x,| <0, 
X_ = 0, subject to the dynamic plane strain conditions. The stress equation of motion for the 
solid takes the form (see Equation 12.1.29) 


Sine 3; (Se — 8,5ap) = 0 for [xi] < 00,22 > 0 (12.1.78) 


where 
Sap = Sug (x), t) is the stress tensor 
p is the density 
jz and v are the shear modulus and Poisson’s ratio, respectively 


A solution S,g of Equation 12.1.78 is said to be a surface wave or a Rayleigh wave [2,3], 
propagating in a direction parallel to the stress-free boundary x. = 0 of the semispace if 


Sap (1,251) = Sap (x2)e*1-” (12.1.79) 
where s and p are positive constants, ? = —-1, 
$520) = $20) = 0 (12.1.80) 
and 
Sap(%2) > 0 as x, > 00 (12.1.81) 


If such a solution exists, the tensor field 12.1.79 represents a surface wave propagating with 
the velocity cr =p/s in the x, direction. The period T and the length L of the wave are then 
given by T= 2s /p and L=2r7/s, respectively. In the following, we show that there are a 
tensor field Si = Sup (x2) on [0,00) and a velocity cr=p/s, such that Sog = Sog (xy, t) 
given by Equation 12.1.79 represents a stress surface wave. To this end we rewrite 
Equation 12.1.78 in components 


1 J x 
— [1 —v)Si1 — Sy] = 0 


S _ 
pa 2c3 
1 a “3 
Sry.y2 — 2 [d — v)So — Si; =0 (12.1.82) 


1 .. 
Dipve + Soyy1 ep: Si2 =0 
Cy 
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where 
(12.1.83) 


Substituting Equations 12.1.79 into Equations 12.1.82 and omitting the factor 
exp[ i(sx, — pt)] we find that the stress components S,, S., and S;. must satisfy the 
equations 


2 war 2, 2 ¢ ne 
—s Lhe Si, —S V5 Sat isDSn = 0 


2 Qe 2 2 Q] Ne 
—s Ye Sih D’+s Oss Sx + isDS\2 = 0 (12.1.84) 
isD(S11 + So) + [D® — s°(1 — Q)]Si2 = 0 
where 


d CR : 
oe os and Q = {| — (12.1.85) 


X2 C2 


By eliminating first S;; and then $;, from Equations 12.1.84 we obtain the equivalent 
system of equations 


a 1 a 
Sy = -—~——— _ (D? + 8°Q/2)8 12.1.86 
Tm aaa § + 8°Q/2) So ( ) 
? 1 1 1 Q/2 1=) 
Sp=x D f [D? — s°(1 — «Q)] — 2s? ——— } Sy» 
2is 2(1-Q) |1—-« 1-2/2 1-9/2 
(12.1.87) 
[D? — 2° — Q)] [D? — 321 — «Q)] Sy = 0 (12.1.88) 
where 
1 —2v 
k= (12.1.89) 
2—2v 
Note that because of Equation 12.1.86 
Sie = ee SOS 12.1.90 
i + S22 (1 — 2/2) [ s“( ) 22 ( ) 


Hence, applying the operator [D? — s*(1 — «Q)] to Equation 12.1.90 and using 
Equation 12.1.88 we arrive at the formula 


[D? — (1 —«Q)]$,, =0 (12.1.91) 
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Also, note that because of Equation 12.1.89 


1 — 2k 
— 


Fae (12.1.92) 
Therefore, since —1 < v < 1/2, we obtain 
O<kK< ; (12.1.93) 
and 
1-KQ>0 forQ<1 (12.1.94) 


Hence, if Q < 1 the stress component Sy = Sis (x2) that satisfies Equation 12.1.88 on [0, oo) 
and the boundary conditions 


§n(0) =0, $(co) = 0 (12.1.95) 
takes the form 
So(x2) = So) (12.1.96) 
where 
On) = eM — 2/2 (12.1.97) 
hy =sV1—«Q, by =sV1—Q (12.1.98) 


and Sp is a real-valued constant of the stress dimension. 
Since h, > hy», therefore 


Sno) > 0 forSy <0 andx,>0 (12.1.99) 


Now, substituting Equation 12.1.96 into Equation 12.1.87, we find 


i 1 Q (hi — he 
Sin = Si D | ( . J eM — 2h — Ke 2" 


~ Fish — 2/2)(1 — k) 2+ 2h2(1 — k) 
(12.1.100) 


and using the boundary condition 
$1.0) =0 (12.1.101) 


we arrive at the relation 


h ON) + 2hy(1 —K) =0 (12.1.102) 
>) 24221 — &) ea a me 
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On account of Equation 12.1.98, the relation 12.1.102 is equivalent to the algebraic equation 


d—-2y —471-—«QV1-2=0 (12.1.103) 

Also, because of Equation 12.1.102, Equation 12.1.100 may be reduced to the simple one 
A $ 

Sip) = -— Toe Ga (12.1.104) 


where y=y(x2) is given by Equation 12.1.97. Finally, substituting Sx from Equa- 
tion 12.1.96 into Equation 12.1.90 we receive 


Hit =G | eee 8 ae (12.1.105) 
11 %2 0 2 1-2/2 lt. 
Hence, the tensor field Sap = = Sag (xy, t) given by Equation 12.1.79 represents a surface wave 


in the semispace if Soy Ky 12, and Su are computed from Equations 12.1.96, 12.1.104, and 
12.1.105, respectively, and Q is a real-valued root of Equation 12.1.103 from the interval 
(0, 1). It can be shown [4] that there is only one root of Equation 12.1.103 forO0 < v < 1/2 
in (0, 1). For example, for v = 0 we have 


Q=3-VJ5 (12.1.106) 
and for v = 1/4 we find 
Q=2-2/V3 (12.1.107) 


Hence, using Equation 12.1.85,, for v=0 and v=1/4 we arrive at cr =0.8740c, and 
Cr = 0.9194c, respectively. 

Note that S.g = Sog(x,,t) given by Equation 12.1.79 represents a complex-valued sur- 
face wave. If Mog = Lag (x,,¢) denotes the real part of Sog =Sog(x,,t), then, the use of 
Equations 12.1.79, 12.1.96, 12.1.104, and 12.1.105 gives 


Feige aye aa legs (12.1.108) 
n= 0 2 iO g 4. 
Lin = Sow (x2) COS @ (12.1.109) 
Vv1— 
p= S07 67 an aes sing (12.1.110) 
where 
Q = S(X, — Crt) (12.1.111) 


Also, it follows from Equations 12.1.109 and 12.1.110 that 


2 ge a (12.1.112) 


700 


FIGURE 12.3 The stress elliptical orbit associated with a surface wave (v = 0). 


where 


V1—KQ 


T2992 W(X), 


a= So 
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> X12 


b=Sow(x.) forx, > 0 


(12.1.113) 


Hence, the stress vector s = (X12, X22) associated with the surface wave is represented by 
an elliptical orbit in the (2112, X22) plane (see Figure 12.3). 
Finally, it follows from Equation 12.1.97 that the function w = (x2) has the properties 


(i) Wi) <0 forx >0 


(ii) WG) =0 forxy = > 


(iii) Ww" (xX) > 0 
(iv) w'(0) <0 


Hence, if So < O and g = @ € (0, 1/2), then 4. represents a nonnegative function of x, that 
increases over the interval (0, xo) and after reaching a maximum at xp decays asymptotically 
to zero. A similar behavior is revealed by &), treated as a function of x,. A plot of X=, for 
a fixed So < 0 and @ € (0, 7/2) is shown in Figure 12.4. 


Using the formula 


1 hy aL VI-Q, (1 — 9/2) 
= n 


= n 
h-hh Ww 


X59 
rN 


S? 1-—Q 


So <0, Po € (0, 17/2) 


0 


FIGURE 12.4 Amplitude &,, of a surface wave versus depth of the semispace. 


ve. 


xo 2 


(12.1.114) 
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where L is the surface wave length, we find that for v = 1/4 when Q =2 — 2//3 
Xo = 0.2689L (12.1.115) 


Note: 


For a fixed depth of the semispace, say X, >0, Ug represents a plane progressive wave 
propagating with the velocity ce along the stress free boundary x,=0. The front of the 
wave is described by the moving plane 


Q = sx, — pt = @ = const (12.1.116) 


If X4, is written as the sum of the “normal” and “tangential” parts with respect to the 
front, viz.: 


| 
Dye = De De (12.1.117) 
where 
f Xi Lye 
5 (12.1.118) 
Dy 0 
and 
z! ans (12.1.119) 
"10 Xp a 


then substituting Equation 12.1.117 into the stress energy density formula 


1 
E(S) = re [x- x —v(trz)’| (12.1.120) 

we obtain 
E(Z) = E(E*) + M (&, v) E (E') (12.1512) 


where €(Z~) and €(£") represent the “normal” and “tangential” stress energy densities, 
respectively, and 


M(%,v) = — {1 SA) [ee = y'| (219122) 
1—K)Q 
A(v) = 28—, B= = (12.1.123) 


It follows from Equations 12.1.122 and 12.1.123 that 


M (X2,0) =1 forx,>0 (12.1.124) 
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and 
M (x3,v) =0 for0<v<1/2 (12.1.125) 
where 
= = ee ft +A*(v)] > 0 (12.1.126) 
Therefore, 
E(Z) =E(X*)+E(=") forks, >0 andv=0 (12.1.127) 
and 
E(X)=E(E) fori, =x, andO<v<1/2 (12.1.128) 


The stress energy density decomposition formula 12.1.121 was obtained apparently for the 
first time by Jakubowska [5]. Also, note that the pure stress treatment of surface waves in a 
homogeneous isotropic elastic semispace is a restriction of the one for a nonhomogeneous 
isotropic elastic semispace proposed by Ignaczak [1]; see also [6-8]. 


12.1.3. THE PROPAGATION OF SH WAVES IN A SEMISPACE OVERLAID BY A SOLID 
LAYER: LOvE WAVES 


An SH wave related to (x;, x2) plane is associated with a displacement vector u = u(X%q, f) 
of the form 


u(x,t) = [0,0, w3%, 1] (12.1.129) 

Substituting u given by Equation 12.1.129 into the displacement equation of homogeneous 

isotropic three-dimensional elastodynamics with zero body forces (see Equation 4.2.13 
with b = 0) we find 

[LU3,00 = Puy (12.1.130) 


The associated stress tensor S = S(x,, t) takes the form 


0 0 S13 
S=] 0 0 $3 (12.1.131) 
Si3, S30 
where 
Si3 = 83) = Lu3) (12.1.132) 


S93 = S30 = U3. (12.1.133) 
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FIGURE 12.5 A layer of thickness h over the semispace. 


Consider a homogeneous isotropic semispace |x)| < 00, x. > 0 with density o; and shear 
modulus ,4;, overlaid by a homogeneous isotropic layer |x;| < 00, —h <x < 0 with density 
2 and shear modulus j2 as shown in Figure 12.5. 

Let s; = [u?,E™,S®] and sy = [u®, E®,S@] denote SH waves in the semispace 
|x, | < CO, x. > O and the layer |x,| < 00, —h < x < 0, respectively. A pair (51, 5) is said 
to represent a Love wave in the composite shown in Figure 12.5 if it satisfies the conditions: 


pou, = prot? for |x| < 00, —h <x, <0, t>0 (12.1.134) 
pus, = pits? for |x| < 00, » > 0,1 >0 (12.1.135) 
S31, —-h,t) =0 for |x| < 00, 1 > 0 (12.1.136) 
u2 (x1,0,t) = us? (x1,0,0) for |x| < 00, t> 0 (12.1.137) 
S2 (1,0, 1) = S(x1,0,1) for |x| < 00, 1 > 0 (12.1.138) 
and 
s; > [0,0,0] asx.—> ~w, |x\| < ow, t>0 (12.1.139) 


Note that Equations 12.1.134 and 12.1.135 are the field equations to be satisfied by us 
and Ws , respectively; Equation 12.1.136 means that the boundary x, = — h is stress free, 
while Equations 12.1.137 and 12.1.138 guarantee the continuity of the displacement and 
stress vectors at x. =0, respectively. Finally, Equation 12.1.139 implies that the wave is 
confined to a thin layer adjacent to the interface x. =0. Also note that Equations 12.1.134 
and 12.1.135 may be written as 


To? 
[v = ' ay z| u =0_ for |x;| < 00, —h <x <0, t>0 (12.1.140) 
Cy 


1 @ 
VF = a? 0 for || = 00, 0, +0 (12.1.141) 
(c)’ Or 3 
2D, 
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i= pee 2 = | H2 (12.1.142) 
PI P2 


U2? (%q,t) = U® (xy) e819 (12.1.143) 


where 


To find s; and s2 we let 


and 
Uo? (xy, 0) = UM (xy)e8O1- (12.1.144) 


where U = U(x») and U? = U(x») are unknown functions, s is a wave number, and 
c is an unknown velocity of the wave (i? = — 1). 
Substituting i and us into Equations 12.1.140 and 12.1.141, respectively, and omitting 


the exponential factor, we obtain 


ig 
(5 i. #2) Ob. erate 0 (12.1.145) 
dx; 
and 
a 
(= : 6?) UY =0 forx >0 (12.1.146) 
dx; 
where 


Bas? c BGs Ghee = e (12.1.147) 
ley PL @y - 


If c satisfies the inequality 
Co Sere (12.1.148) 


and if 6; and f, are selected to be the positive numbers 


B=s (a po =s Emer (12.1.149) 
(cS?) (c?)’ 


the solutions U™ and U™ to Equations 12.1.145 and 12.1.146, respectively, may be taken 
in the forms 


U? (xy) = Ael22 + Be7'P22 (12.1.150) 
and 


U (x) = CeF1 (12.1.151) 
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where A, B, and C are arbitrary constants. In this case, Equations 12.1.143 and 12.1.144 
reduce to 


u? — Agist1—ott+ 6272) 4 Beis —ot— Box) (12.1.152) 
and 
us? = Ce F12 eis -o (12.1.153) 


respectively, where w = sc is a frequency. Clearly, a represents a plane wave propagating 
back and forth within the layer |x,| <0o, —h <x, <0; while ie represents a harmonic 
wave confined to a neighborhood of the interface x, = 0, that is, us —> 0 as x. > o. This 
implies that s; generated by oa satisfies the asymptotic condition 12.1.139. Therefore, to 
show that ae? and ie represent a Love wave in the composite, it is sufficient to prove 
that there is a velocity c as well as the nonvanishing constants A, B, and C such that the 
boundary conditions 12.1.136 through 12.1.138 are satisfied. To this end we note that (see 
Equation 12.1.133) 


S@ = pu?) = iprB, [Acie P22) — Be“ 1-0 P29) (12.1.154) 
and 
SY = pws, = —p Bi Ce Pr2rier—o (12.1.155) 


and reduce the boundary condition 12.1.136 through 12.1.138 to the form 


Ae ‘P2" — Belb2h — (12.1.156) 
A+B-—C=0 (12.1.157) 
ipt2B.(A — B) + 4, 8,C = 0 (12.1.158) 
or 
Ae ‘P24 _ Belbak — 0 (12.1.159) 
A (if2B2 + Wi Bi) — B (im2b2 — Wifi) = 9 (12.1.160) 


Equating to zero the determinant of the system 12.1.159 and 12.1.160 we write 


ipnee (12.1.161) 
[Bo 
or, using Equations 12.1.149, 
1/2 
Pe Me bijl—e Nc?) 
tan a 1 a 1D (12.1.162) 
(c3 ) pr [er/( ON = 1] 
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Hence, a and a represent a Love wave if c is a positive root of Equation 12.1.162. It 


follows from the inequality 12.1.148 that a solution c to Equation 12.1.162 can exist if 


ee ead (12.1.163) 


and an equivalent form of Equation 12.1.162 reads 


i 1/2 
tan hBo = nm (5) = J = o(fr) (12.1.164) 
2 2 
where 
1 1/2 
By =s & = i) (12.1.165) 


Equation 12.1.164 treated as a transcendental equation for a root 6, will have positive roots 
if B) < Bo, and the roots can be obtained by a graphic method, see Figure 12.6. 

It follows from Figure 12.6 that the smallest root 3 of Equation 12.1.164 lies in the 
interval 


0<pi<— (12.1.166) 


To the smallest root 8; there corresponds the first mode of oscillation of the composite. To 
other real roots of Equation 12.1.164 there correspond higher modes of oscillation of the 
body. The value 6) = Bo in Figure 12.6 corresponds to c = C. . In this case 


hBo =hBy = (n—l)m, n=2,3,4,... (12.1.167) 
or 
2h(m-2 — 1)" 
k= ——__, n> (12.1.168) 
n — 


where A = 277/s is the wavelength. Hence, the nth mode (n > 1) of the Love wave prop- 
agating with the velocity c = has the wavelength given by Equation 12.1.168. Also, 


(Bo) 


tan hB, 


> By 


* 
0 J) 4 3m 20 
B3 2h h 2h h 


FIGURE 12.6 Solution of Equation 12.1.164. 
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it follows from Equation 12.1.162 that a Love wave may propagate with the velocity 
c= ra + 0 provided 


C 


()’ 
(2) 


which means that the Love wave propagates with the velocity c;’ + 0 provided its length 
is small in comparison to the layer thickness h. 

Finally, note that any positive root of Equation 12.1.164 depends on the wave number s. 
Also, the velocity c corresponding to the root depends ons. In this sense a Love wave is 
dispersive, that is, it changes its shape as it travels. 


2h 


“it Fn] 


472 
i — j >oo n=1,2,3,... (12.1.169) 


12.1.4 THE STRESS WAVES PRODUCED BY THE INITIAL STRESS AND STRESS-RATE 
FIELDS IN E? 


12.1.4.1_ A Solution to the Homogeneous Wave Equation Subject to Initial 
Conditions in E? 


In this section, we prove a two-dimensional counterpart of Theorem | from Section 11.1.4 
(see Equations 11.1.263 through 11.1.265). 


Theorem 1: A solution of the scalar wave equation 


2 
(v aus sz) o(x,t)=0, c>0, (x1) € E’ x [0,00) (12.1.170) 


Cc or 
subject to the initial conditions 
(x0) = Golx),  $(X,0) = dolx), XE NCE (12.1.171) 


admits the representation 


. 0 
(x, t) = t Ny ct(o) = at [t Nace(o) | (12.1.172) 
Here, for any function f = f(x) on Q, the symbol \,..;(f) is defined by 


I fi, 62) dé dé 


Nx ct = 
aff) 2nct ey Ver — (x, — &)? — (2 — &)? 


(12.1.173) 


where % (x, ct) stands for the circular region with its center at x and with the radius ct, 
that is, 


D(x, ct) = {& : | —x| < ct} (12.1.174) 


708 The Mathematical Theory of Elasticity, Second Edition 


Proof. Let @ = $(x,p) denote the Laplace transform of ¢ = ¢(x,#) with respect to 1, 
that is, 


(oe) 


Lo = 6(x,p) = [ere (x,t) dt (12.1.175) 


0 


where p is the transform parameter. Applying the operator L to Equation 12.1.170 and using 
the initial conditions 12.1.171 we obtain 


1,. 
(v° = a #(X,p) = = [do(x) + pdo(x)], xEQCE (12.1.176) 
Since 
Pr en Bix-€ 
Vi-— = —475(x—&) onE? (12.1.177) 
RE a7 a S| 
where 
2 geste 3 
V;=VW+t+73 %€ EE (12.1.178) 
: 0x3 
therefore, integrating Equation 12.1.177 over x; from x3 = —oo to x3 = +00, and using 


the result [9] 


en blx-§ p 24x p24x3 

i =f ai = 2Ks (3) (12.1.179) 
Jp c 

where Ky = Ko(x) is the modified Bessel function of the second kind and order zero, and 

p = p(x, &) is given by 


(x, €) = V1 — 1)? + Go — &)? (12.1.180) 


we find 
(v? = Z) Ky (2p) = —21 (a ~ 88m — &) (12.1.181) 


Let g=g(x) be a function on QC E’. Multiplying Equation 12.1.181 by g=g(&) and 
integrating over Q2 we have 


2 
(v° _ a) [Ko (Eo) e(é) dé =—2me(x), xe QcE (12.1.182) 
Q 


or 


1 oe Se ? a. Dp 
-" (v ws -) B®) = J xo (Eo) e(&) dé (12.1.183) 
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Since [10] 


a {Ko (Fo)} = H(t _ ) G = ey (12.1.184) 


where H = H(x) is the Heaviside function, therefore, applying the operator L~' to 
Equation 12.1.183 we arrive at 


a\ -1 
fa |-2 (v = 2) «| = t Neal) (12.1.185) 


where the symbol \V,.;(g) is defined in Equation 12.1.173. Hence, applying the operator 


EE" (ve —p?/c)'} to Equation 12.1.176 and using Equation 12.1.185, we arrive at the 
representation 12.1.172. This completes the proof of Theorem 1. 


Notes: 


(1) By introducing the polar coordinates (r, g) with the origin at x 
&-—x,=rcos¢g, &—x%=rsing (12.1.186) 


Equation 12.1.173 may be reduced to the form 


ct 


Nef) = male rf dp Tahiti + reos pas + rsing) (121.187) 


(2) As opposed to the wave produced by a localized initial disturbance in E* for which 
the wave amplitude vanishes outside of a finite time interval [see Remarks after 
Theorem 1| of Section 11.1], the wave produced by a localized initial disturbance 
in E” has a “tail” over the semi-infinite time interval t > 0. To prove this consider 
the situation shown in Figure 12.7 in which ¢@y = O and dy) £00n Q. Let Q be 
contained in a circular ring region ct, < |x — &| < ch, and let dQ be tangent to 
the circles |x — &| = ct, and |x — &| = ct) at the points x; and x), respectively 
(see Figure 12.7). If ct < |x —x,| then \y..,(f) = 0. If |x — x;| < ct < |x — xp| then 
Nyc) #0. Since the integration in Equation 12.1.187 is over the circular region 
with the origin at x and with the radius ct for every t > 0, therefore Ny..,(f) 4 0 for 
|x — X,| <ct <0, which means that the wave represented by ¢ is not localized 
for t > 0, that is, it has a “tail.” 

(3) A “tail” may be also observed for the two-dimensional point source solution 
12.1.184. The situation is shown in Figure 12.8 in which 


g(p,t) = A(t — p/ey(t? iS p2/c2)7/2 
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O0<t<ty 


FIGURE 12.7 A support of the initial disturbance ¢) = f in a ring region. 


9(p, t) } 
t>0 
Tail 
ra 
19|,— << — 


FIGURE 12.8 Two-dimensional wave function for an impulsive source at a fixed time t > 0. 


12.1.4.2 The Stress Waves Produced by the Initial Data in E? 


The stress waves propagating in a homogeneous isotropic infinite elastic solid subject to the 
initial stress and stress-rate fields under plane strain conditions are described by a solution 
to the following pure stress initial value problem. Find a stress field S.g = Sag(Xx,t) on 
E? x [0, 00) that satisfies the field equation (see Equation 12.1.29) 


p [+ x a 
Sioyip) = on Su aad pin | =0 on Ee x [0, oo) (12.1.188) 


subject to the initial conditions 
S056), SG 0=5,G), xERQeCr (12.1.189) 


where Sop (x) and Si (x) are prescribed second-order symmetric tensor fields on Q. 
By letting w = # in Equation 12.1.188 we find 


p o 
Sup.ag — = Sy, = 0 12.1.190 
Bap 2A +2u KY: ( ) 


Hence, by eliminating Sy from Equations 12.1.188 and 12.1.190 we obtain 


Sop i 2 US (ap,y8) “be AS35¢,5e5ap (12.1.191) 


pjwstk|402064| 1435597798 
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Integrating Equation 12.1.191 twice with respect to ¢ and using the initial conditions 
12.1.189 we get 


t 
Sap(X,t) = S2g(X) + 1339(%) + 07! [C= 7) [2S cay.7p)(% 7) + ASsese(% T)Sap] At 
0 
(12.1.192) 


Therefore, an alternative formulation of the problem reads: Find a tensor field S., = 
Sap (X, t) on E? x [0, 00) that satisfies the integro-differential equation 12.1.192. Note that 
Sag given by Equation 12.1.192 is a solution to the problem provided the tensor field S(.»,,) 
on E? x [0, 00) is available. In the following, we outline a Laplace transform technique of 
finding this field. 


Let Bai = 5.5 (x,p) be the Laplace transform of S.g = Syp(x,t) with respect to time, 
that is, 


L{Sup} = Sup (Xp) = f ePSap (x, t) dt (12.1.193) 


0 


where p is the transform parameter. By applying the operator L to Equation 12.1.188, and 
using the initial conditions 12.1.189, we obtain 


2 
Sexy yp) — ee Sop a ats Sipbue = — pp’ Bap (12.1.194) 
; 2 20 +2 


where 


= 1 /: rn . Dp Xr 
"Bap = — | Sag — ————S°, 5a — | S2, — ——_S°_ 3, 12.1.195 
Renae = (8 Tat 27 o8 | + a7 San — ay parva} ) 
Next, letting 6 = 6 and getting rid of the index parentheses in Equation 12.1.194, we have 


2 
a es pp = Xr = 
Says + Ssyya — ae (5. 55a) = —2 pp" Buys (12.1.196) 


OR Dee 


Now, by applying the operator 0°/dx;0x, to Equation 12.1.196 and taking the symmetric 
part of the result with respect to a and 6, we obtain 


2: 2 2 
P\s 0 = pp Re = 
G = ”) Stays) = — Fa (50s ee Tao ) — 2pp"Bas.sp) 
2. 


i. OXqIXg 
(12.1.197) 


where 


aes (12.1.198) 
p 
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Finally, by applying the operator (V?—p?/c{) to Equation 12.1.197, where 
ci = (A+ 2u)/p, we arrive at 


P P\- = 
G : 4 (° 7 -) cn (12.1.199) 
cy cy 
where 
2 2 2 2 
= p ) = pp As 2{~2_P\F 
P22 } 18 + — ——_§ +2 V-—)Bea 
e ( 4 OXqOXp ( eos bh 2A4+2u wv) PP Gs oe 
(12.1.200) 


In the following, we show that F,, can be expressed entirely in terms of Sip and S° > and 


p. First, it follows from the definition of Bop (see Equation 12.1.195) that the last term on 
the RHS of Equation 12.1.200 may be expressed in terms of S?,, Sj,, and p. 

Next, by applying the operator (5,,V” — 0?/0x,,0xg) to Equation 12.1.194 and using the 
identity 


a” < 
(9° —_ ax ==) Sian) = 0 (12.1.201) 


we write 


a? & i 3 ge Vx 
j4v = 5S lS aa By 12.1.202 
( 4 siz) ( amie) Oa ras cs : = ( 4 a) pC ) 


A+2M 55 = om 
Pp Ip Soe ~ Sevan = 2H (Bao.sp — Bop at) (12.1.203) 


Also, by letting w = 6 in Equation 12.1.196, we write 


ee a eS (12.1.204) 
yay 2A +2 VY 


Hence, by eliminating Sahn from Equations 12.1.203 and 12.1.204 we get 


2 
— 1 - 
(v - ) 52s (12.1.205) 


cy c ‘| 
where 


f = (20+ 2p) [p"B. xs) ; (Baw,pp — Bora) (12.1.206) 
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or, using of Equation 12.1.195, 


& 4 Dh Op a4 A+2u 
= s° s° eae Prarie Se a: soe oe 
f aa +p aa a0 p {p ( apap yl 4 Qu aa,BB 


‘i A+ 2m 3, 
a p- Sop, ap 2 a Dab 2p ale (12.1.207) 


Now, by applying (V* — p*/ct) to Equation 12.1.204 and using Equation 12.1.205, we 
have 


2 me. 
po. ae 12.1.2 
V 2 Surge 2 g (12.1.208) 
cy 
where 
Sc pS (12.1.209) 
Next, we introduce the notation 
Pup — = 2pcsp* ae ) (12.1.210) 


and, using of Equation 12.1.195, we obtain 


- . Xr Xr 
Pap 7 Sera) py aaa or +p (Six, yB) Ap Oy: a Qu Syy, 2) (12.1.211) 
Finally, using Equations 12.1.200, 12.1.205, 12.1.208, and 12.1.211, we get 
= {. d* a 1 DV 
F.i43=-—s e+ + Vos Pe, (231,212 
e c OXq OXp (3 pu 2Xr i) CG ( :.) ‘ ( ) 


It follows from Equations 12.1.207, 12.1.209, and 12.1.211 that RHS of Equation 12.1.212 


is expressed entirely in terms of S},, Seis and p; and this completes the proof that Fyg is 
expressed in terms of S?,, Sia and p. 


Now, we note that a unique solution of Equation 12.1.205 in E” takes the form 


Al 


1 Pp’ ee 
ao a(¥- 4 sf (12.1.213) 


cj 


Similarly, a unique solution of Equation 12.1.208 takes the form 


2 1 2\—! 
Sam ees (v = ) 7 (12.1.214) 
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Hence, applying the operator L~' to Equation 12.1.213, and using the inversion formula 
12.1.185 together with Equation 12.1.207, we find 


. a 
Sax (x, t) = tNect (Si) + ot [t Macys (Se) | 
2h + 2m . A+ 2m 
+ a J T {Noy ( apap ae Siutn) 


a3 A+ 2M a, 
+ (t = Ngee (Sas = ot umn) dt (12.1.215) 


where the operator Vy ,;(-) is defined by Equation 12.1.173. Similarly, applying the operator 
L~' to Equation 12.1.214 and using Equations 12.1.185 and 12.1.209, we arrive at 


; 0 
Supp 0) = t Neer (Sipap) + 5 [*Necrt (Spas) (12.1.216) 


To obtain Sia) we apply the operator [(V? — p?/ct) (V? —p?/c3)]' to Equa- 
tion 12.1.199, and using Equation 12.1.212, we obtain 


_ 1 F Pr ; P- =1 
Sarm=a[(V 3) ("8 


-1 
Gl a ee) let (ee \ py, (12.1.217) 
Cte Oe) a cs : 


Since for any function h = h(x) on Q C E? 


Be SV ude Pe PY 
ea aa, 
Pr -1 P° -1 
x (© - ”) h(x) — (v? - -) na (12.1.218) 
Cy Cy 


therefore, applying L~' to Equation 12.1.218 and using the inversion formula (see 
Equation 12.1.185) 


el Svias ph 
L't-s(W-=) Awe =tMalh) (12.1.219) 
c Cc 
we have 
2 2\ 77! 
el -2)(e-5)] | 
cy C5 
2.2 t 
= SS ft - 01 [GF Mey) — Nee] dt (12.1.220) 
Cy £9 5 
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Also, multiplying Equation 12.1.218 by p? and applying the operator L~' to the result, by 
virtue of Equation 12.1.219, we arrive at 


2 an Neg 22 
1 {[(* 7 ) G & a] F000 = [ett Neeye(h) — Ct Meens(h)] 
a Cy cy — C5 


(12.1.221) 


Hence, applying the operator L~' to Equation 12.1.217 and using Equations 12.1.207, 
12.1.209, and 12.1.211 we obtain 


t 


S(ay.yp)(% t) = Jo —T) Rech ere (M3,) = tN aaas (M;,) | dt 


+f erNe (Mig) tN (My) 


aH [eit Macys (N2,) _ Ot Nort (N°) 


0 
+2 [et Neu (Ne) — Gt Me (NEI 
+t Nyon (Li,) a - [t Nacot (Li) (12.1.222) 


where the tensor fields Me, M. ob? Ne Nop? bare and L;, are defined on 2 C E* through 
the formulas 


ipa (s “i La (12.1.223) 
ap ~~ OXqIXp LAV,LV c _ cS or +2 Lv dhe 
le 2 1 
Mop = Sa Si 3 (12.1.224) 
OXq OX p pots a — G 2A+2u 
Ne, = +25 (12.1.225) 
BG DA Dy Here fk 
Ni, = cars (12.1.226) 
a ae WA ae ee oe 
: 2 Xx ‘ 
Lop = Say.) 7 DAD Sean (12.1.227) 
and 
re 
= 5 ere (12.1.228) 


(ay.yB) pe oer: bpap 


Hence, we arrive at the following theorem. 


Theorem 2: A solution to the stress initial value problem described by Equations 12.1.188 
and 12.1.189 takes the form 12.1.192 in which the fields Ss.5- and S(y,,g) are given by 
Equations 12.1.216 and 12.1.222, respectively. 7 
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Notes: 


(1) The solution 12.1.192 represents stress waves of classic two-dimensional 
elastodynamics if S}, and S), are given by 


Sop 7 2UU (ap) oF hu, dup (12.1.229) 
and 
So a 2 LU p) oP uty, ., dap (12.1.230) 


respectively, where u = ui (x) and uw = u°(x) are prescribed vector fields on Q. 
Otherwise, the solution describes stress waves propagating in an elastic solid with 
initial defects. 

(2) If Sy, and S,,, satisfy the equilibrium equations 


Si HO Syg 0 ONCE (12.1.231) 
they may be represented by 
a? 
Sue = SapV> — Foo onQ® (12.1.232) 
OXq OX p 
and 
: 0° ; 
Sig = (oeV? = Fo onQ (12.1.233) 
OXqIXp 


where the functions F° = F°(x) and F° = F°(x) are the Airy stress functions. If, in 
addition, F° and F° are biharmonic functions on Q, then See and Sop satisfy the 
stress and stress-rate compatibility conditions 


S =0, 8  =0 onQ (12.1.234) 


[EL,vv Mbvy 


In this case, a solution to the problem takes the form 
LL t 
Sap(X, t) = Sig (x) + tSo (x) + iG KG — T)Sway,ypy(X, T) dt (12.1.235) 
0 


where 


1 
cj —ch 2A+2u 


S(ay.yp)(X t= {[eitNoy (Sean) a C5t Nene (S08) 


a fe} fe} 
+ 5 [etMee Stas) — Nar (Sena 


Xr 


= 9 ; 
— 2A + 2u {Mo (Si n.ap) aa at [aN esas (Sina) (12.1.236) 
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In particular, we obtain 
Soa (X, t) = SP (kK) + tS? (x) (12.1.237) 


(3) The tensor fields S?, and se , may be obtained by solving suitable traction boundary 
value problems of We: dimensional elastostatics for the domain Q2 when the stress 
vector fy = S°,ng and the stress-rate vector t, = se gg, respectively, are prescribed 
on 0&2. They may be also identified with solutions to suitable mixed boundary 
value problems of two-dimensional elastostatics, or with the internal stress and 
stress-rate fields of a continuum theory of dislocations [11]. 


12.2) TWO-DIMENSIONAL SOLUTIONS OF NONISOTHERMAL 
ELASTODYNAMICS 


In this section, the two closed-form solutions of two-dimensional dynamic theory of thermal 
stresses introduced in Section 8.2.2 are presented: (A) dynamic thermal stresses in an infinite 
elastic sheet subject to a discontinuous temperature field, and (B) dynamic thermal stresses 
produced by an instantaneous concentrated heat source in an infinite elastic sheet. In case 
(A) the solution is generated by a thermoelastic displacement wave potential, while in case 
(B) the solution is a sum of wave and diffusive parts. 


12.2.1 DYNAMIC THERMAL STRESSES IN AN INFINITE ELASTIC SHEET SUBJECT TO A 
DISCONTINUOUS TEMPERATURE FIELD 


Suppose that a homogeneous isotropic infinite elastic sheet obeying generalized plane stress 
conditions, described by the inequalities: |x,| < 00, |x2| < 00, and initially at rest, be subject 
to a temperature field T = T(x,, x2; 1) of the form 


T(X1,%230) = TolH (x) + a1) — HQ — a1) [Ho + a2) — Ar — a2) 180) (12,21) 


where 7) is a constant temperature, a, and a are positive parameters of the length dimension; 
while H = H(x) and 6 = 4(f) represent the Heaviside and Dirac functions, respectively. 
Hence, the sheet is heated instantaneously at t = 0 + 0 to a constant temperature To over the 
rectangular region |x,| < a, |x2| < a). A thermoelastic process p = [u, E, S] corresponding 
to the temperature T = T(x, t) is described by a potential @ = (x, f) through the formulas 
(see Part (B) in Example 8.2.13) 


u=V¢ onE’ x [0,0) (12:2:3) 
E=VV¢_ onE” x [0,00) (12.2.3) 

and 
S = 2 (VVG — V761) + pol on E” x [0,00) (12.2.4) 


where = $(x, f) satisfies the nonhomogeneous wave equation 


a) an 


@=mT onE’ x [0,0) (12.2.5) 


1 
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Here 
— 1 0° 
=W-=— 129.6 
! cOF ( ) 
1 1- 
ee Ee Se (12.2.7) 
CoA +2 2 wp 
In the following, we let c; = c. Since the infinite sheet is initially at rest, the process 


P = p(x, 2) satisfies the homogeneous initial conditions 

P(x, 0) = p(x, 0) =0 for |x;|< c«, |x| < co (12.2.8) 
Note that the conditions 12.2.8 are satisfied provided 

(x, 0) = (x, 0)=0  for|x;|< cw, |x| < co (12.2.9) 


Let @ = @ (x, &; t) be a solution of the wave equation 


0 6 = (x — 48 — &)8) (12.2.10) 


subject to the initial conditions 


$ (x,£;0) = (x,£;0) =0 (12.2.11) 


where x, € € E’. Then, it follows from Equations 12.1.183 and 12.1.184 in which g(x) = 
6(x — &) that 


- _ £)297 717 
@ (x, &1) = ee, (: — a=*) [ — a] (12.2.12) 
20 Cc 2 


Cc 


and a solution @ = ¢(x, f) to Equation 12.2.5 subject to the initial conditions 12.2.9 takes 
the form 


a on a ae H(t — |x — &|/c) 
B(%,1) = i dé, J dD ee (23913) 


Since 


0 0 
Ix—§|=— 
OXe 0&4 


Ix—&| fora =1,2 (12.2.14) 
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therefore, differentiating Equation 12.2.13 with respect to x, and using Equation 12.2.2, we 


obtain 
: me 8 f Ht—|K-&l/o) 
u(x,t) = on J a) dé, Ya {= —\x— aan} 
me % H E — Jf) — a)? + GO — 5 | 
i eee 


H E = Wier +a)? + G2 —- ey | 


— (12.2.15) 
CF = Oy + ai)? = Ga Ga? 
Hence, taking into account the formula 
d 
fs = sin - for |a| > |ul (12.2.16) 
ae—u 
we reduce Equation 12.2.15 to the form: 
a mc : (x2 + a2) 
22” lvea nee) a 
Uy (X1, X25 t) = c (41 — a1)? + G2 + a)? | sin Jo Goa 
—H E =A Gi aie +S Go a.)*| sin”! (2 = 4) 
Vcr — (x; — a1)? 
cae (x2 + dz) 
— Het - x; +a;)?+ Q2+a *| sin ; 
V@i +41)? + G+ an) JS 
we (x2 — ay) 
+ Hlet— x; t+a,)?+)-a *| sin : 
V@i + 41)? + G2 — a2) JES 
(12.2.17) 


In a similar way, by differentiating Equation 12.2.13 with respect to x2, and using 
Equations 12.2.14, we write 
(x; + 41) 


Ta (r.2938) = {7 [er — Veer Fan)? + Gea = aa sin! Ta 
= le —V@i- a1)? + @ - a) | ans re = a)? 
He Vara rays! 
shall | et = 4/'(y-—= a4)? + Gob an? | = ae “ ay)? 


(12.2.18) 
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XQh 


FIGURE 12.9 The circular wavefronts around four corners of the rectangular region. The sign 
+(—) represents the positive (negative) amplitude of a circular wave. 


It follows from Equation 12.2.17 that the displacement 7, is a sum of the four circular waves 
with the centers at four corners of the rectangular region: (a), a2), (a1, —d2), (—a@1, —a2), 
and (—d,,d,), and with the same radius ct. For sufficiently small time, the displacement 
u, is localized around the four corners as shown in Figure 12.9. As time progresses, 
the displacement waves expand to contain the whole rectangular region together with its 
neighborhood of a finite diameter, and as t > oo, u; — 0 for any point of the sheet that is 
located at a finite distance from the origin x = 0. Also, it follows from Equation 12.2.17 
that 7, (0, 0; 7) = O for every t > 0. 

Since the displacement # = U(x\,x2;1), given by Equation 12.2.18, has a form sim- 
ilar to that of 7, = 1(%),%2;1), the displacement waves described by # = M(x, X25 1) 
reveal a behavior that is similar to that of 7, = (2%, x2;1). In particular, it follows from 
Equation 12.2.18 that 72(0,0; 7) = 0 for t > 0. 

The strain tensor Eup corresponding to the displacement vector u,, may be obtained from 
the relation 


Sy. 
Eup = 5 Uap + Mp) (12.2.19) 


while the associated stress tensor S,, may be found from the constitutive equation (see 
Equation 8.2.28) 


= Poo l+tv_— 
Sap = 2 (Ex + Top Evrae = 1 ub.) (12.2.20) 
= —v 


In particular, the shear stress Sj» is obtained in the form 


S121, X25 t) = — 


Ve? =) — a4)? — C2 — 


MLC {* [et — J/(@ — a1)? + G2 — &)*] 
1 


H [ct — /@i +41)? + G2 — @)?| 
Jct = Oy +a)? — G2 — a)? 
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a H [ct — J (x, — a)? + Oo + ay) | 
VORP = 1 — a1)? — G2 +H)? 


Hct = AG + a,)? + (X2 + dy) | 
Vert? = (x, + a))? — OQ + a)? 


(12.2.21) 


It follows from Equation 12.2.21 that S,. is represented by a sum of four circular waves 
with the centers at four corners of the rectangular region shown in Figure 12.9. Each of the 
waves behaves as the two-dimensional wave produced by an impulsive source located at a 
corner of the rectangular region (see Figure 12.9). 


12.2.2 DYNAMIC THERMAL STRESSES PRODUCED BY AN INSTANTANEOUS 
CONCENTRATED SOURCE OF HEAT IN AN INFINITE ELASTIC SHEET 


Suppose that a homogeneous isotropic infinite elastic sheet referred to the polar coordinates 
(r,9),0 <r < w,0 < @ < 2m; and initially at rest be subject to an instantaneous 
concentrated heat source of intensity Qy at r=0. A A a field T corresponding to 
such a heat source is then independent of ¢, that is, T= T(r, t), and satisfies the parabolic 
heat conduction equation (see Equation 8.2.29) 


(v: = A =) T= _ Po 550 forr>0, t>0 (12.2.22) 
K 


subject to the homogeneous initial condition 
T(r,0) =0 forr>0 (12.2.23) 
and the vanishing condition at infinity 
T(r,t)} > 0 asr>o andt>0 (12.2.24) 
In Equation 12.2.22 V? stands for the Laplacian 


2 
1 
Bae Ces ee (12.2.25) 


where 
6 = O(r) is the Dirac delta function 
x is the thermal diffusivity of the sheet 


Since the temperature field T depends on r and tf only, the heat flux that is normal to 
the sheet plane vanishes for every f > 0 and for each point of the sheet except for r=0. A 
thermoelastic process p = p(r, t) = [u, E, S] associated with the temperature T = T(r, t) can 
be described in terms of a thermoelastic displacement potential ¢ = (r, t) by the relations 
(see Equation 12.2.2 through 12.2.4 restricted to polar coordinates) 


u = [u,(r, 1), 0] (12.2.26) 


pjwstk|402064| 1435597806 
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where 
— 
u,(r, t) = wd (12.2.27) 
or 
— Es, 0 
E= _ (12.2.28) 
O" 22 oe 
where 
= 0¢@ = 106 
ES =k = 12.2.29 
or er Or ( ) 
and 
_ [S, 0 
S= 7 (12.2.30) 
0 Sy» 
where 
_ 1 0¢ 
S,, = —2p - oe + ed (12.2.31) 
r or 
ao Ba 
Sop = —2jh Fe + e¢ (12.2.32) 


The function ¢ = @(r, f) satisfies the wave equation 


" of 


Fide Yon — 
(¥: =) @¢=mT forr>0,t>0 (12.2.33) 
subject to the initial conditions 


o(r,0) =0, $(r,0)=0 forr>0 (12.2.34) 


and suitable vanishing conditions as r > oo for every finite t > 0. 
By applying the operator (V? —«~'d/df) to Equation 12.2.33 and using Equation 12.2.22 


we find 
; = 
(¥: ae =) (v: me a) — _mQo 8) 54) (12.2.35) 


Cc? ar? kK nr 


Let f =f(r, p) be the Laplace transform of a function f = f(r, f): 


oe) 


Lif} =f(p) = f ere, t) dt (12.2.36) 


0 


where p is the transform parameter. 
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By applying the operator L to Equation 12.2.22 and using the homogeneous initial 
condition 12.2.23 we get 


(v? = “) Ts -= ae (12.2.37) 


Since for any k > 0 (see Equations 9.2.37 and 12.1.181) 
-16 
a(aie)y Lea ar (12.2.38) 
r 


where Ky = Ko(kr) is the modified Bessel function of second kind and of zero order, 
therefore, a solution to Equation 12.2.37 that vanishes as r —> oo takes the form 


= Do fon P\18) _ OD 5 
T(r.) = —5— (v? - 2) — = Ki (-/2) (12.2.39) 


To obtain a solution to Equation 12.2.35 in the Laplace transform domain, note that by 
letting ¢ = 0 in Equation 12.2.33 and using Equations 12.2.23 and 12.2.34 we arrive at the 
three homogeneous initial conditions for @ = @(r, t): 


= 0 ao 
o(r,0) = 0, oO. 0) = 0, art 0)=0 forr>0 (12.2.40) 
Hence, by applying the operator L to Equation 12.2.35 and using the conditions 12.2.40 we 
obtain 
2\ ~ err 5 
yee \(yhok: \g sme (12.2.41) 
K eg kK 2nr 
Since 
v2) (pi 2) (2 2) (pe ZY _ (v2) 
r r C2 C2 K E 2D: r K 
(12.2.42) 


therefore, applying the operator 12.2.42 to Equation 12.2.41 and using the formula 12.2.38 
we find that a solution to Equation 12.2.41 that vanishes as r — oo takes the form 


MQ. (p> _ p\ P P 
= Fee (a~ 2) [Ke(r2) ~%(n/2)] ae 


Now, we take advantage of the formulas [10] 


Sle 


L7'{Ko(a,/p)} = oo (a > 0) (12.2.44) 
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and 
L-'{Ko(bp)} = H(t — b)(? — b?)"'"7, (b> 0) (12.2.45) 


Also, note that Equation 12.2.43 can be written as 


= 1 1 r r 
é(r,p) =A (5 & -) Ko (<r) a (=v) | (12.2.46) 
where 


A= mQo (12.2.47) 
20 
To obtain the temperature T = T(r, t) in the space-time domain, we apply the operator L~! 
to Equation 12.2.39 and from Equation 12.2.44, we find 


zd 22 
T(r, t) = — ae (12.2.48) 


and the dimensions of Qo are [Qy] = K m’. Therefore, for any fixed t > 0 the temperature 
T is represented by a Gaussian surface on the (r, y) plane. Since T(r, ft) > 0 for any r > 0 
and t > 0, a “signal” represented by T propagates from r = 0 to r = oo with an infinite 
velocity, and in this sense the function T has a diffusive character. 

To find the potential ¢ = @(r, t) we apply the operator L~! to Equation 12.2.46, use the 
formulas 12.2.44 and 12.2.45 as well as the convolution relation 


L rig patr, P| = [fe.t—ngtc)dt (12.2.49) 
0 


valid for any two Laplace tranformable functions f = f(r, t) and g = g(r, ft); and write 


Gr.) =8,(r.) +O (12.2.50) 
where 
2 kK)(t—-T 
o,(r,t) = AH (- " f E see 1 dt (12.2.51) 
wi! > Cc a 2 — r/c? 
and 
2 kK)(t—-T 
7 ; sel 1] oe 
Galr,t) => Af eo aK dy (12.2.52) 
2 Tt 


0 


The functions @,, and ba represent the wave and diffusive parts of @, respectively, in the 
following sense. Since ¢,, = 0 for t < r/c and ¢,, > 0 fort > r/c, the equation t = r/c 
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represents a circular wavefront for @,,: a signal represented by ¢,, and traveling with the 
velocity c from r = 0 to r = ow is to reach a circle r = rp) > O in the sheet plane at time 

=ro/c + 0. Hence, ¢,, represents a circular wave propagating with a finite velocity. A 
diffusive character of ¢, is revealed by the inequality 6, < 0 for any r > 0 andt > 0, that 
is, a “signal” represented by ¢, travels from r = 0 to r = oo with an infinite velocity. 

To discuss a process p = p(r,t) generated by ¢ = (r,t), we study behavior of the 
functions ¢,, = ¢,,(r, 1) and ¢, = ¢,(r, f) on the (r, f) plane. First, we show that both these 
functions are finite throughout the plane. To this end we note that 


; jean Ss 1] 


tT r/c? 


t 2D, 
—(c*/k) 
Ave 2 e& /k)t 


; dt 
dt + | ———_ 
oe Jt? — r/c? . J Jt? — r/c? 


r/c 


(12.2.53) 


l+eé ue) | 
< ( Me /t ae 


Since for any dimensionless x and a such that x > |a| > 0 


J SS = In(x + V2 — @) (12.2.54) 


hence, the inequality 12.2.53 can be reduced to 


jaan 7 dt < (1 +e “Vin (ve ti a wre) (12.2.55) 


Ee tT? — r/c? r/c 


This implies that ¢,,(r, £) is finite for every r > 0 andt > r/c. 

Since, by Equation 12.2.51, ¢,,(r,t) = 0 for 0 < t < r/c, therefore @,,(r, f) is finite for 
every r > 0 and t > 0. To show that ¢,(r, f) is finite throughout the plane (r, t) except for 
r = O and ¢t = 0, we note that 


' Ege = 1] beac E 
PN Pye ay < (1 i ge) f—mas=- (1 4 en) Ei (-Z) 
i 


Tt Akt 
0 0 
(12.2.56) 
where 
Ei(-x) = — [ a ae (12.2.57) 
v 


Since the exponential integral Ei(—x) in Equation 12.2.571s finite for every x > 0, therefore, 
by Equation 12.2.52 and the inequality 12.2.56, the function ¢,(r, f) is finite for every r > 0 
and ft > 0. 


726 The Mathematical Theory of Elasticity, Second Edition 


To show that the radial displacement #, = 7,(r, t) = 0@/dr is finite for every r > 0 and 
t > 0, we proceed in the following way. Using the relation 


K,\@) =—-Ki@), x>0 (12.2.58) 


and differentiating Equation 12.2.46 with respect to r, we find 


a6 #1 gr it r 
ree ey eK (<p) - wk (ve) | (12.2.59) 


Now, from Equations 12.2.44 and 12.2.45 we obtain 


(oe) 


if 2 
ie e% dt=Ky(a/p), a>0 (12.2.60) 
0 
and 
fe -n A= —K,(bp), b>0 (12.2.61) 
arr a 0 > Le 
0 


Hence, the differentiation of Equations 12.2.60 and 12.2.61 with respect to p, and the use 
of the relation 12.2.58 yields 


00 —a? /4t 1 
© aK 0 12.2.62 
iF 7 F (ap), a> (12.2.62) 


and 


fer! t H(t— b) 


=K,(bp), b>0 12.2.63 
b a i (bp) ( ) 
respectively, or 
K, cayp)} = * ert as0 (12.2.64) 
aa 
and 
Pgs? BOSE) 2G (12.2.65) 
= —- —., > ae 
Pee chee ape 


Finally, applying the operator L~' to Equation 12.2.59, and using the convolution formula 
12.2.49 together with Equations 12.2.64 and 12.2.65, we obtain 


°F i= its p+ Po, t) (12.2.66) 
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where 
P Ac? 
Ac, (1 _ *) if emin __F ag, (12.2.67) 
or Fisk Cn tT? — r/c? 
and 
= ea 
“ee _Ac (eee ds (12.2.68) 
r Pee 
Since 
1 2 
f noch T en fat 
os 2 P/e ce 
yams 2 
Lae eae (12.2.69) 
i r/c c 


therefore, an alternative form of Equations 12.2.66 through 12.2.68 reads 


U(r, t) = 0 (r,t) +H (r, 1) (12.2.70) 
where 
A 2 
i) = do, Ac 11 ( ) 
or rK 
2 2: t 2 
x} fe-sts fem fa Sar (12.2.71) 
C UK 3, fog 
and 


ts ~ 

a = ee =o (eee x er Mer dy (12.2.72) 
r rk 

0 


The functions 7” and me represent the wave and diffusive parts of the radial displacement 


u,, respectively, and both these parts are finite for every r > O and t > 0. 

To find the stress component S,, = S,,(r,t) we use the formula 12.2.31 in which 
d¢/dr = U, is given by Equations 12.2.70 through 12.2.72, and ¢ is computed in the 
following way. By multiplying Equation 12.2.43 by p? and using the decomposition 


2 2 
P 2 c/K 
sie Lea Pins 12-9°73 
p?/c* — p/k : ( +e) 
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we obtain 


polr.p) =A e (1 4 a ) Ko (r=) a A (-/2)| (12.2.74) 
K p—c/k c K 


Now, if the operator L~' is applied to Equation 12.2.74, and the relations 12.2.44 and 
12.2.45 are taken into account, we obtain 


o(r,t) = ,, (1 t)+ our, t) (12.2.75) 
where 
2 ; nm el 1k\(t—1) 
OGD S=A=H (« ) 7S" dt (12.2.76) 
3 c t? eae al ft? — r/c? 
and 
oe A 2 —2 /4kt Dt =r? /4er 
Fr ene |: ate fecie® x dr (12.2.77) 
2K t ke T 


Note that the function ¢ = (r,1) is finite for every r > 0 and t > 0, except for the 
wavefront t = r/c at which it becomes unbounded, that is, 


lr, t)—> +00 ast—>r/c+0 (12.2.78) 


The radial stress component is now computed from the formula 


2 
S,(r, 0) = = o + po =S'r, N45 ,1) (12.2.79) 
where 
ro) G r 1 2 
Sr.) =Ap —H (1- ) +5 JP Pie 
c P—Pr/ce 1 p 
i a ied 1 de 26 TS 72\ ad 
—le Jt? — r/c? | dt 
ee P—P/e 1 p 
(12.2.80) 
and 


- Ao c2 | en /4«t pt ee 
Se (rt) = | R$ f meron (4 SER ae] 2.2.81) 
i 2 «Kk K C 


0 
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To compute the hoop stress Ce (r,t) we differentiate Equation 12.2.59 with respect to r, 
and obtain 


ab i: ea 1 DP. (T Lowe of 
gi sae E re (<p) -—K, (=v) | (12.2.82) 


Now, by differentiating Equation 12.2.62 with respect to a, we find 


oF a /4t 
nb aa 12.2.83 
iF [ ; = K\(a,/p) (12.2.83) 
Hence 
: 1 1 ey 
L" {Ki(avp)} =-( 5+ aie es (12.2.84) 
Similarly, by differentiating Equation 12.2.63 with respect to p, we obtain 
7 _ tf H(t—b) 
ee — —___—dt = —K, (bp) (12.2.85) 
J aN cer 
which is equivalent to 
? H(t—b) 
-1 / eae rorya 
(Ki (bp)} = —F Foe (12.2.86) 


Therefore, applying the operator L~! to Equation 12.2.82 and using the convolution relation 
12.2.49, we have 


a b Ep os oe ee (12.2.87) 
where 
by APG ty] _# f(t 2 _ ie | 12.288) 
ar? rk c TCS Is, teal ay 
and 
0 


Finally, substituting o from Equation 12.2.75 and 4°@/dr? from Equation 12.2.87 into 
Equation 12.2.32 we obtain 


Spo (7.1) = Sr, + 500,0) (12.2.90) 
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where 
2 2 
=(w) c r 1 2 pw t 
S ,t) =Ap—H (1- ) — 
et ) a C | PP] e r? 0 2 — r/c? 
t 
+S fetmeo[_1 28 _ 8 7, 
Me P—P/e Pp /r-—P/e 
(12.2.91) 
and 
2 t 
—<(d) Moe gore -. ee) 1 4u« /1 1 
S ee =. (c*/k)(t—t)—1r* /4kT - d 
oo 1) ee t ar T p Cc eT Dee ° 
(12.2.92) 
Since 
2 hes r 
Lae —>v ast>-+0 (12.2.93) 
r 0 Cc 


therefore, it follows from Equations 12.2.79 through 12.2.81 and 12.2.90 through 
12.2.92 that 


5,,(r,t) > +00 andS,,(r,1) > +00 ast> +0 (12.2.94) 
c 


It is easy to show that the pair (T,¢) given by Equations 12.2.48 and 12.2.50 satisfies 
Equation 12.2.33. Also, it is easy to prove that the stress components S,, and S,, given by 
Equations 12.2.79 and 12.2.90, respectively, comply with the condition 


S,, + Syp = —2umT + (1+ v) 0p (12.2.95) 


Equation 12.2.95 is a direct consequence of Equations 12.2.31 through 12.2.33. 


PROBLEMS 


12.1 Find the dynamic thermal stresses in an infinite elastic sheet with a quiescent past 
. 3 
subject to the temperature T of the form 


T (x, f) = T8(x1)8(%2)5(t) 
where 


To is a constant temperature 
6 = 6(x) is the Dirac delta function 
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12.2 


12.3 


12.4 


12.5 


Find the dynamic thermal stresses in an infinite elastic sheet with a quiescent past 
subject to the temperature 7* of the form 


T* (x,t) = T)5(x1)5(x) A(t) 


where 
Ty is a constant temperature 
6=6(x) and H=H (ft) represent the Dirac delta and Heaviside functions, 
respectively 


Find the dynamic shear stress $2 in an infinite elastic sheet with a quiescent past 
subject to a temperature T of the form 


T(x, t) = TolH (x +. a1) — Hx, — a))] - [HQ + a2) — HO — a) JA () 


where 
To is a constant temperature 
H = H(t) is the Heaviside function 
a, and a, are positive parameters of the length dimension 


An infinite elastic body described by the inequalities 
O<r<w, O0<@<2n, |x| <~w (a) 


is subject to a line heat source of the form 


Or.) = SON (b) 
rr 

Use a method similar to that of Section 12.2.2 to find the temperature T = 7(r, t) 
and associated thermal stress components S,,=S,,(r, t) and Sy, = Sy,(r, t) produced 
by the line heat source. Assume that the body is initially at rest, which means that 
T(r, 0) =0, u,(r, 0) = 0, and u,(r, 0) = 0, where u, = u,(, t) is the radial displacement 
corresponding to the heat source. 

An infinite elastic body described by the inequalities 


O<r<o, 0<g<2n, |x| <0 (a) 
is subject to a time-periodic line heat source of the form 

(r,t) = Ope) /2nr, i= V=1 (b) 
where w > 0 is the frequency. Show that the temperature T = T(r, t) and the thermoe- 


lastic displacement potential 6 = (r,t) corresponding to the heat source take the 
form 


T(r, 1) = oe Ky(r./iw /k) (c) 


20K 
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and 
Oome 


PO Fre (lala + OTA) 


[Ko (rViw/e) = Kolires/er)] (d) 


where Ky = Ko(z) is the modified Bessel function of the second kind and zero order; 
« stands for the thermal diffusivity, c; is the longitudinal velocity, and 


EEL 
ce. ae 


a (e) 


m 


Here, v and q@ are Poisson’s ratio and the coefficient of linear thermal expansion, 
respectively. 
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| 3 One-Dimensional 
Solutions of 
Elastodynamics 


When the data of an initial-boundary value problem of elastodynamics depend on a single 
space variable and on time f, a solution to the problem satisfies the one-dimensional field 
equations subject to suitable initial and boundary conditions. In this chapter, a number of 
typical one-dimensional solutions of homogeneous isotropic isothermal and nonisother- 
mal elastodynamics are obtained in a closed-form using the Laplace transform technique. 
The isothermal solutions include (a) one-dimensional stress waves in an infinite or semi- 
infinite elastic solid subject to the initial stress and stress-rate fields, and (b) one-dimensional 
stress waves in a semispace subject to a uniform dynamic boundary pressure. The non- 
isothermal solutions cover (1) dynamic thermal stresses in an infinite or semi-infinite elastic 
solid subject to a plane instantaneous heat source, and (2) dynamic thermal stresses in a 
semispace subject to a sudden heating of the boundary plane. Also, the solution (1) is applied 
to obtain the integral representation of a dynamic thermoelastic response of a semispace 
to a laser pulse. The chapter ends with problems, and their solutions are provided in the 
Solutions Manual. 


13.1 ONE-DIMENSIONAL SOLUTIONS OF ISOTHERMAL 
ELASTODYNAMICS 


The one-dimensional field equations of isothermal elastodynamics are obtained by letting 
an elastic process p = [u, E, S] and the body force vector b depend on a single space variable 
x =x, and on time ¢. In addition, if we assume that an elastic body is homogeneous and 
isotropic, and the displacement and body force vector fields take the forms 

u(x, f) = [u(x, f), 0, 0] (13.1.1) 
and 


b(x, t) = [b(x, 4), 0, 0] (13.1.2) 


respectively, then the strain and stress tensor fields are given by the matrices: 


E\\ (x, t) 0 O 
Ex)=-| 0 0 0 (13.1.3) 
0 0 0 
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where 
) 
Ey, @,t) = = (13.1.4) 
Ox 
and 
es t) 0 0 | 
S(x,t) = 0 S92 (x, f) 0 (13.1.5) 
l 0 0 S33 (x, | 
where 
Ou 
Sia, tf) = Sx, t) = (A+ 2H) (13.1.6) 
x 
ou 
So (x, t) = S33 (x, t) = ie (13.1.7) 
x 


Finally, the equation of motion takes the form 


ae ee (13.1.8) 


(see Equations 4.2.1 through 4.2.3 restricted to a one-dimensional homogeneous isotropic 
case). 

By substituting Equation 13.1.6 into Equation 13.1.8 we arrive at the one-dimensional 
displacement equation of motion 


2 2 
(3 ia )u=- (13.1.9) 


ar? AP. 


ae 
ae We ja (13.1.10) 
p 


represents the longitudinal wave velocity. 
Also, by applying the operator 0/dx to Equation 13.1.8 and using Equation 13.1.6 we 
obtain the one-dimensional stress equation of motion 


7 ab 
ae, Vipin Le (say 
(33 2 =z) Ox ( ) 


In the following, a number of the initial-boundary value problems for Equation 13.1.9 or 
Equation 13.1.11 will be formulated, and closed-form solutions to these problems will be 
presented. The discussion includes 


where 


One-Dimensional Solutions of Elastodynamics 735 


(A) One-dimensional stress waves in an infinite elastic solid subject to the initial stress 
and stress-rate fields 

(B) One-dimensional stress waves in an infinite elastic solid subject to a body force 
field 

(C) One-dimensional stress waves in a half-space with free boundary subject to the 
initial stress and stress-rate fields 

(D) One-dimensional stress waves in a half-space with free boundary subject to a body 
force field 

(E) One-dimensional stress waves in a half-space subject to a uniform dynamical 
boundary pressure 

(F) One-dimensional stress waves in a finite strip with free boundaries subject to the 
initial stress and stress-rate fields 


13.1.1 ONE-DIMENSIONAL STRESS WAVES IN AN INFINITE ELASTIC SOLID SUBJECT 
TO THE INITIAL STRESS AND STRESS-RATE FIELDS 


13.1.1.1 One-Dimensional Green’s Function for an Infinite Space Corresponding 
to the Homogeneous Initial Conditions 


In this section, we are to solve the following initial-boundary value problem. Find a function 
G=G(x, é;t) for |x| < 00, |E| < 00, t > 0, that satisfies the field equation 


2 2 
(3 as wi) = Bee = 8950) 


ae 2 OP 


for |x| < o6, |E| < wo, t>0 (13.1.12) 


the initial conditions 


G(x, €; 0) = 0, “G05 8:0) =0 
for |x| < 00, |E| < cw (13.1.13) 
and the vanishing condition at infinity 
G(x,é;t) > 0 as |x| > +00 


for every € € (—0o0, +00) andt>0 (13.1.14) 


Let f = f(x, p) be the Laplace transform of a function f = f(x, t) with respect to time t 


(oe) 


Lif, )} =f,p) = femre, dt (13.1.15) 


0 


where p is the transform parameter. By applying the operator L to Equation 3.1.12 and 
using the homogeneous initial conditions 13.1.13 we reduce the problem 13.1.12 through 
13.1.14 to the following one. Find a function G = G(x, &; p) that satisfies the equation 
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—. —+_|G=-6(x—&) for |x| < 0, |é| < 00, p>0 (13.1.16) 
ha x 
and the vanishing condition 
G(x,€;p) > 0 as|x| > oo, || < 00, p>0 (13.1.17) 
To solve the problem 13.1.16 and 13.1.17 we use the integral representation of the Dirac 
delta function [1] 
1 [o.e) 
S(@@—£) = — | cosa — &)da (13.1.18) 


sae 


By substituting Equation 13.1.18 into the RHS of Equation 13.1.16 and looking for G in 
the form of a cosine integral, we obtain 


= ret 7 cosa(x — é) 
GED 2) orgie (13.1.19) 


or 
Low en P/OR-El Ge @/O)lx-61 


ae ei 2 : (13.1.20) 


Hence, by applying the operator L~' to Equation 13.1.20, we have 


Gwen = Sa(r-2—*) (13.121) 


where H = H(t) is the Heaviside function. The function G = G(x, €;t) is Green’s function 
for an infinite space corresponding to the homogeneous initial conditions in the following 
sense. For a given function f =f (x,t) on (—0oo, +00) x [0, 00), a solution F = F(x, ft) of 
the equation 


ag 1 0 
ao 8 ae F=-f(x,t) for |x| < oo, t>0 (13.1.22) 


subject to the homogeneous initial conditions 
F(x,0) =0 for |x| < co (13.1.23) 
and 
0 
ae 0) =0_ for |x| < 00 (13.1.24) 
and the vanishing condition at infinity 


F(x,t) > 0 as |x| co andt>0 (13.1.25) 
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takes the form 


t +00 


Fax = | | Go.8t— nf, vdé dr (13.1.26) 


0 —oo 


By substituting G= G(x, &; 1) from Equation 13.1.21 into Equation 13.1.26 an alternative 
form of Equation 13.1.26 is found 


t x+c(t—-T) 


Fe.) = 5 f i) f(é, t)dé dt (13.1.27) 


0 x—c(t—-T) 


In particular, a displacement wave that satisfies the equation (see Equation 13.1.9) 


ch Ee : b(x,t) for |x| t>0 (13.1.28) 
oe , =— : or < Ww, > ei. 
ax? e?._ OF? ‘ A+ 2p ; i; 
subject to the conditions 
0 
u(x, 0) = 0, a 0) =0 for |x| < c (13.1.29) 
and 
u(x,t) > 0 as|x| > co andt>0 (13.1.30) 


is represented by the integral 


t x+c(t—T) 


b(é,t)d& dt for |x| < w, t>0 (13.1.31) 


0 x-c(t-T) 


Note that the displacement wave 13.1.31 is well defined for any b = b(x, t) integrable over 
a finite rectangular region: [—Xo, xo] x [0, t], where x» < oo and t < oo. In particular, the 
formula 13.1.31 makes sense if b(x, t) is piecewise continuous over the rectangular region. 


13.1.1.2 One-Dimensional Stress Waves in an Infinite Solid Subject to the Initial 
Stress and Stress-Rate Fields: D’Alembert Solution 
Assume that a homogeneous isotropic infinite elastic solid |x| < 00 is subject to initial stress 


and stress-rate fields only. Then a stress wave produced by such fields satisfies the equation 
(see Equation 13.1.11 with b = 0) 


0° 1 0? 
aa ae S=0 for |x| < ow, t>0 (13.1.32) 


and the initial conditions 


S(x, 0) = So), “50 0) = So(x) for |x| < 00 (13.1.33) 


where So = So(x) and So =So(x) are prescribed functions on (—oo,+00). To obtain a 
solution S = S(x,f) to the initial value problem 13.1.32 and 13.1.33 we use the Laplace 
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transform technique. By applying the operator L (see Equation 13.1.15) to Equation 13.1.32 
and using the initial conditions 13.1.33 we have 


2 2 
d D\= 1 ; 
(= - ) ee [PSo(x) + So(x)] for |x| < co, p> 0 (13.1.34) 


dxe 


Now, it follows from Equations 13.1.16 and 13.1.20 that 


a p?\ [Tc e P/Ob-Sl 
(= me -) E a =—d(x—&) for |x| < 00, || <0, p>O (13.1.35) 


Hence, multiplying Equation 13.1.35 by [pS o(&) + So (€)]/ c and integrating the result over 
& € (—oo, +00) we find the integral representation of $= S(x, p): 


= 1 +00 1 TOO. 
Siu = 3] fsmeremnaes 2 fperionae] for |x| < 00, p > 0 


(13.1.36) 
Finally, by applying the operator L~' to Equation 13.1.36 we arrive at 
be Ix —&| 
Sat) = — So(E)d | t — ——— ] d. 
(x,1) | f o(€) ( - ) é 
a Iz —6| 
oF f So(€)H (: = <=") a] for |x| < co, f>0 (13.1.37) 
c 
where 6 =6(t) and H=A(t) are the Dirac delta and Heaviside functions, respectively. 
Since 
+00 Ix = E| x or g 
J sues (1 = #1) ae = f sya (1-*=*) at 
ee c aa c 
+ J So(é)5 (: = ‘=*) dE =c | So(x — ct + cw)8(u)du 
x e —oo 
+ f So(x + ct — cpscoa| = c[So(x — ct) + So(x + ct)] (13.1.38) 
and 


+00 t 
f Se (: - =) dé =c | So(x — ct + cu)H(u)du 


00 


t x+ct 
+ { Ster- opto] = | Seae (13.1.39) 


—0o 
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therefore, an alternative form of Equation 13.1.37 reads 


1 Boner 
S(x,t) = 5 [So(x — ct) + So(x + ct)] + ae i So(E)dE for |x] < cw, t>0 (13.1.40) 
x—ct 


= CI 


Solution 13.1.40 is known as a solution of the d’Alembert type. 
If So(x) =0 for |x| < oo and Sp = Sp(x) is represented by the Dirac delta function 


So(x) = Sod(x) for |x| < co (13.1.41) 


where Sp is a constant of the dimension [Stress x Length], then 
1 
S(x, tf) = 5750 [d(x — ct) + 6+ ct)] (13.1.42) 


Hence, a unit initial stress delta profile produces a sum of the two moving delta waves: the 
one of magnitude 1/2 moving with velocity c in the x direction, and the other of the same 
magnitude moving with velocity c in the opposite direction. If the initial stress 13.1.41 
complies with the relation 


a 
Sy = Sox) = A + 26 )Eolx) = (A + 210) — ao(x) (13.1.43) 


where Up = Uo(x) is a displacement in the x direction, then the function S=S(x, ft) given 
by Equation 13.1.42 represents the stress wave of a one-dimensional incompatible elasto- 
dynamics in which the displacement uy = uo(x) undergoes a finite jump across the plane 
x=0. 

Finally, note that the one-dimensional displacement initial value problem of classic 
elastodynamics in which the initial displacement ug = up(x) and the initial velocity up = 
g(x) are prescribed on (—oo, +00) (see Equation 13.1.9 with b = 0) 


0° 1 9? 
ae = ao ae u=0O for |x| < oc, t>0 (13.1.44) 
0 ; 
u(x, 0) = uo(x), apt 0) = u(x) for |x| < c (13.1.45) 


can be solved in a way similar to that of the stress problem 13.1.32 and 13.1.33, and we 
arrive at the d’Alembert solution 


x+ct 


u(x,t) = ; {uo( — cf) + uolx + et} + = f iip(E)dé (13.1.46) 


xX—-Cl 


If the initial data of the stress problem are suitably related to the initial data of the dis- 
placement problem, the stress wave S = S(x, ft) given by Equation 13.1.40 corresponds to the 
displacement wave u = u(x, ft) given by Equation 13.1.46, which means that p = [u, E, S]isa 
solution to a one-dimensional displacement initial value problem of classic elastodynamics 
for an infinite space. 
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13.1.2 ONE-DIMENSIONAL STRESS WAVES IN AN INFINITE ELASTIC SOLID SUBJECT 
TO A BoDy FORCE FIELD 


In this case the stress waves are represented by a solution to the field equation (see 
Equation 13.1.10) 


0° 1 3 ob 
(Gs-a5a)58--F for |x| < «, t>0 (13.1.47) 


subject to the homogeneous initial conditions 
0 
S(x, 0) = 0, apis 0)=0 for |x| < co (13.1.48) 


Since this problem is a part of the one described by Equations 13.1.23 through 13.1.25, a 
solution to Equations 13.1.47 and 13.1.48 takes the form (see Equation 13.1.27) 


t x+c(t-T) ab 


Sout) = 5 f f ag tb de (13.1.49) 


0 x—-c(t—-T) 


or 
5G.) = 5 f tolx +c(t—T),t] —blx—c(t—T), t]} dt (13.1.50) 
0 


For an impulsive rectangular body force 
b(x, t) = b[H(x + a) — H(x — a] s(t) (13.1.51) 
where a > 0, and bg is a constant of the dimension [Stress x Velocity~'], we have 


S(x,t) = sbo {He + act) — A(x+a-—ct)+ A(x —a-—ct) —H(x—a-+ct)} 
(13.1.52) 


Figure 13.1 shows a graph of S = S(x, t) for x = — a, x =0, and x =a as a function of time ¢. 

It follows from Figure 13.1 that for a small ratio a/c the impulsive rectangular body force 
produces the two self-equilibrated constant stresses of short duration: a tension at x = —a 
and a compression at x =a, while the middle cross section x =0 remains unstressed for 
every t> 0. 
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» S (x,t) 


SIs) 


S (-a,t) =5 (0,1) =S (a0) 
Vv 


006 & vst 


FIGURE 13.1 Stress S(x, t) due to an impulsive rectangular body force as a function of time ¢ for 
x=-a,x=0,x=a,and by) = 1. 


13.1.3. ONE-DIMENSIONAL STRESS WAVES IN A HALF-SPACE WITH FREE BOUNDARY 
SUBJECT TO THE INITIAL STRESS AND STRESS-RATE FIELDS 


13.1.3.1 One-Dimensional Green’s Function for a Half-Space Corresponding to 
Homogeneous Boundary and Initial Conditions 


We will now solve the following initial-boundary value problem. Find a function G = 
G(x, &;t) for x > 0, €& > 0, t > 0, that satisfies the field equation 


a? 1 0 
& = a] G=-—[6@—&)—-—6@+6)]6@ forx>0,€§ >0,t>0 (13.1.53) 


the initial conditions 
G(x, é;0) = 0, "GU, 8:0) =0 forx>0,&>0 (13.1.54) 
the boundary condition 
G(OO,&;t)=0 fore >0,t>0 (13.1.55) 
and the vanishing condition 
G(x, &;t) > 0 asx—>-+oo fo every§>0O andt>0 (13.1.56) 


To solve the problem 13.1.53 through 13.1.56 we note that using the Laplace transform 
technique similar to that of Section 13.1.1.1 (see Equations 13.1.12 through 13.1.22) we 
write 


de 


es d = 
Gt. t:p) = — (4 2 F) [5(x—&) — 5@+8)] (13.1.57) 
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or 


_ c Pe @/ok-8l — e- @/OG+8) 
G(x, &;p) = 5 5 — - foreveryx >0,&§ >0,p>0 = (13.1.58) 


Therefore, by applying the operator L~' to Equation 13.1.58 we obtain a solution to the 
problem 13.1.53 through 13.1.56 in the form 


Gx, §3t) = 5 Ge aot) -a(:-=45)] forx>0,& >0,t>0 
(13.1.59) 


The function G= G(x, €;f) given by Equation 13.1.59 represents Green’s function for a 
half-space that will be used in Section 13.1.3.2 in which stress waves in a half-space subject 
to initial stress and stress-rate fields are dealt with. 


13.1.3.2 One-Dimensional Stress Waves in a Half-Space with Free Boundary 
Subject to Initial Stress and Stress-Rate Fields 


We will now study stress waves characterized by the initial—-boundary value problem. Find 
a stress S = S(x, t) for x > 0, t > 0, that satisfies the field equation 


es Lie S=0 f 0,t>0 (13.1.60) 
ee PS orx>0,t> al. 
ax? = 2. OF 7 


the initial conditions 
0 ; 
S(x, 0) = So), Fra 0) = Sox) forx>0 (13.1.61) 
the boundary condition 
S(0,t)=0 fort>0 (13.1.62) 
and the vanishing condition 
S(,t) > 0 asx—>oco andt>0 (13.1.63) 
In addition, to make the initial and boundary conditions compatible at x = 0 and t = 0 we 
assume that the initial fields Sp(x) and Sp(x) can be extended to the whole space (—0o, +00) 
in an even manner: 
So(x) = So(—x), S(O) =O for |x| < co (13.1.64) 
and 


So(x) = So(—x), S(O) = 0 for |x| < co (13.1.65) 
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By applying the Laplace transform operator L to Equation 13.1.60 and using the initial 
conditions 13.1.61 we find 


02 Pp = 1 : 
—-—]S= Siar [pSo(x) + So(x) | forx > 0, p>0 (13.1.66) 
c 
The conditions 13.1.62 and 13.1.63 in the Laplace transform domain take the forms 
S(0,p) =0 forp >0 (13.1.67) 
and 


S(x,p) > 0 asx—>oo andp>0 (13.1.68) 


respectively. It follows from the properties of Green’s function of Section 13.1.3.1 that a 
solution S = S(x,p) to the problem 13.1.66 through 13.1.68 can be represented by the 
integral 


= fine : 
S(x, p) = aa Kec [pSo(E) + So(€)|d& forx>0, p>0 (13.1.69) 
0 


where G = G(x,é;p) is given by Equation 13.1.58. Hence, substituting G from 
Equation 13.1.58 into Equation 13.1.69, and applying the operator L~' to the result we get 


L\f ed x+é 
eat 2c {J [2 (:- c )-e (:- c ) les 
+ {So Ge as -(:-*24)) a] forx > 0, t>0 
0 c Cc 


(13.1.70) 


In the following, an alternative form of Equation 13.1.70 will be obtained. To this end, 
note that 


J sues (0-221) ae = f sue (—*S*) a 
0 


ay J Sot) (: +4 | dé = c[H(x — ct)Sp(x — ct) + So(x + ct)] (13.1.71) 


J Sot) (: = se) d& = cH (ct — x)So(ct — x) (13.1.72) 
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J Soe)H (: = *!) dé = | So(8)H (: - = dé 
0 @ 0 € 


+ | SoH (: a =) dé = H(x—ct) | So(&)dé 
x e x—ct 
arece x : 

+ ii So(E)dé + H(ct — x) J So(de (13.1.73) 
x 0 

and 
J SoH (: 7 =") d&é = H(ct — x) f So(E)dé (13.1.74) 
0 0 


Therefore, because of Equations 13.1.71 through 13.1.74, an alternative form of 
Equation 13.1.70 reads 


Sx, ft) = ; [H(x — ct)So(x — ct) + So(x + ct) — H(ct — x)So(ct — x)] 


x+ct 


1 (ee 
+ = fismen J Sy(é)dé + f Soe dé 


+ H(ct—x) | So(G)d§ — H(ct—x) { seas 
0 0 


foreveryx>0O andt>0 (13.1.75) 


By differentiating Equation 13.1.75 with respect to ¢ and using the condition S)(0) = 0 
(see Equations 13.1.64) we find 


“50: 1) = —5 [He — eS — e0) 
— S,a+ ct) + A(ct — x)Sj(ct - x)| + 5 [#0 — ct) So(x — ct) 


+ So(x + ct) — H(ct — x)So(ct — x) + 8(x — ct) fSueas| (13.1.76) 
0 


where prime on So stands for the derivative of So = So(x). Using Equations 13.1.75 and 
13.1.76, it is easy to show that S=S(x, ft) given by Equation 13.1.75 does satisfy Equa- 
tion 13.1.60 subject to the conditions 13.1.61 through 13.1.63. Also, one can show that if 
So = So(x) and So = So (x) do not satisfy the one-dimensional stress—displacement and stress 
rate—displacement rate relations, respectively, then S= S(x, f) represents a stress wave in a 
free boundary half-space subject to initially distributed defects. 
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13.1.4 ONE-DIMENSIONAL STRESS WAVES IN A HALF-SPACE WITH FREE BOUNDARY 
SUBJECT TO A BODY FORCE FIELD 
The stress waves in a half-space with free boundary subject to a body force b = b(x, t) are 


described by a solution to the problem (see Equation 13.1.11). Find a function S = S(x, ft) 
on [0, 00) x [0, co) that satisfies the field equation 


a? 1 0? ob 
the initial conditions 
) 
S(x, 0) = 0, ap 0)=0 forx>0 (13.1.78) 


the boundary condition 
S0,t)=0 fort>0 (13.1.79) 
and the vanishing condition at infinity 
S(x,t) > 0 asx—>oco andt>0 (13.1.80) 


By using the Laplace transform technique similar to that of Section 13.1.3 we find that (see 
Equation 13.1.69) 


= (as ab 
S(x,p) = [ Go, &:p) 3E (&, p)d& (13.1.81) 
0 


where 


P P 


(p/c)|x—& | (p/c)(x+&) 
: [——— — (13.1.82) 


G(x, €;p) = 5 


Hence, by applying the operator L~' to Equation 13.1.81 we have 


seo=5 J f[a(r-- At) -a(- 2S 


db 
) ae (Std dt 


0g 
(13.1.83) 
or (see Equations 13.1.73 and 13.1.74) 
so.o=fflaw—ce-o f Benes [enue 
. i. 2 0 7 : ° x—c(t-T) 0g : x 0g . 
c(t—T)—x b 
— A[c(t — tT) — x] ae Etids fat (13.1.84) 
0 
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Finally, by computing the integrals over € we obtain 
c t 
Sot) = 5 { (Ib@,t) — lx — et — 1), 7] 
0 


x H[x— c(t — 1)] + ble + c(t — 1), tT] — dG, 7) 
— [ble(t— t) — x,t] — b, t)JA[c(t — t) — x]} de (13.1.85) 
For an impulsive unit body force at x = xy > 0 
D(x, t) = b*8(x — x) S(1) (13.1.86) 


where b* is a constant of the dimension [Stress x Time] and the stress wave is represented 
by the simple formula 


S(x, t) = 5 bD* {[8(x — xo) — 6(x — ct — x9) JH (x — ct) + 6(x + ct — xo) 


— d(x — x9) — d(ct — x — xo) H(ct — x)} (13.1.87) 
It follows from Equation 13.1.87 that the homogeneous initial conditions 13.1.78, the 


boundary condition 13.1.79, as well as the vanishing condition 13.1.80 are satisfied identi- 
cally by the impulsive body force stress wave propagating in a half-space with free boundary. 


13.1.5 ONE-DIMENSIONAL STRESS WAVES IN A HALF-SPACE SUBJECT TO A UNIFORM 
DYNAMIC BOUNDARY PRESSURE 


In this case stress waves are described by a solution to the following problem. Find a 
function S$ = S(x, t) on [0, co) x [0, oo) that satisfies the field equation 


2 187 
wi aap )S=0 forx>0,1>0 (13.1.88) 


the homogeneous initial conditions 
S(x, 0) = 0, “5: 0)=0 forx>0 (13.1.89) 
the boundary condition 
S(0,t) =—s(t) fort > 0 (13.1.90) 
and the vanishing condition at infinity 
S(x,t) > 0 asx—>-+oo andt>0 (13.1.91) 


Here, s = s(t) is a prescribed function on [0, oo) such that s(0) = 0. 
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By using the Laplace transform with respect to time ft we reduce the problem to the one 
in the Laplace transform domain: 


a2 p = 
—-——]S=0 forx>0,p>0 (13.1.92) 
axe 
S(0,p) =—s(p) forp>0 (13.1.93) 
and 
S(x,p) > 0 asx —> +00, p>0 (13.1.94) 


Next, we note that a solution to the problem 13.1.92 through 13.1.94 takes the form 
S(x,p) = —s(p)e"?’* forx > 0, p>0 (13.1.95) 
Hence, by applying the operator L~' to Equation 13.1.95 we find the simple formula 
Xx Xx 
So.) =-H(t—=)s(t-=) forx>0, 120 (13.1.96) 
c c 
This formula shows that the stress at a point x > 0 at time ¢ > 0 is the pressure applied on 
the boundary at a previous time t — x/c. Therefore, each pressure signal propagates toward 


the points x > 0 with a velocity c. Also, note that by differentiating Equation 13.1.96 with 
respect to x and using the condition s(0) = 0, we obtain 


0 
—S(x, t 
Ox oF) 


II 
QA |e 
~o 
ar 
~~ 
| 
| 
NS 
aN 
~~ 
| 
I 
NS 
+ 
A 1le 
a ™~ 
~ 
| 
le 
NS 

Ja 
Qa 
a ™~ 
~~ 
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oO 1 
NS 


I 
| 
x 
i 
| 


( 2 £s(r-*) (13.1.97) 


Let u = u(x,t) be the displacement corresponding to S$ = S(x,f) and satisfying the 
homogeneous initial conditions. Then, by integrating the equation of motion 


0? 1 as 
Me iat (13.1.98) 
or =p Ox 
with respect to time we have 
a 1 pas 
ts) = 5 J ay on ride (13.1.9) 


Next, by substituting Equation 13.1.97 to Equation 13.1.99, using the condition s(0) = 0, 
and Equation 13.1.96, we get 


a 1 
—u(x,t) = —— S(x, t) (13.1.100) 
ot pc 
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Equation 13.1.100 relates the velocity of a material point at x to the stress at x and, combined 
with Equation 13.1.96, implies that when the surface traction is compressive, the particle 
velocity is in the same direction as the wave velocity, while, for a tensile force, the particle 
velocity is in the opposite direction [2]. 


13.1.6 ONE-DIMENSIONAL STRESS WAVES IN A FINITE STRIP WITH FREE 
BOUNDARIES SUBJECT TO THE INITIAL STRESS AND STRESS-RATE FIELDS 


The problem is now formulated in the following way. Find a solution S=S(x,t) on 
[0, Z] x [0, co) (2 > 0) to the field equation 


le 1 0? 
oo a aa S=0 forO<x<l,t>0 (13.1.101) 


subject to the initial conditions 
0 . 
S(x, 0) = So(x), ape 0) =So(x) forO<x<l (13.1.102) 
and the boundary conditions 
S(0,t) = S(t) =0, fort >0 (13.1.103) 
where Sy = S(x) and Sy =So(x) are prescribed functions. To solve this problem we apply 
the operator L (see Equation 13.1.15) to Equations 13.1.101 and 13.1.103, and using 


Equations 13.1.102 we find 


a? 2; = 1 . 
( “ °) 5 = —= [pSox) + So(x)] for0<x <, p>0 (13.1.104) 
c 


ae 
and 
S(O, p) = 0, S(1, p) =0 forp>0 (13.1.105) 


respectively. In the following, a solution S will be obtained under the hypothesis that the 
functions Sp = So(x) and Sy = So(x) satisfy the conditions 


So(0) = Sol) =0, S(O) = So() = 0 (13.1.106) 
which means that the initial data are compatible with the homogeneous boundary conditions 


at (x,t) = (0,0) and (x,1)=(J,0). Then, the functions Sp=Spo(x) and Sy =So(x) can be 
represented by the sine series [3] 


Soe) = Yo Sonn(x) O<x<1 (13.1.107) 


n=1 
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and 
Soe) = YS" Somtulx) O<x<! (13.1.108) 
n=1 
where 
2 1/2 
Vrlx) = (3) sin =. n= 1,2,3,... (13.1.109) 
1 1 
Son = | SoE)Wn EAE, Son = f SoG) (EVAE (13.1110) 
0 0 
As a result, the field equation 13.1.104 is reduced to the form 
(= Z)s : ys Wale) + 28 U(x) (13.1.111) 
a Ss ae = - > n Wy (X on Pr\X ore 
axe C2 e = : a 
Note that 
d n 2 
ios fs (=) wv, and ¥,(0) = ¥,() =0 forn = 1,2,3.... (13.1.112) 
dx? l 


Hence, a solution to the problem 13.1.104 and 13.1.105 takes the form 


(oe) 


SonWnlx) 5 SonWn(X) 


ml P+ (nte/l) p’ + (nc/D) 


S(x,p) =p 


n=1 
Finally, by applying the operator L~' to Equation 13.1.113 we arrive at 


Si => 5: cos (=) 9 Su sin (=*)| (x) (13.1.114) 


n=1 


Therefore, the stress S = S(x, t) is a sum of functions periodic in time with period T,, = 277/ 
On (On = nsc/l) and frequency v, = T~'. To each n there corresponds one term in the series 
13.1.114, and this term represents the nth mode of oscillation with frequency v,,. 

For an initial stress of intensity Sp concentrated in the middle of the strip (x = 1/2): 


So(x) = Sod ( = :). So(x) =0 (13.1.115) 


we find 
s sy fs ae een re (al eae ” in OH 
n = Seige n\X)ax = oe oes a pees 
: i 2 PLEAD a 2) 


9\ 12 
a= n+1 _ 
= @ (-1)""! forn = 1,3,5,... (13.1.116) 
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and 


2. Qk—-1)mx (2k—1)xct 
S(x,1) = Sor S- sin 5 cos 5 (13.1.117) 


k=1 


Here Sp is a constant of the dimension [Stress x Length], see Equation 3.1.41. 
This is a series representation of the dynamic response of the strip subject to an initial 
concentrated stress. 


13.2 ONE-DIMENSIONAL SOLUTIONS OF NONISOTHERMAL 
ELASTODYNAMICS 


One-dimensional initial-boundary value problems of nonisothermal homogeneous 
isotropic elastodynamics for an infinite or semi-infinite space may be described in terms 
of a pair (¢,7), where @ = #(x, ft) represents a thermoelastic displacement potential and 
T =T (x,t) is a temperature field; the space variable x ranges over the interval (—0oo, +00) 
or [0, oo); and the time ¢ belongs to the interval [0, oo). A one-dimensional thermoleastic 
process p(x, t) = [u(x, f), E(x, t), S(x, £)] is then associated with the pair (¢, 7) through the 
relations [see Equation 4.2.56 and Equations (a) through (e) in Example 4.2.4 restricted to 
a one-dimensional case in which T and ¢@ depend on x = x, and f only] 


a 
u(x, f) = 2.0.0] (13.2.1) 
Ox 
a? 
| * 0 0 
axe 
EQ,f) = | 0 O 0| (13.2.2) 
f 0 O 0 
and 
ao 
E oF : : | 
rp , oo | 
S@) = | 0 — — 2u — 0 (13.2.3) 
| ap ax | 
% ve | 
0 0 — —2u — 
ary. arr 
where ¢ = $ (x, ft) satisfies the one-dimensional nonhomogeneous wave equation 
a? i; “a* 
eee a eS = mT 13.2.4 
(3 € =z) Cm ( ) 


In Equation 13.2.4, c, and m are given by the relations 


L429 ea) 
ie IEE TE (13.2.5) 
p A+ 2 


pjwstk|402064| 1435597824 
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where 
p is the density 
a, is the coefficient of linear thermal expansion 
A and mw are the Lamé moduli; moreover, T=T(x,t) is a solution of the 
one-dimensional parabolic heat conduction equation 


a me T= are t) (13.2.6) 
Ox* Kk Ot Sager na, 
Note that Q(x, t)/« = W(x, t)/k, where Q(x, t) is a prescribed heat supply field, W(x, ft) 
stands for the internal heat generated per unit volume per unit time, & denotes the thermal 
conductivity, and « means the thermal diffusivity. 
If we introduce the dimensionless space and time variables 


x 


t=, f= — (13.2.7) 
Xo to 
where 
n=, h=s (13.2.8) 
Cj Cy 
and the dimensionless fields 
x E 7 S 
pee ees = 
Ug Eo So 
(13.2.9) 
oT ee KO 
T= m? op SS 3 Q = 
To po Qo 
where 
ig pea Sie 
Xo Xo to 
(13.2.10) 


_T. 2 = Tok 
go = Toxym, Qo = > 
Xo 


and Ty >0 is a reference temperature; and if we denote the dimensionless quantities 
by the same symbols as dimensional ones, then Equations 13.2.1 through 13.2.4 and 
Equation 13.2.6 take the dimensionless form 


u(x, /) = 2.0.9] (13.2.11) 
x2 
EwN)=| 9 9 o| (13.2.12) 
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a? 
ae 0 0 
2 
ed 1-20 
S(x,t) = = 13.2.13 
oe | ? or l—v 0x , ¥ : | ( ) 
) 1—2v 0 
or? l—v dx? 
0? 0? 
— — — aw 13.2.14 
(Fs 3) : ( ) 
and 
a? 0 
—-—-—]T=-—- 13.2.15 
(ss =) 2 ( ) 


respectively. In Equation 13.2.13 v stands for Poisson’s ratio. 
By introducing the notation 


Sid = S,d (13.2.16) 


and applying the operator 07/df? to Equation 13.2.14 we arrive at the one-dimensional 
dimensionless stress—temperature equation of nonisothermal elastodynamics 


2 2 2. 
1 
(3 is )s- : (13.2.17) 


Ox? ar? or? 


Finally, by applying the operator (07/dx? — 0/df) to Equation 13.2.17 and using 
Equation 13.2.15 we obtain 


a? 0 0? 0? a°Q 
— a S=-—> 13.2.18 
(33 =) (33 3) ot? ( ) 
In the following, the three initial-boundary value problems, related to the field equations 
13.2.15, 13.2.17, and 13.2.18, will be discussed: 


(A) Dynamic thermal stresses in an infinite elastic solid subject to a plane instantaneous 
heat source 

(B) Dynamic thermal stresses in a half-space with free boundary subject to a plane 
internal instantaneous heat source 

(C) Dynamic thermal stresses in a half-space subject to a sudden heating of the 
boundary plane—the Danilovskaya problem. In all cases closed-form solutions 
are obtained, and an analysis of the solution is presented. 


13.2.1 DYNAMIC THERMAL STRESSES IN AN INFINITE ELASTIC SOLID SUBJECT TO A 
PLANE INSTANTANEOUS HEAT SOURCE 


We look for a solution to the following initial-boundary value problem. Find a stress 
S= S(x, t) on (—oo, +00) x [0, 00) that satisfies the field equation [see Equation 13.2.18 
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with Q = 8(x)d(t)] 


ii d a ie S= i [5(4)5(x)] on (—00, +00) x (0,00) (13.2.19) 
ae at) \ae oe)” ap ’ ies 
subject to the initial conditions 
0 a? 
S(x,0) = a 0) = api 0)=0 for |x| < co (13.2.20) 
and the vanishing condition 


S(x,t) > 0 as |x| ~ oo, t>0 (13.2.21) 


where 6 = 6(x) is the Dirac delta function. Hence, we look for the dynamic thermal stress 
S= S(x, t) due to a unit instantaneous heat source applied on the plane x = 0 of a homoge- 
neous isotropic infinite elastic space |x| < oo. The conditions 13.2.20, and 13.2.20, assert 
that the initial stress and stress-rate fields vanish throughout the solid, while the condition 
13.2.203 is implied by the field equations 13.2.15, 13.2.17, the conditions 13.2.20, through 
13.2.20, and the hypotheses 


T(x, 0) = O(x, 0) = “ole 0) =0 for |x| < «© (13.2.22) 


In the following, we assume that the functions T and Q do satisfy the conditions 13.2.22. 
As a result, the temperature T = 7 (x, ft) satisfies the field equation [see Equation 13.2.15 
with O = 6(x)d())] 


7 ) 
* _ £) 7 =~ 3 (x)5(t) for |x| < 00, 1 > 0 (13:2:33) 
Ox? = Ot 


subject to the conditions 
T(x,0) =0_ for |x| < 00 (13.2.24) 


T(t) > 0 as |x| ~ w,t>O0 (13.2.25) 


Let f = f(x, p) denote the Laplace transform of a function f = f(x, 1) 


(oe) 


Lif} = Flap) = | eM f(x, nat (13.2.26) 


0 


where p is the Laplace transform parameter. Applying the operator L to Equation 13.2.23, 
and taking into account the conditions 13.2.24 through 13.2.25 we find 


a? 2 
(s5 -p) T = —d(x) for |x| < co, p > 0 (13.2.27) 
X 
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and 
T(x,p) > 0 as |x| > w, p> 0 (13.2.28) 


Next, by using the Dirac delta representation 


d(x) = cos ax da (13.2.29) 


apo 


we find that a solution to Equation 13.2.27 that satisfies the condition 13.2.28 takes the 
form 


(oe) 


F(x,p) = — {= (13.2.30) 
x,p)=— (07 2: 
Pw | OP + Dp 
or 
= 1 ev blvP 
T(x,p) == (13.2.31) 
2 VP 
Finally, by applying the operator L~' to Equation 13.2.31 we obtain [4] 
1 1 2 
T (x,t) ==—=e*"* 132,32 
=; Ta ( ) 


It follows from this formula that for a fixed time t, the function T = T(x, t) is represented 
by a Gaussian profile that attains a maximum at x= 0 and vanishes at |x| = oo. 

To obtain the thermal stress S$ = S(x, t) corresponding to the temperature T = T(x, t), we 
apply the operator L to Equation 13.2.19 and using the conditions 13.2.20 and 13.2.21 we 
arrive at 


a? a? = 
(35 -p) (75 -p*) S = —p’5(x) for |x| < 0, p>0 (13.2.33) 
and 


S(x,p) > 0 as |x| > oo, p>0 (13.2.34) 


Next, substituting the integral representation of 6 = (x) into Equation 13.2.33 (see Equa- 
tion 13.2.29) we find that a solution to Equation 13.2.33 subject to the condition 13.2.34 
takes the form 


ws 


= Pr COS ax 
S(x,p) = —- d 13.2.35 
on=—F | winery ™ eee 


or 


= 1 p 7 COS ax COS OX 
Sx, p) = da — d 13.2.36 
ed) LP (fee ees 7 


0 
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or 


i I Ip p-lxlyP 
Sone (< me ) (13.2.37) 
2p—1\ p JP 


An alternative form of this equation reads 


S(x,p) (= a" — (13.2.38) 
te = Nga Oe ps se 


Now [5] 
% e kp 7 
L = et — |x|) (13.2.39) 
p-l 
and 
en blvP 
| = U(|x|,£) (13.2.40) 
p-1l 
where 
U(|x|,t) = Ee je erfe (= = vi) + e"erfc (* + vi) (13.2.41) 
, 2 DSt Dit 


In Equation 13.2.41, the function erfc (z) is the complementary error function defined as 
erfc (z) = 1 — erf(z) . f Pde (13.2.42) 
z) = 1-erf(z) = |e 2: 
Va ° 


Hence, by applying the operator L~' to Equation 13.2.38 we obtain 


1 0 
SGD = 5 jew — |x) + a qututa| 


2 jenn =h)p< Jee — V(\x| | (13.2.43) 
5 Jat ; 


where 


Viixi,0) = xe [eer (= = vi) — eMlerfc (= he vi) (13.2.44) 


It follows from Equation 13.2.43 that 


S(x,t) = S,(x, 1) + Sala) (13.2.45) 
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where S,,(x, t) and S,(x, t) represent the wave and diffusive parts of S(x, t), respectively, 
defined by 


1 
S,(x,t) = 5¢ HG — |x|) (13.2.46) 
and 
1 en /4t 
SAC === |S 4 Vill 13.2.47 
a(X; ft) alae ee ( ) 


The wave part has two plane fronts propagating with a unit velocity in the opposite direc- 
tions: t+ x=0 and t—x=0 for every |x| <oo and t>0, which means that S,, > 0 for 
|x| <t, and S,,=0 for |x| > t. Moreover, 


Sw(x, |x| + 0) — SC, |x] — 0) = (13.2.48) 


1 
2 
Sa(x, |x| + 0) — Sa, |x| — 0) = 0 (13.2.49) 


Therefore, for a fixed value of x the stress S(x, f) undergoes the jump across the plane |x| = ¢ 
1 
S(x, |x| + 0) — S@, |x| — 0) = 5 for |x| < 0° (13.2.50) 


On the other hand, the diffusive part Sz = Sa(x, £) is felt instantaneously at any distance |x| 
from the heat source plane x = 0, which means that S,(x, t) < 0 for every |x| < oo andt> 0. 

Note that if the instantaneous heat source plane is located at a cross section x = & of the 
infinite solid, then a pair (7", S*) corresponding to such a heat source is obtained from the 
formulas (see Equations 13.2.32 and 13.2.43) 


1 


go /4t (13.2.51) 
Jt 


T*(x,§3t) = 


NLR 


and 
en e-8)7/4t 


Jat 


Finally, for an arbitrary heat source function Q = Q(x,t) on (—0o, +00) x[0,00) the 
associated temperature T = T(x, t) and stress S = S(x, t) are obtained from the formulas 


S6 = ; [ewe = |x =—€|) = =—V(|\x— rho] (13.2.52) 


t +00 


T(x,t) = f if T* (x, Et — T)O(E, t)dé dt (13.2.53) 
0 —oo 
and 
t +00 
SQ) = ih J S*(x, 31 — t)O(E, r)dé dt (13.2.54) 
0 —oo 


where 7* and S* are given by Equations 13.2.51 and 13.2.52, respectively. 
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13.2.2 DYNAMIC THERMAL STRESSES IN A HALF-SPACE WITH FREE BOUNDARY 
SUBJECT TO AN INSTANTANEOUS INTERNAL PLANE HEAT SOURCE 


We consider now a homogeneous isotropic semi-infinite thermoelastic solid x > 0, initially 
at rest, and subject to the action of an instantaneous heat source distributed on the plane 
X=xX 9 >0. The bounding plane is stress free and maintained at zero temperature. The 
vanishing of the heat source-induced temperature T = T(x, xo; t) and stress S = S(x, X31) 
at infinity is also assumed. Therefore, the function JT = T(x,x9;1) is to satisfy the field 
equation [see Equation 13.2.15 with O = d(x — xy)d(0)] 


0? a 
—-—-—])T=-—d(x—x)d(t) forx > 0, x >0,t>0 (13.2.55) 
ox? at 


subject to the initial condition 
T(x,x9;0) =O forx > 0, x) > 0 (13.2.56) 
the boundary condition 
T(0,x03) =O forx >0,t>0 (13.2.57) 
and the vanishing condition at infinity 
T(x%,x03t) ~ 0 asx>w,x>0,t>0 (13.2.58) 


while the function $= S(x,xo; 1) satisfies the field equation [see Equation 13.2.19 with 
QO = 5(x — x9) 8(0)] 


0° 0 0° 0° 0° 
( — )( — ) 8 =- 0-90 forx > 0, t>0, x >0 


ox at) \ax? =o? 
(13.2.59) 
the initial conditions 
S(x, X03 0) = © $(x,40:0) = H 8(x,3930) =0 forx>0, x >0 (13.2.60) 
the boundary condition 
S(0,xo34) =O fort > 0, x) >0 (13.2.61) 
and the vanishing condition at infinity 
S(x,%3t1) ~ 0 asx>oo, x >0,t>0 (13.2.62) 


To find a solution to the initial-boundary value problem 13.2.55 and 13.2.56, we use 
the Laplace transform technique. By applying the operator L (see Equation 13.2.26) to 
Equations 13.2.55 and 13.2.57, and using the conditions 13.2.56 and 13.2.58, we find 
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le = 
(3 -p) T=—d(x—%) forx>0, x» >0, p>O0 (13.2.63) 
x 
T(0,x0;p) =0 forx > 0, p>0 (13.2.64) 
and 
T (x, X03 P) >0 asx>w,xu>0,p>0 (13.2.65) 


Since (see Equations 13.2.27 and 13.2.31) 


a 1 e-b-*0lve 
( -p) a re ~8(x — Xo) (13.2.66) 


we look for a solution T to Equations 13.2.63 through 13.2.65 in the form 


1 en r0lvP 
2 JP 


where A = A(X, p) is to be found from the boundary condition 13.2.64. By letting x = 0 in 
Equation 13.2.67 and substituting into Equation 13.2.64 we obtain 


T(x, X03 p) = Ae*v? + (13.2.67) 


A(X; P) foe (13.2.68) 
Xo, Pp) = -—5 —— 2. 
0 5) Wi 
Hence, 
= 1 Pech -*0lvP — eo O10) VP 
TQ; p) = | (13.2.69) 
2 JP 


and by applying the operator L~' to this equation we obtain (see Equations 13.2.31 and 
13.2.32) 


T(x,x9:t) = jee = ad forx>0,x%)>0,t>0  (13.2.70) 


1 
2/1 t 
In a similar way, by applying the operator L to Equations 13.2.59 and 13.2.61, and taking 


into account the conditions 13.2.60 and 13.2.62, we arrive at the boundary value problem 
for S: 


a? 2 
& -p) (35 -?*) S=-—p’5(x—x) forx>0,x%>0,p>0 (13.2.71) 
xX 


S(0,x0;p) =0 forx > 0, p>0 (13.2.72) 
and 


S(x, X03 p) >0 asx> ow, 1 >0,p>0 (13.2.73) 
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Since (see Equations 13.2.33 and 13.2.37) 


92 g2 ; 1 p ek —olP e7P-xolvP 
ae P)\ae ? }h2 p-1 P /P 


= —p’5(x — x0) (13.2.74) 


therefore, a solution to the problem 13.2.71 through 13.2.73 takes the form 


2 1 
S(x,xX03p) = = = {| 


e-b-70P — “) 


2p 1. p 


[a = e O+x0) VP 


JP 


Finally, by applying the operator L~' to Equation 13.2.75 and proceeding in a way similar 
to that of obtaining Equation 13.2.45, we find 


|} forx > 0, x) > 0, p>O0 (13.2.75) 


S(x, X03 t) = S,,(x, X03 1) + Sa(x,x03t) forx > 0, x > 0, t>0 (13.2.76) 


where 


{elt ee |x _ xol] = et &h0) AI t = (x + xo)]} (13.2.77) 


NIe 


Sw (%s.X0; t) = 


1 {ec e-10)7/4t p= (e+39)7/41 
2 


Sa(x, x03 t) = —= We 
+ V[|x — xo|3t] — VI@ + x0); 7 (13.2.78) 


and the function V = V(|x|; f) is given by (see Equation 13.2.44) 


Vials) = xe [eer (= — vi) — e"lerfc (= + vi) (13.2.79) 


It follows from Equations 13.2.76 through 13.2.79 that the functions S,, = S,,(x, xo; t) and 
Sq = Sa(x, Xo; f) represent the wave and diffusive parts of S, respectively. This means that 
Sa #0 for every 0<x< oo and t>0; while S, 40 for t>x+X9 or |x —X| <t<x+Xo, 
and S,, = 0 otherwise. 

Since 


S\(x,%93t) > O ast— |x —x| —O (13.2.80) 


1 
Sy (X, X93 1) > 5 as t > |x —x| +0 (13.2.81) 
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1 
Sy(%4 xt) > per ane ast—>x+x—0 (13.2.82) 


depts ; 
Swix, x5 0) > 5 [est 791 __ gt to | ast > x +X) +0 (13.2.83) 


and, since S$; = S,(x, Xo; t) is a continuous function on the wavefronts t — |x — x)| = 0 and 
t— (x +X) =0, we write 


1 
S(x, X03 |x — X9| + 0) — S(x, X93 |x — x9| — 0) = 5 (13.2.84) 
and 
1 
S[x, X03 (x + Xo) + 0] — S[x, x9; (& + x0) — O] = 5 (13.2.85) 


Hence, the stress S = S(x, xo; f) undergoes a jump of magnitude 1/2 across the moving front 
t — |x —Xo| =0, and a jump of the same magnitude but of opposite sign across the moving 
front t— (x + x9) =0. 

A pair (7, S$) in which T = T(x, x9; t) and S = S(x, xo; t) are given by Equations 13.2.70 
and 13.2.76, respectively, represents Green’s function for a semispace x > 0 subject to an 
instantaneous heat source distributed over the plane x = x9 > 0. If we look for a solution 
(T, S) of a semispace problem in which a heat source function takes the form 


O(%,th=YHe* forx>0,t>0 (13.2.86) 
where 
Y(t) = Yot"exp(—bt") (13.2.87) 


and Yo, a, b, m, and n are positive constants, then the functions T= T(x, t) and Sa 5 (x, f) 
are computed from the formulas 


T(x, 1) = f¥@) fi e “OT (x, xo: t — ou dt (13.2.88) 
0 0 
and 
Sah = f¥@ f eS (x, xo; f — oi dt (13.2.89) 
0 0 


where T = T (x, xo; t) and S = S(x, xo; t) are given by Equations 13.2.70 and 13.2.76, respec- 
tively. The pair (T, S) represents then a thermoelastic response of the semispace to a 
laser pulse.* The function Q = Q(, f) given by Equations 13.2.86 and 13.2.87 represents a 


* For a similar problem, see [6]. 
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laser-induced heat of the semispace; the function Y = Y(f) describes the “skewed” Gaussian 
temporal profile of the laser; and a~! stands for an absorption coefficient. The laser pulse 
is of a short duration if the number € = fexp (—bt?), where f; is a pulse activation time, 
is small (e.g., § = 0.001). For such a pulse, its rising time t, is computed from the formula 
i (n/mb)!/", and for b = 10, n = 4, and m = 2 we obtain t, = 0.4472. Recall that the 
problem is discussed in a dimensionless setting. For aluminum, the space and time units 
are given by x) = 1.36 x 10°° cm and f = 0.21 x 107!! s (see Equations 13.2.8). Hence, a 
real rising time of the laser is of order 0.09 x 107"! s. 


Note: 


In the laser problem for a half-space in which a laser beam action is converted 
instantaneously into a heat supply of the form 


Q(x, t) = QolH() — H(t — to] exp(—ax) 


where H = H(t) is the Heaviside function, Qo > 0, and fo is a switch-off time, the following 
results hold true: (i) the laser-induced heat makes the semispace expand proportionally 
to the temperature. At a fixed cross section of the semispace, the temperature attains a 
maximum at a time greater than the switch-off time, and the maximum decreases along the 
semispace depth; as a result, the material located far from the boundary expands less than 
that of a boundary layer, (ii) initially, at a given cross section far from the boundary the 
stress wave is compressive with the magnitude of compression decreasing with the depth, 
while near the boundary the stress wave becomes tensile, and (iii) for times greater than 
the switch-off time, the stress magnitude increases to its maximum first and then decays to 
zero as time ¢ goes to infinity [7-9]. 


13.2.3. DYNAMIC THERMAL STRESSES IN A HALF-SPACE SUBJECT TO A SUDDEN 
HEATING OF THE BOUNDARY PLANE: DANILOVSKAYA PROBLEM 
Let us consider the dynamic thermal stresses in a homogeneous isotropic elastic semispace 


x > 0 due to a sudden heating of the plane x =0. A temperature T = T(x, f) is to satisfy the 
field equation (see Equation 13.2.15 with Q = 0) 


(= = =) T=0 forx>0,t>0 (13.2.90) 
the initial condition 
T(x,0)=0 forx>0 (13.2.91) 
the boundary condition 
T(0,t) = A(t) fort >0 (13.2.92) 


and the vanishing condition at infinity 


T(@,t1) > 0 asx— +00, t>0 (13.2.93) 
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where H(t) is the Heaviside function. The associated stress S = S(x, t) is to satisfy the field 
equation (see Equation 13.2.17) 


Os Oe 0,1>0 (13.2.94) 
a = — forx>O,t> 2D: 
ax OF YD i 


subject to the conditions 


S(x,0) = 0, “5: 0)=0 forx>0 (13.2.95) 
S(0,t)=0 fort>0 (13.2.96) 

and 
S(x,t)h 70 asx>w,t>0 (13.2.97) 


Hence, the boundary x = 0 is free of tractions for t > 0, and both T and S are to vanish as 
x— +00 for every time t > 0. Also, it follows from Equation 13.2.90 taken at t = 0 and 
the homogeneous initial condition 13.2.91 that 


a) 
T(x, 0) = 0, a 0)=0 forx>0 (13.2.98) 


The problem of finding a pair (T,S) that satisfies Equations 13.2.90 through 13.2.98 is 
called a Danilovskaya problem [10]. 

To solve the problem, we use the Laplace transform technique with respect to time f. By 
applying the operator L (see Equation 13.2.26) to Equations 13.2.90 and 13.2.92, and using 
the conditions 13.2.91 and 13.2.93, we have 


0° = 
—-p)T=0 forx>0, p>0 (13.2.99) 
ax? 
= 1 
TO,p)=—- forp>0 (13.2.100) 
Pp 
and 
T(x,p) > 0 asx> om, p>0 (13.2.101) 
Hence, 
_ Gta 
T(x,p) = -e“*v?  forx > 0, p>0 (13.2.102) 
Pp 


and by applying the operator L~' to Equation 13.2.103 we obtain [4] 


T (x,t) = erfe (=) forx >0, t>0 (13.2.103) 
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Similarly, by applying the operator L to Equations 13.2.94 and 13.2.96 and using the 
conditions 13.2.95, 13.2.97, and 13.2.98 we arrive at the equations 


a? es - 
(3 -?*) S=pT forx>0,p>0 (13.2.104) 
xX 
S(0,p)=0 forp>0 (13.2.105) 
and 
S(x,p) > 0 asx—> oo, p>0 (13.2.106) 


Since T is given by Equation 13.2.102, an alternative form of Equations 13.2.104 through 
13.2.106 reads 


a? 2 
& -P*) S=pe*v? forx>0,p>0 (13.2.107) 
xX 
S(0,p)=0 forp>0 (13.2.108) 
and 
S(x,p) > 0 asx—> oo, p>0 (13.2.109) 


It is easy to check that a solution S to Equations 13.2.107 through 13.2.109 takes the form 


1 
; fe" _ ev?) forx > 0, p> 0 (13.2.110) 


SG@p) = 


Therefore, applying the operator L~' to Equation 13.2.110 and using the formulas 13.2.39 
and 13.2.40 we arrive at 


Six, 1) = {e“ H(t — x) — UG} 3.23141) 


where 


U(x,1) = e jeer (= = vi) + eerfe (= sh vi) (13.2.112) 


It follows from Equations 13.2.111 and 13.2.112 that 
S(x, t) = S,(x, t) + Sa(x, t) (13.2.113) 
where S,, and S, represent the wave and diffusive parts of S, respectively; and 


S,(x, t) = eH (t — x) (13.2.114) 
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FIGURE 13.2 Temperature T = T(x, t) and stress S = S(x, ft) as functions of x for t = 1. Note a 
stress jump of magnitude 1 atx = 1. 


and 
Sa(x, t) = —U(x, t) (13.2.115) 


Hence S, < 0 for every x > 0 and t > 0, while S,, > 0 fort > x and S,, = 0 fort < x. In 
addition 


S\(x, x + 0) — S,(x,x — 0) = SQ, x+ 0) — S(Qx,x-0) = 1 (13.2.116) 


In Figure 13.2 graphs of T = T(x, t) and S = S(x, t) are shown for t= 1 and 0 < x < & (see 
also the graphs by T. Mura) [11]. 

The graph of S(x, ) from Figure 13.2 has been used as a vignette on the cover page of 
the Journal of Thermal Stresses since its release in 1978 [12]. 


PROBLEMS 


13.1 Using the displacement characterization of one-dimensional homogeneous isotropic 
elastodynamics, find the displacement u = u(x, t) ina half-space x > 0 that is initially 
at rest and subject to a uniform dynamic pressure s= s(t) on the boundary x =0. 
Also, show that the particle velocity u = u(x, f) is related to the stress S = S(x, t) by 
the equation S(x, f) = — pcu(x, t), where p and c are the density and the longitudinal 
velocity of the body, respectively. 

13.2 Solve a one-dimensional initial—-boundary value problem for a half-space with fixed 
boundary subject to the initial disturbances u(x, 0) = uo(x), u(x, 0) = u(x) for x > 0, 
where uo(x) and u(x) are prescribed functions on [0, 00). 

13.3 Find the displacement u = u(x, t) ina homogeneous isotropic elastic half-space x > 0 
with free boundary subject to the initial disturbances as in Problem 13.2. 

13.4 Find the displacement u= u(x,t) in a homogeneous isotropic elastic finite strip 
O<x<l fixed at x=O and subject to an impulsive unit traction at x=/ [i.e., 
S(, t) = 6(t), where S = S(x, ft) is the stress associated with u = u(x, t), and 6 = d(t) 
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13.5 


13.6 


is the delta function]. The initial conditions are assumed to be homogeneous, i.e., 
u(x, 0) =0 and u(x, 0) =0 forO<x</. 

Let x = 0 be an interface between two homogeneous isotropic elastic half-spaces of 
different material properties, and assume that (p_,A_, w_) and (p,,A,, w+.) denote 
the material properties of the (—oo, 0) and (0, +00) half-spaces, respectively. Also, 
assume that an incident stress wave S° = S(t — x/c_), where S(s) =0 for s <0 
and c_=./(A_+2u_)/p_, strikes the interface x = 0 in such a way that it is com- 
pletely reflected. Let S“” =S (x, f) be the reflected stress wave. Show that the total 
stress S = S(x, t) on |x| < oo and t > 0 is represented by 


S°(t—x/e_)+ S$, forx <0 
S(x,t) = 
0) forx > 0 
where 
S (x,t) = —S°¢+x/c_) 


This case occurs if the half-space [0, 00) is a vacuum. 

Assume that an incident stress wave S° = § (t — x/c_) strikes the interface x =0 
between the two half-spaces introduced in Problem 13.5 in such a way that a part of 
S® is reflected and a part is transmitted across the interface. This case occurs when 
the total stress and the particle velocity are continuous at x = 0 for every t > 0. Show 
that the total stress wave propagating in the two half-space solid is represented by 
the formula 


S®@—x/c_)+S©(t+x/c_) forx <0 


S® (t—x/c,) forx > 0 


S(x,t) = | 


where S = S$ (t+.x/c_) and SY = S(t — x/c,,) are the reflected and transmitted 
stress waves, respectively, given by 


SO ¢+x/e_) = eS +x/c_) 
S(t —x/e4) = CS (t — x/e4) 
and 


rs vl — (p4C+)/(p_c-) 
I + (p4¢4)/(p_c_) 


() _ (040¢4)/(p_c_) 
Cc? = 2—— 
1+ (p140¢4)/(p_c_) 


Ay + 2p4 | ae se 
cy, = ,| ———_.,_ cc = || ———_ 
P+ p- 


The dimensionless constants c” and c are called the reflection and transmission 
coefficients for the one dimensional stress wave motion in the nonhomogeneous two 
half-space medium. 
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13.7 


13.8 


13.9 


13.10 


13.11 


13.12 
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Hint: Use the relation S(x, tf) =— pcu(x,t) from Problem 13.1 for a stress wave 
propagating in the positive direction of x with a velocity c to satisfy the particle 
velocity continuity condition at the interface x = 0 [13]. 

Find the dynamic thermal stresses produced by a plane source of heat that varies 
harmonically with time in an infinite elastic solid. 

Hint: Assume the heat source function as Q(x, ft) =e''5(x), where w>0 is a 
prescribed frequency, and use Equations 13.2.15 and 13.2.18. 

Find the dynamic thermal stresses produced by a plane heat source of the form 
Q(x, t) = H(t)6(x) in an infinite elastic solid which is initially at rest. Here H = H(t) 
and 6 = d(x) are the Heaviside and Dirac delta functions, respectively. 

Find the dynamic thermal stresses in a half-space x >0O subject to the boundary 
heating T (0, t) = Tot?exp(—at) (a > 0, Ty) > 0) when the boundary is stress free, the 
body is initially at rest, and both the temperature T = T(x, t) and the induced stress 
S = S(x, t) vanish as x > oo fort > 0. 

An instantaneous nucleus of thermoelastic strain distributed over the plane x = 0 in 
an infinite solid can be identified with the temperature 


T* (x,t) = 6(x) d6(t) for |x| < oo, t>0 


Find the dynamic thermal stresses S* = S*(x, t) produced by the nucleus provided 
the infinite body is initially at rest, that is, S*(x,0) = 0, S* (x,0) = 0 for |x| < oo. 
Find the dynamic thermal stresses in a semispace x >0O due to the action of an 
instantaneous nucleus of thermoelastic strain distributed over the plane x = xo > 0, 
when the boundary x = 0 is stress free, and the semispace is initially at rest. 

Let S=S(x,xo;t) be the stress field obtained in Problem 13.11. Show that the 
dynamic thermal stress S = S(x, t) produced in a semispace with free boundary by 
an arbitrary temperature field T = T(x, t) on [0, ©) x [0, oo) takes the form 


S(x,t) = f J Sce2x0st — T)T (x0, T) dxy dt 
0 


0 


Also, use the formula to get the closed-form solution to Problem 13.9. 
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VERBA VOLANT, SCRIPTA MANENT 


Appendix A: Coupled and 
Generalized Thermoelasticity 


A.1) INTRODUCTION 


In the classic uncoupled thermoelasticity, the field of the temperature is governed by 
the partial differential equation, called the Fourier equation of heat conduction, which 
does not contain any elastic terms. Moreover, since this equation is of parabolic type, the 
temperature effects described by the solutions are felt instantly up to infinity. This theory, 
the theory of uncoupled thermal stresses, is considered in Chapter 4. In Section 4.2.2, the 
field equations of dynamic theory of thermal stresses, in which there is no coupling between 
the mechanical and thermal fields, were introduced. In such a theory, the transient thermal 
stresses are produced by a time-dependent temperature field that satisfies a parabolic heat 
conduction equation which is separate from the dynamic displacement—temperature field 
equations (see Equations 4.2.56 and 4.2.58). This theory does not explain why, for example, 
a steel specimen as a result of a standard tension test gets hot. 

As early as 1837, Duhamel [1] proposed a set of equations that would remedy this situ- 
ation. However, the more extensive research in this area started a few decades ago. It was 
in 1956 that the theory of coupled thermoelasticity was introduced. Although this theory 
provides the coupling between the temperature field and the stress field, thus removing the 
paradox that elastic changes have no effect on the temperature, it uses the displacement— 
temperature equations of hyperbolic—parabolic type. These equations reveal the infinite 
speed of propagation of the effects, and thus, they are not consistent with experiments. 
Maxwell [2] was the first to note the hyperbolic nature of thermal disturbances in gases, 
which became known as the second sound. Beginning in 1967, theories of so-called gen- 
eralized thermoelasticity started to appear.* In these theories, the governing equations of 
classic coupled thermoelasticity are modified in such a way that the resulting displacement— 
temperature field equations become of hyperbolic type and, therefore, predict finite speeds 
of propagation of thermo-elastic waves. In this Appendix, the basic field equations and 
some observations on these theories will be shown: 


(i) “Coupled thermoelasticity,’ initiated in 1956 by Biot [5]. 
(ii) “Generalized thermoelasticity,’ proposed in 1967 by Lord and Shulman (the L-S 
theory) [6]. 
(iii) “Temperature rate dependent thermoelasticity,’ introduced in 1972 by Green and 
Lindsay (the G-L theory) [7]. 
(iv) “Thermoelasticity without energy dissipation,’ formulated in 1993 by Green and 
Naghdi (the G—N theory) [8]. 


* Description of some of these theories is contained in [3]. The theories of generalized thermoelasticity are 
extensively treated in a monograph dedicated entirely to this subject [4]. 
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Since the theories (i)—(iv) are restricted to small interactions between thermal and mechan- 
ical fields, they describe, for example, a dynamics of a thermoelastic rod subject to a tensile 
test with thermal insulation within a pre-fracture range. 


A.2. COUPLED THERMOELASTICITY 


The governing equations of coupled thermoelasticity for a linear homogeneous isotropic 
material have the form: 
The equation of motion 


divS+b=pii, S=S’ (A.2.1) 


The strain—displacement relation 


1 T 
E= 5 (Vu + Vu’) (A.2.2) 
Hooke’s law 
S=2uE+)A(trE)l—yTl1, T=60-—4 (A.2.3) 
The energy equation 
13 0) « 
vr ip’ upe 2 (A.2.4) 
K k K 


Combining the first three equations leads to the displacement-temperature equation of 
motion 


wVut A+ p)Vdivu) — yVT +b = pi (A.2.5) 


Equations A.2.4 and A.2.5 are the displacement—-temperature equations of coupled ther- 
moelasticity for a solid elastic body. For the full description of the problem, appropriate 
initial and boundary conditions for thermal and mechanical loads should be stated. 


A.2.1 COUPLED PROBLEM FOR AN INFINITE BODY 


As an example, it will be shown now an approach to a solution of a coupled problem of 
spherical stress and temperature waves in an infinite elastic space with a quiescent past [9].* 
It is assumed that there acts an instantaneous point source of heat Q = Qod(t) 5(R), where 
R is the radial distance from the source to a representative point in the space. Neglecting the 
body force b in Equation A.2.5 and writing the energy equation A.2.4 in slightly different 
form, the fundamental equations are 


uV-ut (A+ w)V(divu) — yVT = pil (A.2.6) 


* The contents of the paper are the topic of Section 3.3 of [10]. The section contains a more extensive presentation 
of the paper than that in the Appendix, as it covers the entire solution, the figures, and the analysis of the 
results. 
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and 
Veet =" divGe— = (A.2.7) 
K k 


where P denotes the position of a representative point. Expressing the displacement vector 
u as a sum of two parts, an irrotational part and a solenoidal part [11], 


u=V¢@tiVxw (A.2.8) 
where 
¢ is a scalar potential 


W is a vector potential 


and substituting Equation A.2.8 into Equations A.2.6 and A.2.7 we obtain 


1 .. y 
Vo —- —¢ = ———T 
? go Ae 
_ Le ; 
V W; — aati =0 i= 1,2,3 (A.2.9) 
2) 


vr ape Yyg 29 
K k 


where c, and c are the speed of propagation of the elastic longitudinal wave and the speed 
of the shear wave, respectively. 

Elimination of T between the first and the third of Equations A.2.9 results in a single 
differential equation for @ 


2 19\f(_ 18),  v'% 2, ov _ OP.) 
(¥ K i (v Cj in) US Goa SDE He (A.2.10) 


The plan is to find the scalar potential @ from Equation A.2.10 and from it both the stresses 
and the temperature may be determined. 

Substituting the expression for Q(P, ft), introducing a nondimensional coupling param- 
eter € defined as 


Sy Oe 
cp(At+2p) 


and applying the Laplace transform to Equation A.2.10 subject to homogeneous initial 
conditions results in 


fe PV i BN Eel ae re OU) 
l(v LY (9 4 “pv'| 6 Cree (A.2.11) 


Treating Laplacians as numbers, and using the notation h;=p/ci, where 
cq =JVOAt 2u)/p, and ho = ./p/k, where p is the Laplace transform parameter, we find 
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y Q 1 
CR 
A+ 2p « (V2 — ht) (V2 — Aj) — €h3V? oy 


_ ry 1 | 1 lees (A.2.12) 
A+ 2 K (V2 — hi) (V2 — 25) | 1 - Beem 
1 


Now, the expression in square brackets is expanded in the power series in €: 


@ a Y Oo 1 {1 at he Vv? 
A+2y « (V2 —hi) (V2 — 23) 2” (V2 = h?) (V2 — 23) 
2 
: is 5(R) (A.2.13) 
+ |hze 2 2. 
>” (V2 — hi) (V2 — 13) 
or 
= = (3 V?)" 
g=A = — | [—476(R)] (A.2.14) 
2 woe 
where 
A-—_’%_ Ye (A.2.15) 
An(A +2) K 
Since for an infinite space [12] 
—h,R 
(Vv? = 7) open’) = —478(R) 
(A.2.16) 
2 2 exp (—A2R) 
(Vr) Se ee ®) 
by combining these two equations we obtain 
1 exp (—h,R) — exp (—/2R) 
—475(R)] = A.2.17 
@Wan@on (2 — 12) R one 


Next, replacing h? by wh and h5 by wh}, where w, and w» are nondimensional parameters, 
we get 


1 
(V? — wh{) (V? — w2h}) 
exp (—,/@,h,R) — exp (—./@2h2R) 


= A.2.18 


[—476(R)] 
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. ee iy 2 
The consecutive derivatives of (Vv? — wh‘) with respect to w, are: 


ao (V8 = eli) = 1 (V? = enh) 
1 
0° 2 2\-! 2\2 2 2\-3 
Bon (Mout) = 1-2. (iy) (V? — out) (A.2.19) 
a" : ‘ wf 
aah (V?— ah) =a! ()" (VW - an)! 
Similarly 
— (V? — anh3)! =n! (2)" (V? — oh)" (A.2.20) 
2 


Substituting expressions from Equations A.2.19 and A.2.20 with w,;=q@)=1 in Equa- 
tion A.2.14 yields 


ete eve (Ve): 07" 1 
ae (>: (nl)? (hf)" day A@} (V2 — wiht) (V? — @rh3) Eee) 


@1=072=1 


(A.2.21) 


Substituting Equation A.2.18 into Equation A.2.21 and using L~'{ f(p)} for denoting the 
inverse Laplace transform, we obtain 


ape ss cog Se OL 
(RON =L {PR p)j=A {> (n!)2R 


Oe oa ee (—/@ihiR) — exp ral (A.2.22) 


“90h 00% (12)" (rh? — oh) R 


@1|=02=1 


To make Equation A.2.22 more suitable for inverse Laplace transformation, the following 
relations are used: 


neXp (—./@h,R) — tpn exp (—./@,h,R) 
ae Ne Oe 


2 
we) R : R 


(A.2.23) 


and 


exp (—./@2h2R) 
R 


exp (—/@ahaR) 


2 
(Vv") R 


ny,2n 
ash; 


(A.2.24) 
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Substitution of Equations A.2.23 and A.2.24 into Equation A.2.22 yields 


ef eee 6 gue 
G(R, =L {P(R,p)} =A (>: (n!)2 R 


: g2n i ath" exp (—/@hiR) — w5h3" exp (— /@zh2R) (A.2.25) 
df ba (12)" (wiht — anh) R 7 


with the expression in braces taken at w; =@)=1. This represents a power series with 
respect to the coupling parameter ¢€. The first term, for n=0, yields the solution to the 
classic (uncoupled) problem, and the following terms provide the effects of the coupling. 
In a nondimensional setting in which the units of Section 11.2.1 are used, the first term of 
Equation A.2.25 coincides with a potential of uncoupled dynamic thermoelasticity given 
by Equation 11.2.71. 

We recall that the Laplace transform parameter p appears in /, and fh. After performing 
the indicated operations, both w, and w,) are made equal one. For inversion of Laplace 
transforms, some of the formulas of Laplace transform (Part C) provided in the front matter 
are needed. Once ¢(R, t) is found, the stresses and the temperature are calculated from the 
formulas 


406 = 
c= =-— +p A.2.26 
Be aR Op Ca 
1a¢  a@ vo 
Sop = Soy = 2 A227 
a ale (5 aR x) Bary ee!) 
Sro = Sos = Srp => 0 (A.2.28) 
A+2u (0° 206 1 0 
TS = A.2.29 
y (Ge ROR cy Or ( ) 


This approach to one of basic problems of coupled and generalized thermoelasticity illus- 
trates the fact that tackling the problems formulated by these theories is not a simple matter, 
and only few such problems have been solved in a closed form so far. 


A.3> GENERALIZED THERMOELASTICITY WITH ONE RELAXATION TIME 


A.3.1 THE LORD—SHULMAN THEORY, OR THE L—S THEORY 
An inhomogeneous anisotropic thermoelastic solid with one relaxation time is described 
by the following field equations: 

The geometric relations 


E = ~(Vu+ Vu’) (A.3.1) 


Nile 


The equation of motion 


divS+b=pii, S=S’ (A.3.2) 


Appendix A: Coupled and Generalized Thermoelasticity 775 


The law of conservation of energy 


On = —divq+r (A.3.3) 
where r stands for the heat supply. 
The constitutive relations 
S = C[Vu] + Mé (A.3.4) 
An = —-AM-E+cT (A.3.5) 
q+tq=—-KVT whereT=0-—6, &>0 (A.3.6) 


where C, M, K, 7, and c stand for the elasticity fourth-order tensor, the stress—temperature 
second-order tensor, the heat conductivity second-order tensor, the entropy field, and the 
specific heat scalar field, respectively, while to, (t > 0), denotes the relaxation time in the 
L-S theory. Equation A.3.6 is also called the Maxwell—Cattaneo law, and the theory 
described by Equation A.3.1 through A.3.6 is sometimes referred to as the thermoelas- 
ticity with one relaxation time. It is shown [4] that the L-S theory obeys the governing 
equations of a linear extended thermoelasticity in which the first and the second laws of 
thermodynamics are satisfied identically. It follows from Equations A.3.1 through A.3.6 
that by letting fp = 0 in Equation A.3.6 and by ignoring the first term on the RHS of Equation 
A.3.5, we obtain the governing equations of the dynamic theory of thermal stresses for an 
inhomogeneous anisotropic thermoelastic solid with no coupling between the mechanical 
and thermal fields. Also, by letting % =0 in Equations A.3.6 the system A.3.1 through 
A.3.6 represents the field equations of classic dynamic coupled thermoelasticity for an 
inhomogeneous anisotropic solid. 

We are to recall some results from which it follows that an ordered array of functions 
[u,E,S,7,7,q] that comply with Equations A.3.1 through A.3.6 describes a thermoelastic 
wave propagating with a finite speed. The functions are defined on a Cartesian product 
on B x [0,00), where B is a domain occupied by the L-S model, and [0, oo) is the time 
interval. 

By elimination of four functions from the six that define a thermoelastic wave, one can 
obtain the field equations of the L-S theory in terms of various pairs of mechanical and 
thermal variables, such as (u, 7), (u, q), (S,7T), and (S, q); and a pair of thermomechanical 
variables (, ), formed from the variables that define a thermoelastic wave, corresponds to 
the wave if the remaining variables of the wave can be restored from the chosen pair. For 
example, a pair (u,7) that satisfies the displacement—temperature field equations of the 
L-S theory, subject to suitable initial and boundary conditions, is a pair corresponding to 
a thermoelastic wave because it generates the fields E,S, 7, and q in such a way that the 
ordered array of functions [u, E,8,7,7, q] represents a thermoelastic wave corresponding 
to an external thermomechanical load applied to the body B over the time interval [0, 00). 
An initial-boundary value problem for the pair (u,7) in which the initial conditions are 
imposed on the displacement u, velocity u, temperature T and temperature rate T, is called 
the displacement—temperature characterization of a thermoelastic wave of the L-S theory. 
Similarly, a pair (S, q) that satisfies the stress—heat flux field equation of the L—S theory 
subject to suitable stress—heat flux initial and boundary conditions is a pair corresponding 
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to a thermoelastic wave because it generates the fields u,E,7, and n in such a way that 
the array of functions [u, E,8,7,7,q] represents a thermoelastic wave of the L—S theory 
[13]. In particular, a mixed displacement—temperature initial—-boundary value problem for 
an inhomogeneous anisotropic body of the L-S theory, obtained by eliminating the fields 
E, S, 7, and q from Equations A.3.1 through A.3.6 reads: 

Find a pair (u, 7) that satisfies the field equations 


div C[ Vu] — pu + div (TM) = —b 


oh (A.3.7) 
div (KVT) —cT +@M-Vu=-—7 onB x [0,00) 
the initial conditions 
u(-, 0) = Uo, u(-, 0) = Uo 
; : (A.3.8) 
T(-,0) =, T(-,0)=V onB 
and the boundary conditions 
u=u' on OB, x (0,0) 
(C[Vu] + M7)n=s' on dB x (0,0) 
(A.3.9) 
T=T' on OB; x (0,00) 
—(KVT)-n=q on dB, x (0,«%) 
Here, the operator ~ is defined by 
f=f t+ tof (A.3.10) 
for any function 
f =f(x,t) on B x [0,00) (A.3.11) 


In Equation A.3.9 (0B,,0B,) and (0B3, 0B,) are two partitions of the boundary 0B of B 
such that 


0B = OB, U 0B, = OB; U OB, 


(A.3.12) 
OB, N OB, = 0B; N OB, = i) 
and n=n(x) is the unit outward vector normal to 0B at x. Finally, (uo, Uo, 0, 3) in 
Equation A.3.8 and (u’, s’, 7’, q’) in Equation A.3.9 are prescribed systems of functions that 
determine the initial and boundary thermomechanical loads, respectively. 
A displacement—temperature wave corresponding to the problem A.3.7 through A.3.9 
is produced by an external thermomechanical load that is represented by the system of 
functions 


(b, 7; Up, Uo, I, 30; u's’, 7’, q’) (A.3.13) 
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Let B(t) denote a support of the thermomechanical load for a fixed time ¢, that is, the set of 
points of B on which the load does not vanish over the time interval [0, ¢]. Let C, (C > 0), 
be a constant of the velocity dimension that satisfies the inequality 


C > max(C), C2) (A.3.14) 


where 


1/2 


2: 
1 SO 52" 1/6; \" 
C, = sup ;(2) M| + 3 |A| + ;(2) |M| 
B\mj=1 | 2 \ ec 2 \pc 


2 
Lf Ono K 1 fOe\ 2 
sup}~(—) |M/+ Ee ~(—) IM 

ap 12 \ec toc 2 \ pc 


Here, sup,{f(x)} denotes a maximum of a function f =f(x) on B, and A(x,m) is the 
second-order acoustic tensor in the propagation direction m which is defined for any unit 
vector m and any vector a by the relation (see Equation 11.1.6) 


(A.3.15) 


C, 


A(x,m)a = p'(x)C[a @ m]m (A.3.16) 


We note that Equation A.3.16 is an extension of Equation 11.1.6 to include an 
inhomogeneous anisotropic thermoelastic solid. 

Let S(x, Cr) denote an open ball in E*? with radius Ct and center at x. We shall call the 
domain of influence of the thermomechanical load at the instant t for the mixed problem 
A.3.7 through A3.9 the set 


BY(t) = {x €B: BAS CD FB} (A.3.17) 


where C is defined by Equations A.3.14 and A.3.15. The following theorem shows that on 
[0, t] the thermomechanical load of the mixed problem has no influence on points outside 
of B* (ft). 


Theorem 1: (Domain of Influence Theorem for Mixed Displacement—Temperature Prob- 
lems of the L-S Theory.) [14]. Let (u, 7) be a solution to the problem A.3.7 through A.3.9. 
Then 


u=0, T=0 on {B-—B*(t)} x [0,4] (A.3.18) 


Theorem 1 implies that for a finite time ¢ and for a bounded support of the thermomechanical 
load B(t), the thermoelastic disturbance generated by the pair (u, 7) satisfying A.3.7 through 
A.3.9 vanishes outside of a bounded domain B*(t) that depends on the load support, the 
bounds for the thermomechanical constitutive fields, and the relaxation time fp. This theorem 
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also shows that the thermoelastic disturbance propagates as a wave from the domain B(t) 
with a finite speed equal to or less than the speed C defined by the relations A.3.14 and 
A.3.15. It follows from the definition of C that C > oo as to > 0. Therefore, if the relaxation 
time tends to zero, the thermoelastic disturbance described by (u, 7’) gains an infinite speed, 
as should be expected, since in this case the L-S theory reduces to the coupled hyperbolic— 
parabolic thermoelasticity. The definition of velocity C also implies that for a particular 
inhomogeneous and anisotropic thermoelastic solid of the L—-S theory in which the acoustic 
and conductivity tensor fields are relatively small, that is, when 


1/06 1/10 
JA|< —(—)|M/??, |K| x —({ 22) (M/? (A.3.19) 
4\pc 4\ e 


the maximum speed of a thermoelastic wave is 


8 1/2 
Co = sup () |M| (A.3.20) 
B pec 


This formula shows that for an inhomogeneous anisotropic thermoelastic body in which the 
acoustic and heat conductivity tensor fields are relatively small, the maximum speed of a 
thermoelastic wave in the L-S theory is dominated by a suitably scaled stress—temperature 
tensor field. Also, note that if |M| is relatively small, the formula for C, reduces to that 
of a domain of influence theorem of classic isothermal elastodynamics [15,16], while the 
formula for C, reduces to that of a domain of influence theorem for an inhomogeneous 
anisotropic rigid heat conductor. Finally, for a finite value of |M], the velocities C, and 
C, represent upper bounds for the velocities of a quasi-mechanical and of a quasi-thermal 
wave, respectively, propagating in the inhomogeneous anisotropic L-S model. 


A.4. TEMPERATURE RATE-DEPENDENT THERMOELASTICITY 


A.4.1 THE GREEN—LINDSAY THEORY, OR THE G—L THEORY 


The governing equation of the G—L theory for an inhomogeneous anisotropic thermoelastic 
solid are of the form: 
The geometric relations 


E= ~(Vu+ Vu’) (A.4.1) 


Nile 


The equation of motion 
divS +b=pii, S=S’ (A.4.2) 
The law of conservation of energy 


6) = —divq+r (A.4.3) 
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The constitutive relations 


S = C[Vu] + M(T +47) (A.4.4) 
An = —§M-E+c(T + tT) (A.4.5) 
q=—KVT (A.4.6) 


Here, fy and ¢; are the relaxation times, and other symbols were defined earlier. We note that 
to here is different from that of Equation A.3.6. The appearance of two relaxation times, fo 
and ¢,, in Equations A.4.1 through A.4.6 constitutes a difference between the L-S theory 
and the G—L theory. The G—L theory is based on a generalized temperature rate-dependent 
dissipation inequality that is identically satisfied provided t, >t) > 0 and it follows from 
A.4.6 that the G-L model obeys also the classic dissipation inequality 


q: VT <0 (A.4.7) 


Finally, note that the G-L model reduces to that of classic dynamical coupled thermoelas- 
ticity if t; =% =0. A mixed displacement-temperature initial-boundary value problem for 
an inhomogeneous anisotropic body of the G—L theory, obtained by eliminating the fields 
E, S, 7, and q from Equations A.4.1 through A.4.6, reads as follows: 

Find a pair (u, 7) that satisfies the field equations 


div C[Vu] — pii+ div [M(7+%7)] = —b 


: 43 (A.4.8) 
div (KVT) — c(T + 7) +@M-Va=-—r on B x [0,00) 
the initial conditions 
u(-, 0) = Uo, u(-,0) = Uo 
. . (A.4.9) 
T(-,0) =, T(-,0) =v) onB 
and the boundary conditions 
u=u ondB, x (0,0) 
C[Vu] +M(P+n7)|n=s' on aB. x ©, 
[ctvul +M(+1,7)|n=s' on dB; x (,00) regent 


T=T' ondB; x (0,0) 
—(KV7T)-n=q' ondB, x (0,0) 


Clearly, the set B(t) from Section A.3 is also a support of the thermomechanical load 
at an instant ¢ for the problem A.4.8 through A.4.10. A domain of influence of the 
thermomechanical load at an instant ¢t for the mixed problem A.4.8 through A.4.10 is 
defined as 


Br(th ={x eB: BI) NS(%, Ch F B} (A.4.11) 
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where C is a constant of the velocity dimension that satisfies the inequality 


C > max (C,, C4) (A.4.12) 


1 (%\'? 1 (%\'” 
(=) |M| + i+ [5 (2) |M| 
pc 2 \pc 


in which 


2 

=& 

IL 
N| 


(A.4.13) 
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With regard to the mixed displacement—-temperature problems characterized by Equa- 
tions A.4.8 through A.4.10, the following theorem holds true: 


Theorem 2: (Domain of Influence Theorem for Mixed Displacement—Temperature Prob- 
lems of the G—L Theory.) Let (u, 7) be a solution to the system A.4.8 through A.4.10. 
Then 


u=0, T=0 on{B—B*(1)} x [0,4] (A.4.14) 


where B*(t) is given by the relations A.4.11 through A.4.13.* A physical interpretation of 
Theorem 2 is similar to that of Theorem 1. Moreover, the definition of C (see A.4.12 and 
A.4.13) implies that the velocities C;, and C, correspond, respectively, to the maximum 
speed of a quasi-mechanical and of a quasi-thermal wave propagating in the G-L model; 
and for |M| = 0 they reduce to the maximum speeds of a pure mechanical and a pure 
thermal wave, respectively. Also, for a particular inhomogeneous anisotropic thermoelastic 
solid in which the acoustic and heat conductivity tensor fields are relatively small, that is, 


when 
1/36 1 (t\? (6 
IA|<—(— )imp?, jK}«-—(+) (22) ime (A.4.15) 
4\pc 4 \ fo p 


the maximum speed of a thermoelastic wave is 
Te oe Ge 
Ci, = sup {* (=) |M| (A.4.16) 
B {fo \pc 


In addition, if (C;, Cy) stands for a pair of velocities in the L—S theory (see A.3.15), and if 
the thermomechanical constitutive fields of the L-S and the G—L models, such as K and 
M, are identical, we have the results for tf; >t) > O 


C\=C; and CFG (A.4.17) 


* The proof of this theorem may be found in [17]. 
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and for t; = to > 0 
CaG (A.4.18) 


Therefore, the following observations are in order. If the supports of the thermomechanical 
load in a mixed displacement-temperature problem of the L—S and G-L theories are the 
same, then (i) the domain of influence of the G—L theory is not smaller than that of the L-S 
theory, and (ii) the domain of influence of the G—L theory coincides with that of the L—-S 
theory if t; = fo. | 


We note that Theorem 2 covers a conventional mixed displacement-temperature problems 
of the G—L theory in which the initial conditions are imposed on the pair (u, 7). For a 
domain of influence theorem associated with a pure stress—temperature initial-boundary 
value problem of the G—-L theory that admits initially distributed thermoelastic defects, 
the reader is referred to a survey article on the domain of influence results in generalized 
thermoelasticity [18]. 

Finally, we note that particular domain of influence results in the L-S and G—L theo- 
ries have been obtained in a number of papers devoted to the potential temperature waves 
propagating in a homogeneous isotropic thermoelastic body. This type of waves is gen- 
erated by a pair (u, 7) in which u = V@, where ¢ is a scalar potential on B x [0,00), 
and for a one-dimensional domain B it covers all transient plane thermoelastic waves in 
the L-S and G-L theories. In the one-dimensional initial-boundary value problem for a 
semispace x > O subject to a thermomechanical load on the boundary x = 0, a domain of 
influence is identified with the boundary layer 0 <x < v2t, where v, is the greater speed of 
a decomposition theorem of the G—L theory. 

A theory of one-dimensional thermoelastic waves produced by an instantaneous plane 
source of heat in homogeneous isotropic infinite and semi-infinite models of the G-L type 
was presented by the authors [19], and the application of this theory to the analysis of the 
response of a semi-infinite G-L model to short laser pulses was presented by the authors 
[20]. The mathematical theory of a potential-temperature initial-boundary value problem 
that accommodates asymptotic behavior of the waves analyzed by the authors [19] for 
t —> oo was presented by the late Professor Gaetano Fichera in two papers [21,22]. Also, a 
comparison between the wave forms observed experimentally in an aluminum plate subject 
to a high-power Nd-YAG laser pulse and the thermoelastic waves propagating in a G-L 
plate loaded by a laser-induced heat supply, was presented [23,24]. 


A.5 THERMOELASTICITY WITHOUT ENERGY DISSIPATION 


A.5.1. THE GREEN—NAGHDI THEORY, OR THE G—N THEORY 


The G-N model, proposed by Green and Naghdi [8], is described by the system of partial 

differential equations in which, in comparison to the classic thermoelastic system, the 

Fourier law of heat conduction is replaced by a heat flux rate-temperature gradient relation: 
The geometric relations 


E = ~(Vu+ Vu’) (A.5.1) 


Nile 
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The equation of motion 
divS +b=pii, S=S’ (A.5.2) 


The law of conservation of energy 


6) = —divq+r (A.5.3) 
The constitutive relations 
S = C[Vu] + MT (A.5.4) 
On=—-M-E+cT (A.5.5) 
q = —K*VT (A.5.6) 


Here, K* is a symmetric positive definite second-order tensor field of the dimension 
[K*] = [Ks ‘] (A.5.7) 


where 
K is the heat conductivity second-order tensor field 
s stands for second 


By eliminating the fields E, S, 7, and q from Equations A.5.1 through A.5.6 the follow- 
ing mixed displacement—temperature initial-boundary value problem for a homogeneous 
anisotropic body of the G—N theory can be formulated: 

Find a pair (u, 7) that satisfies the field equations 


div C[Vu] — pu + div (TM) = —b 


os (A.5.8) 
div (K* VT) —cT +0M-Vu=-—r onBx [0,o) 
the initial conditions 
u(-, 0) = Uo, u(-, 0) = Up 
: : (A.5.9) 
T(-,0) =, T(-,0)=V onB 
and the boundary conditions 
u=u ondB, x (0,0) 
(C[Vu] + M7)n=s' on 0B, x (0,0) 
(A.5.10) 


T=T' ondB; x (0,0) 
—(K*VT)-n=q' ondB, x (0,0) 


A displacement-temperature wave corresponding to the problem A.5.8 through A.5.10 
is produced by the external thermomechanical load A.3.13 in which q’ is replaced by a 
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prescribed scalar field q’. Also, since the displacement—temperature energy equation A.5.8) 
does not contain the temperature rate T, a solution (u, 7) to the problem represents an 
undamped thermoelastic wave, and this motivates the name of the G—N theory as thermo- 
elasticity without energy dissipation. For the L-S model the displacement—temperature 
energy equation A.3.7, does contain the temperature rate T. Similarly, T is included in 
the displacement—temperature energy equation in Equation A.4.8, of the G—L theory. This 
is a reason why the L-S and the G-L models represent materials transmitting damped 
thermoelastic waves. The existence of damped thermoelastic waves in the L-S and the G-L 
theories has been presented in a number of papers devoted to theoretical aspects [25,26] 
and application aspects [13,19,20] of these theories. 

A domain of influence theorem for the displacement—temperature problem A.5.8 through 
A.5.10, similar to Theorems 1 and 2, has not been obtained so far, except for a homogeneous 
isotropic thermoelastic body. In the following, we recall a domain of influence result for 
the homogeneous isotropic case [27]. To this end, we replace the fields C,M, and K* 
in Equations A.5.1 through A.5.10 by their isotropic counterparts, and note that physical 
properties of the model are represented by the material constants 


[p, c, A, ws k*, 5; a] (A.5.11) 
subject to the inequalities 


p>0,c>0,%>0, k>O0 
(A.5.12) 
w>O0, 3A+2u>0, a 40 


We recall that p, c; A, (4; %; and @ stand for the density, the specific heat, the Lamé 
constants; the reference temperature, and the coefficient of thermal expansion, respectively. 
The quantity k* denotes a material constant characteristic for the theory. We note that 
K* =k* 1. Also note that the set B(t) of Section A.3, with q’ replaced by q’, is a support of 
the thermomechanical load at an instant ¢ for the problem A.5.8 through A.5.10, restricted 
to the isotropic solid. 

Consider next the set B,(f) of all points x of B whose distance to B(t) is equal to or less 
than r, (r > 0), that is, 


B,(t) = {x eB: BINNS@N# a| (A.5.13) 


where S(x, 7) is the closure of the ball of the radius r and the center at point x. Since B(f) 
is nonempty set and B is bounded, it follows that B,(t) is well defined for any r € [0, L(4)], 
where L(t) is the maximum distance of the points of B to B(t). Also, introduce a constant 
C of the velocity dimension by 


C=CVI+o0 wheect= /~% (A.5.14) 
p 
with 


1/2 
o= {a+ ll Sail + or} = ll —a(1+b)] (A.5.15) 
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and 
mw = max[2py, 3A 4+ 2y] (A.5.16) 
with 
376 ke 
Ge db = BS Ga ae (A.5.17) 
c p* 3 v7 


Then the following theorem holds true: 


Theorem 3: (Domain of Influence Theorem for a Homogeneous Isotropic G-N Model.)* 
Let (u, T) be a solution to the problem A.5.8 through A.5.10 restricted to a homogeneous 
isotropic solid. Then 


u=0,7=0 on {B—B,()} x [0,4] forr> Cr (A.5.18) 


Theorem 3 is similar to that of the classic isothermal elastodynamics [28]. The analogy 
could be expected as both the isothermal elastic waves and the thermoelastic waves of 
the G—N theory propagate without energy dissipation. A uniqueness theorem for a natural 
stress—entropy flux initial—-boundary value problem of the G-N exists [29]. The continuous 
dependence of a solution to a displacement—temperature initial—-boundary value problem on 
the thermomechanical load in this theory was established [30] and the undamped character 
of one-dimensional thermoelastic waves in the G-N theory was also shown [31]. rT 


A.6 CLOSING REMARKS 


The four theories presented in Sections A.2 through A.5, that is, the coupled theory and the 
three theories of generalized thermoelasticity, are not the only ones that have been proposed 
during the recent decades in an attempt to create the theory with fields of stresses and the 
temperature coupled, and then to describe the thermoelastic waves in a solid. These theories 
are, however, in the authors’ opinion, representative in discussing the subject. 

It should be mentioned that the three theories of the generalized thermoelasticity dis- 
cussed in the Appendix, that is, the L—S, the G—L and the G—N theory, have not been 
verified by a lab experiment up to date. To study particular thermoelastic waves described 
by a solution to an initial-boundary value problem in these theories, the approximate values 
of material functions are usually used. For example, to numerically discuss an analytical 
solution to a problem in the L-S theory, the value of the relaxation time is taken from 
experimental results for a rigid heat conductor, while the remaining material parameters are 
identified with those of an elastic body under isothermal or adiabatic conditions. In partic- 
ular, finding materials that would comply with any of the three theories of the generalized 
thermoelasticity remains a challenge for experimental researchers in the field of thermoe- 
lastic waves. In the authors’ opinion, the velocity formulas A.3.15 and A.4.13 should prove 
useful in a laboratory to find the genuine thermoelastic properties of models of L-S and 
G-L type, respectively. 


* The proof of this theorem is given in the cited paper by Nappa [27]. 
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As for the analytical description of the L-S, G—L, and G-N theories, there exists a unified 


presentation of these three theories that utilizes two unifier terms [32,33].* 
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